
2023,43A(1):123–131 http://actams.wipm.ac.cn\�A;3F+Q0a2(VC9[)-8OPJkj plq∗

(uhmdbrnrsgofrt uhie 321004)WS�W,W#s7q|1d=(m5f�x�j=A�S`,RD"Q$
−△u + |x|2u − am(x)|u|

4
N u = µu, in R

N , N ≥ 1,^� a > 0 e 0 < m(x) ≤ 1. h λ > 0 ��t= 0 ≤ g(x) < 1, D m(x) = 1 − λg(x), �PWQ$z#� a = a∗ )}��=/zM��\' λ → 0+ |}��=�<K'��F�G"g> Deng, Guo q Lu[10,11] =�k�����W,�j>\���J^�3=QM;8W<=7��6:*�S`,S>MRD"Q$�Æ<A��}����<K'�
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1 URÆ+V"r6'l4e?w�i<��R_+QC!P#
−△u(x) + |x|2u(x) − am(x)|u(x)|

4
N u(x) = µu(x), x ∈ R

N , (1.1)℄� N ��(�� |x|2 �Bp*�� µ ∈ R ��25QH<yS�� 0 < m(x) ≤ 1 ��.�wR)v?w�i������P# (1.1) <�p'l ψ(x, t) = u(x)e−µt I�<m{�R=LQC!P#���<.yL?��fOio�v - 
d��X%QH�R=Le9pZN�6 [1]. ��?� N = 2 d m(x) = 1 Fgo8PQC!P#�l.�R)v?w�i<�v - 
d��X%}X��+: [2] �℄ei+:�P# (1.1) Z-*!�r6tÆ�T�Ey.�<Y0 - 0Y3pP#
e(a) := inf

u∈H, ‖u‖2

L2
=1
Ea(u), (1.2)℄� Ea(u) �r6V;On

Ea(u) :=
1

2

∫

RN

(|∇u(x)|2 + |x|2|u(x)|2)dx−
a

4/N + 2

∫

RN

m(x)|u|4/N+2dx, (1.3)	Xq\�2022-03-24; NEq\�2022-08-05
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H �� Hilbert .��C&
H :=

{

u ∈ H1(RN ) :

∫

RN

|x|2|u(x)|2dx <∞

}

. (1.4)Æ+�YV"�Ey.� (1.2), ℄�ErZ &|���.� (1.2) �[Z;��.��_ ea=uH��-�u+: [3–16]. +: [8] ���|+E m(x) = 1 {p{�?<��R=LQC!P#�[&='�<L��& ‖Q‖2
L2, ~6 Q�r6R=LP#<%[<!CF ��

−△u(x) +
2

N
u(x) − |u(x)|

4
N u(x) = 0, x ∈ R

N , u ∈ H1(RN ). (1.5)7i~ZL����MzV"=.� (1.2) |��<.yLph9-CL�5 N = 2 d
m(x) ≡ 1{�V;On (1.3) Z & Gross-PitaevskiiOn�Guo p Seiringer[13] �O=K(.�L�� a∗ > 0 <.yL��>�o4eH�v - 
d��X%���4s��<.yL�y~6 a∗ = ‖Q‖2

L2, ℄� Q �P# (1.5) <!CF ���*#��M[&= aր a∗{�Er<�[�j�y+: [5, 14–16] �Z:7=� *�<℄�!f�j�5 N = 2 d m(x) 6= 1 {� Deng, Guo p Lu[10] +E m(x) H� 0 < m(x) ≤ 1,

m(x) = 1 − O(|x − x0|
q+2) (x → x0) <fI�℄� x0 � m(x) <%[�0�A�Z�*�

V (x) <j$�E�A��|�O=�Er.y5d�5 0 < a < a∗, �:75 a ր a∗ {�Er<;��J&�+: [11] �O�g m(x) = 1 − O(|x − x0|
q) (x → x0), 5 0 < q < 2{�yL�� a∗ (�Er.y�45 q > 2 {y a = a∗ (�Er�.y�℄�oR_+QC!P#<?_���+: [6–7, 12].y+: [11] �=�7� m(x) y�0�AV�<�rL�hAL�� a∗ (�Er<.yL�[Zli<.���u~Z�rL��[Z��Dz�TJyL�� a∗ (�Er{rr�yU	&*�/M+Er6 m(x)

m(x) = 1 − λg(x), 0 < λ < 1, (1.6)�d/M
y g(x) H�`6��
(G1) g(x) ∈ C1(RN ), 0 ≤ g(x) < 1 ~: g(0) = 0, d 0 � g(x) <%[�E��
(G2) 5 x→ 0 {�Fnb< 0 < q < 2, ~: g(x) = O(|x|q).yw
y6�aX� (1.6) �< m(x) H�

0 < m(x) ≤ 1, m(x) = 1 −O(|x|q), m(0) = 1 = max
x∈R2

m(x),�d 0 Z�Bp*� |x|2 <�E�A�℄� 0 < q < 2. yÆ+��/M�Y�yL��
a = a∗ 6<f/�d*y6NC5�
�GyL�� a∗ {<�F��Ol#-`�++:
[11] �C5 1.1./> 1.1 y Q� (1.5)�<%[!CF ���m(x)C& (1.6)�dH� (G1)–(G2),{Fonb< 0 < λ < 1, 5 a = a∗ = ‖Q‖

4
N

L2 {� e(a) �x.y[Z�Er�5 λ→ 0+ {� e(a∗) <�Er<�;J&lr6�F�/> 1.2 yC5 1.1 ��6�y λ > 0 d a = a∗ = ‖Q‖
4
N

L2, C uλ � e(a∗) <RU�Er�[CP? {λn}, 5 n→ ∞ { λn → 0+, {.y[�? (o��{λn}) ~:?�[ZZ^<fI6
lim

n→∞
λ

1
4−p
n uλn(λ

1
4−p
n x) =

γQ(γx)

‖Q‖L2

y H1(RN ) ��9, (1.7)



No.1 ;��R_+QC!P#yL��(<�;J& 125℄� γ > 0 &R[���o5 aր a∗ {� e(a) �Er<�[J&l�x�j�-�+: [6, 10–11]. lI�&/M����KloL�� a = a∗ (�Er�;J&<�F�/M7iV;PLp�[T31$!wC5<�O�p+: [10–11] �<F�?��Æ+�i=[���InÆ2<PL1:7V;<6��*#�koyL�� a = a∗ (.y��<�T�`�/MOY�lN�L1$!�[T3�
2 _$5`-+: [4] -�r6 Gagliardo-Nirenberg� GN ��>�

∫

RN

|u(x)|
4
N +2dx ≤

2 +N

N‖Q‖
4
N
2

(
∫

RN

|∇u(x)|2dx

)(
∫

RN

|u(x)|2dx

)
2
N

, (2.1)℄� u ∈ H1(RN ). �>� (2.1) >o!85d�5 u(x) = Q(|x|), ℄� Q � (1.5) �<%[!CF ����d Q H�
(1 +

2

N
)

∫

RN

|∇Q|2dx =

∫

RN

|Q|
4
N +2dx, (2.2)�O�+: [7, e5 8.1.2]. -+: [4] �� Q, |∇Q| = O(|x|

−1

2 e−|x|) 5 |x| → ∞.y H C& (1.4) ��r6�>�-�++: [8].

∫

RN

|u|2dx ≤
2

N

(
∫

RN

|∇u|2dx

)1/2( ∫

RN

|x|2|u|2dx

)1/2

, u ∈ H. (2.3)T> 2.1 (1 ǫ < Young �>�) Fnb a, b, ǫ > 0 d 1
r + 1

q = 1 (r, q ≥ 1), {
ab ≤ ǫar +

(ǫr)
−q
r

q
bq. (2.4)

3 1? 1.2 .ZE
8�/MOY:7V; e(a∗) o λ <��b��T> 3.1 y m(x) = 1 − λg(x), ℄� g(x) H� (G1)–(G2) d 0 < λ < 1, {.yp λ 0<:Z�� C1 > 0 p C2 > 0, ~:5 λ→ 0+ l
C1λ

2
4−q ≤ e(a∗) ≤ C2λ

2
4−q . (3.1)Y &=�O (3.1) �<w��Fonr τ > 0, g�Xn�

u(x) =
τN/2

‖Q‖L2

Q(τx),℄� Q � (1.5) �<%[<!CF ���{ ‖u‖2
L2 = 1. �b7 (G1) p (G2), {.y��

M1 > 0 ~:
g(x) ≤M1|x|

q , ∀x ∈ R
N ,
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∫

RN

|x|2|u(x)|2dx=
τ−2

‖Q‖2
L2

∫

RN

|x|2|Q(x)|2dx,

∫

RN

g(x)|u(x)|4/N+2dx=
τ2

‖Q‖2
L2

∫

RN

g(
x

τ
)|Q(x)|4/N+2dx

≤
M1τ

2−q

‖Q‖2
L2

∫

RN

|x|q|Q(x)|4/N+2dx.d& a∗ = ‖Q‖
4
N

L2 p (1 + 2
N )‖∇Q‖2

L2 = ‖Q‖
4/N+2
L4 (� (2.2) �), TJl

1

2

∫

RN

|∇u(x)|2dx−
a∗

4/N + 2

∫

RN

|u(x)|4/N+2dx

=
τ2

‖Q‖2
L2

[

1

2

∫

RN

|∇Q(x)|2dx−
1

4/N + 2

∫

RN

Q(x)4/N+2dx

]

= 0.k*:
e(a∗)≤Ea∗(u(x)) =

τ−2

‖Q‖2
2

∫

RN

|x|2|Q(x)|2dx+
M1τ

2−q

‖Q‖2
L2

∫

RN

|x|q|Q(x)|4/N+2dx.g τ = λ−
1

4−q , l
e(a∗) ≤ C2λ

2
4−q .�61/M�O (3.1) �<6��k
y�� (G2), �.y R0 > 0 p M2 > 0 ~:

g(x) ≥M2|x|
q, ∀x ∈ B(0, R0). (3.2)~b)� ∀u ∈ H d ‖u‖2

L2 = 1, l
∫

RN

g(x)|u(x)|4/N+2dx ≥

∫

B(0,R0)

g(x)|u(x)|4/N+2dx ≥M2

∫

B(0,R0)

|x|q|u(x)|4/N+2dx.d*�Fnb< 0 < r1/2 < R0 (r �vkC), k G-N �>�/Ml
Ea∗(u)≥

1

2

∫

RN

|x|2|u(x)|2dx+
λa∗

4/N + 2

∫

RN

g(x)|u(x)|4/N+2dx

=
r

2
+

1

2

∫

RN

(|x|2 − r)|u(x)|2dx+
λa∗

4/N + 2

∫

RN

g(x)|u(x)|4/N+2dx

≥
r

2
−

1

2

∫

RN

[r − |x|2]+|u(x)|
2dx+ λa∗M2

∫

B(0,r1/2)

|x|q |u(x)|4/N+2dx, (3.3)℄� [ ]+ ������b7
1

2

∫

RN

[r − |x|2]+|u(x)|
2dx

=

∫

B(0,r1/2)

(r − |x|2)|u(x)|2dx ≤

∫

B(0,r1/2)

r|u(x)|2dx

=

∫

B(0,r1/2)

r

(λa∗M2|x|q)
1

2
N

+1

(λa∗M2|x|
q)

1
2
N

+1 |u(x)|2dx

≤
C

(λa∗M2)
N
2

∫

B(0,r1/2)

r1+
N
2

|x|
qN
2

dx+ λa∗M2

∫

B(0,r1/2)

|x|q|u(x)|4/N+2dx (3.4)
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∫

B(0,r1/2)

r1+
N
2

|x|
qN
2

dx = M3r
1+N− qN

4 ,F�s<�� M3 > 0. �s (3.3) �p (3.4) ��l
Ea∗(u) ≥

r

2
−
M4

λ
N
2

r1+N− qN
4 ,F�s<�� M4 > 0. C r = C0λ

2
4−q d C0 �aE�TJF�aE< λ l r1/2 < R0 ~:

Ea∗(u) ≥ (C0 −M4C
1+N− qN

4

0 )λ
2

4−q .d*�g�aE< C0 ~:
C0 −M4C

1+N− qN
4

0 > 0,~wm= e(a∗) <6�����y uλ(x) � e(a∗) <RU�Er�� ǫ := λ
1

4−q , �C
wǫ := ǫN/2uλ(ǫx). (3.5)T> 3.2 5 λ→ 0+ {�.y:Zp λ 0<�� K1,K2 > 0, ~:

K1 ≤

∫

RN

|∇wǫ|
2dx ≤ K2. (3.6)Y d& g(x) ≥ 0 d λ > 0, k G-N �>�p (3.1) �:

1

2

∫

RN

|x|2|uλ(x)|2dx ≤ Ea∗(uλ) = e(a∗) ≤ C2λ
2

4−q → 0. (3.7)k (2.3) ��-:
1 =

∫

RN

|uλ|
2dx ≤

2

N

(
∫

RN

|∇uλ|
2

)1/2( ∫

RN

|x|2|uλ|
2

)1/2

≤C3λ
1

4−q

(
∫

RN

|∇uλ|
2

)1/2

= C3

(
∫

RN

|∇wǫ|
2

)1/2

,~wm= (3.6) �<6��6N7iN�L�Ow��y.y[�? {λn} ~: ∫

RN |∇wǫn |
2dx→ ∞, C

vn(x) := τN/2
n wǫn(τnx) = (τnǫn)N/2uλn(τnǫnx), ℄� τn :=

(
∫

RN

|∇wλn |
2dx

)− 1
2

. (3.8)�b75 n → ∞ {�l τn → 0, ‖vn‖
2
L2 = ‖wλn‖

2
L2 = 1 d ∫

RN |∇vn|
2dx = 1. ℄& (2.1) �p (3.1) ��-:

0≤
1

2

∫

RN

|∇vn|
2 −

a∗

4/N + 2

∫

RN

|vn|
4/N+2

= (ǫnτn)2
{

1

2

∫

RN

|∇uλn |
2 −

a∗

4/N + 2

∫

RN

|uλn |
4/N+2

}

≤ (ǫnτn)2e(a∗) → 0, (3.9)
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1

2

∫

RN

|∇vn|
2dx−

a∗

4/N + 2

∫

RN

|vn|
4
N +2dx→ 0, as n→ ∞.-I�.y�℄2o n <�� M1,M2 > 0, ~:

∫

RN

|∇vn(x)|2dx = 1, M1 ≤

∫

RN

|vn(x)|
4
N +2dx ≤M2. (3.10)℄&+: [9] �<���s5�.y[P? {yn} p��� R0 p η, ~:

lim inf
ǫn→0

∫

B(0,R0)

|vn(x+ yn)|2dx ≥ η > 0. (3.11)TJ5 n �a0{�l
∫

B(0,R0)

|vn(x+ yn)|2dx ≥
η

2
> 0. (3.12)℄& Hölder �>��:

∫

B(0,R0)

|vn(x+ yn)|2dx ≤

(
∫

B(0,R0)

|x|−
qN
2 dx

)
2

N+2
(

∫

B(0,R0)

|x|q|vn(x+ yn)|
2N+4

N dx

)
N

N+2

.d& 0 < q < 2, {
∫

B(0,R0)

|x|−
qN
2 dx <∞,d*-�5 n %T0{�.y η0 > 0 ~:

∫

B(0,R0)

|x|q |vn(x+ yn)|4/N+2dx ≥ η0. (3.13)�b7
vn(x+ yn) = (τnǫn)N/2uλn(τnǫnx+ τnǫnyn),/M�O τnǫnyn → 0. �}w�Ny�ug�?~:F M > 0 l

|τnǫnyn| ≥M,{5 n %T0{�l
∫

RN

|x|2|uλn(x)|2dx=

∫

RN

|τnǫnx+ τnǫnyn|
2|vn(x + yn)|2dx

≥

∫

B(0,R0)

|τnǫnx+ τnǫnyn|
2|vn(x+ yn)|2dx

≥
M4

8
η > 0,p (3.7) �IG�d*�
τnǫnyn → 0.℄&
y (G2), {5 n �a0{�.y[Z�� c1 > 0 ~:

g(τnǫnx+ τnǫnyn) ≥ c1(τnǫn)q|x|q, 0 < q < 2, ∀x ∈ B(0, R0).
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∫

RN

g(x)|uλn(x)|
4
N +2dx=

1

(τnǫn)2

∫

RN

g(τnǫnx+ τnǫnyn)|vn(x+ yǫn)|
4
N +2dx

≥
1

(τnǫn)2

∫

B(0,R0)

g(ǫnx+ ǫnyǫn)|vn(x+ yn)|
4
N +2dx

≥
c1

(τnǫn)2−q

∫

B(0,R0)

|x|q|vn(x+ yn)|
4
N +2dx

≥
c1η0

(τnǫn)2−q
=
c1η0

τ2−q
n

λ
− 2−q

4−q
n . (k (3.13) �p ǫ <C)k*:&

e(a∗) ≥
a∗λn

4/N + 2

∫

RN

g(x)|uλn(x)|
4
N +2dx ≥

a∗

4/N + 2

c1η0

τ2−q
n

λ
2

4−q
n .d& 0 < q < 2, { c1η0

τ2−q
n

→ ∞, p (3.1) �IG�d*/M:7 (3.6) �<w�����/> 1.2 ,YD p (3.9) �? �/MZl
0 ≤

1

2

∫

RN

|∇wǫ|
2 −

a∗

4/N + 2

∫

RN

|wǫ|
4/N+2 ≤ ǫ2e(a∗) → 0,�s (3.6) ��{.yp λ 0<:Z�� M1,M2 > 0, 5 λ→ 0+ {�l

M1 ≤

∫

RN

|wǫ|
4/N+2dx ≤M2. (3.14)5 a = a∗ {� uλ H�r6Y0 - 0Y3pP#

−△uλ + |x|2uλ − a∗(1 − λg(x))|uλ|
4
N uλ = µuλ,℄�

µ = 2e(a∗) +
2a∗λ

N + 2

∫

RN

g(x)|uλ|
4/N+2dx−

2a∗

N + 2

∫

RN

|uλ|
4/N+2dx. (3.15)�b7

a∗λ

4/N + 2

∫

RN

g(x)|uλ|
4/N+2dx ≤ e(a∗) → 0,p

ǫ2µ = 2ǫ2e(a∗) + ǫ2
2a∗λ

N + 2

∫

RN

g(x)|uλ|
4/N+2dx−

2a∗

N + 2

∫

RN

|wǫ|
4/N+2dx. (3.16)�s (3.14) ��d*��7[�?�.y�� β > 0 ~:

ǫ2nµn → −β2. (3.17)℄& wǫ <C�{ wǫn H�
−△wǫn + ǫ2|x|2wǫn − a∗(1 − λg(ǫx))|wǫn |

4
N wǫn = ǫ2nµnwǫn . (3.18)



130 � S 2 5 S � Vol.43AB[PN� (3.7) ��O.yp λ 0<�� M > 0 ~: ∫

RN |x|2|wǫ|
2 ≤ M !8�d*� {wǫ} y H w[�l��/M�9�bt H →֒ Lp(RN ) F 2 ≤ p < 2∗ ��< (�+:

[8]), ℄� 2∗ � Sobolev ��	��d*��7[�?�.y w0 ∈ Lp(RN ) ~:
wǫn → w0, in Lp(RN ) ∀ 2 ≤ p < 2∗. (3.19)℄& (3.8) ��y (3.18) ��g�;�{ w0 H�

−△w0 − a∗|w0|
4
N w0 = −β2w0. (3.20)k (3.19) �-: w0 6= 0, {- (1.5) �<!CF ��<%[L (?�[ZZ^) :&�F��d

w0 =
γN/2

‖Q‖L2

Q(γx), γ =

√

2

N
β. (3.21)*#� (3.18) �p (3.20) �T�"` wǫn p w0 ���T�xk (3.19) �-:

∫

RN

|∇wǫn |
2 →

∫

RN

|∇w0|
2,k*-:

wǫn → w0 =
γN/2

‖Q‖L2

Q(γx), y H1(RN ) ��9.��� ' < K M
[1] Malomed B. Nonlinear Schrödinger Equations//Scott A. Encyclopedia of Nonlinear Science. New York:

Routledge, 2005

[2] Belmonte B J, Perez V M, Vekslerchik V, Torres P J. Lie symmetries and solitons in nonlinear systems

with spatially inhomogeneous nonlinearities. Phys Rev Lett, 2007, 98: 064102

[3] Guo Y J, Lu L. Mean-field limit of Bose-Einstein condensates with attractive interactions in R
2. Acta

Math Sci, 2016, 36B(2): 317–324

[4] Weinstein M I. Nonlinear Schrödinger equations and sharp interpolations estimates. Commun Math Phys,

1983, 87: 567–576

[5] Phan T V. Blow-up profile of Bose-Einstein condensate with singular potentials. J Math Physics, 2017,

58: 072301

[6] Phan T V. Ground state of the mass-critical inhomogeneous nonlinear Schrödinger functional. J Math

Anal Appl, 2020, 486: 1–19

[7] Dinh V D, Keraani S. A compactness result for inhomogeneous nonlinear Schrödinger equations. Nonlinear

Anal, 2022, 215: 1–29

[8] Zhang J. Stability of attractive Bose-Einstein condensates. J Stati Phys, 2000, 101: 731–746

[9] Lions P L. The concentration-compactness principle in the calculus of variations. The locally compact

case: Part 1. Ann Inst H Pioncaré, 1984, 4: 109–145
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Limit Behavior of Mass Critical Inhomogeneous Schrödinger

Equation at the Threshold

Li Deke Wang Qingxuan
(College of Mathematics and Computer Science, Zhejiang Normal University, Zhejiang Jinhua 321004)

Abstract: This paper is concerned with the following time-independent critical inhomogeneous

Schrödinger equation with attractive interactions:

−△u+ |x|2u− am(x)|u|
4
N u = µu, in R

N , N ≥ 1.

where a > 0, 0 < m(x) ≤ 1. We will show the existence of ground states at the threshold a = a∗

for m(x) = 1 − λg(x) with λ > 0 and suitable 0 ≤ g(x) < 1, and then investigate the limit

behavior of those threshold ground states as λ → 0+. These conclusions extend the results of

Deng-Guo-Lu[10,11]. In particular, compared to the arguments of [10, 11], we use a direct and

simpler method to obtain the lower bound of energy.

Key words: Inhomogeneous nonlinear Schrödinger equation; Mass critical; Ground states

solutions; Limit behaviors.
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