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du1

dt
= ru2 − c1u1 − bu1 − au2

1,

du2

dt
= bu1 − c2u2 − a11u

2
2 −

a12u2u3

1 +mu2 + nu3
,

du3

dt
= −c3u3 +

a21u2u3

1 +mu2 + nu3
− a22u

2
3,

(1.1)g� a21, a12, a22,m, n 	�$Æ�u1(t) u u2(t) X���m^�Mu&^�Ms t �.>
rQG� u3(t) ����ys t �.>
rQG���y�℄&^�M(���$Æ r, c1, au b X�(m^�M>*�G��&G�oGf�Gum^�M�|(&^�M>�|G	�$Æ c2, a11 u a12 X�(&^�M>�&G�oGf�Gu��y>�~G	�$Æ c3����y>�&G	 a21/a12 ��eU0
�|(��yQ�>�G� m (��yJ��~B0>b*,5�
� nu3 R
?��y�
><z^u�(?S$S��E a = a11 = a22 = 1, �g p 5� c1 + b, 7s p > b, uWD (1.1) -B(
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du1

dt
= ru2 − pu1 − u2

1,

du2

dt
= bu1 − c2u2 − u2

2 −
a12u2u3

1 +mu2 + nu3
,

du3

dt
= −c3u3 +

a21u2u3

1 +mu2 + nu3
− u2
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























rx2 − px1 − x2
1 = 0,

bx1 − c2x2 − x2
2 −

a12x2x3

1 +mx2 + nx3
= 0,

−c3x3 +
a21x2x3

1 +mx2 + nx3
− x2

3 = 0

(1.2)>�$Æ�>1sG�iS'� (1.2) >BX`S'�<:
x1 =

1

2
(−p±

√

p2 + 4rx2). (1.3)riS'� (1.2) >B{`S'�<:
x3 =

1

2n

[

−(1 +mx2 + c3n) ±
√

(1 +mx2 + c3n)2 − 4n(c3 +mc3x2 − a21x2)
]

. (1.4)(?QlS'� (1.2)>�$Æ��/Os (1.3)u (1.4)��o�s��kVl a21x2 >

c3 +mc3x2, 8 a21 > mc3 ��.�
x2 >

c3
a21 −mc3

:= x0.�
ϕ(x) =

1

2
(−p+

√

p2 + 4rx),
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ψ(x) =
1

2n

[

−(1 +mx+ c3n) +
√

(1 +mx+ c3n)2 − 4n(c3 +mc3x− a21x)
]

.� (1.3) �℄� (1.4) �5zS'� (1.2) >BN`S'�/O<:
x2

2 + c2x2 +
a12x2ψ(x2)

1 +mx2 + nψ(x2)
− bϕ(x2) = 0.E

Φ(x) = x2 + c2x+
a12xψ(x)

1 +mx+ nψ(x)
− bϕ(x).yn a21 > mc3 k x > x0, �o�����j

ϕ′(x) =
r

√

p2 + 4rx
<
r

p
,

ψ′(x) =
1

2n

[

−m+
m(1 +mx+ c3n) − 2n(mc3 − a21)

√

(1 +mx+ c3n)2 − 4n(c3 +mc3x− a21x)

]

> −m

2n
.

Φ′(x) = 2x+ c2 + a12
ψ(x)(1 + nψ(x)) + xψ′(x)(1 +mx)

(1 +mx+ nψ(x))2
− bϕ′(x)

≥ 2x+ c2 − a12

m
2n
x(1 +mx)

(1 +mx+ nψ(x))2
− br

p

> 2x0 + c2 −
a12

2n
− br

p
.8 2x0 + c2 ≥ a12

2n
+ br

p
�� Φ′(x) > 0. (?�� Φ(x) = 0 j� x0 3>���k�^:

lim
x→+∞

Φ(x) = +∞,k Φ(x) s [x0,+∞) }<M��℄/O-℄Vl Φ(x0) < 0. 7s ψ(x0) = 0, k
Φ(x0) = x2

0 + c2x0 − bϕ(x0) = x2
0 + c2x0 +

bp

2
− b

2

√

p2 + 4rx0.a. Φ(x0) < 0 ��n
x0(x0 + c2)

2 + bp(x0 + c2) < b2r.0}R>X2-℄+*�yn
a21 > mc3, 2x0 + c2 ≥ a12

2n
+
br

p
, x0(x0 + c2)

2 + bp(x0 + c2) < b2r, (1.5)u Φ(x) = 0 s (x0,+∞) \�jX`���/Og ũ2 ��{`���E
ũ1 = ϕ(ũ2), ũ3 = ψ(ũ2), ũ = (ũ1, ũ2, ũ3),u (x1, x2, x3) = ũ 	S'� (1.2) >���:y8 a21 = 9,m = c3 = 1, b = 5, r = 1, c2 = 1

8 , p = 16, a12

n
= 1

16 ���� (1.5) K��
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

∂u1

∂t
− d1∆u1 = ru2 − pu1 − u2

1, x ∈ Ω, t > 0,

∂u2

∂t
− d2∆u2 = bu1 − c2u2 − u2

2 −
a12u2u3

1 +mu2 + nu3
, x ∈ Ω, t > 0,

∂u3

∂t
− d3∆u3 = −c3u3 +

a21u2u3

1 +mu2 + nu3
− u2

3, x ∈ Ω, t > 0,

∂u1

∂ν
=
∂u2

∂ν
=
∂u3

∂ν
= 0, x ∈ ∂Ω, t > 0,

ui(x, 0) = ui,0(x) ≥ 0, 6≡ 0, i = 1, 2, 3, x ∈ Ω,

(1.6)

g� ν ( ∂Ω }>6)$OA>	�$Æ d1, d2, d3 ��0|5Æ	 ui,0 (i = 1, 2, 3) 	<MqÆ�a.8 (1.5) �&;�� (u1, u2, u3) = ũ 	)��.� (1.6) 'X>�$Æbx��
2 F�73'+ ũ  -�(,:#?� 0 = µ1 < µ2 < µ3 < · · · 	�� −∆ s Ω }4ji/ Neumann ����>�}��
E(µi) 	J
n µi s C1(Ω̄) �>�}�/
��

X = {(u1, u2, u3) ∈ [C1(Ω̄)]3|∂νu1 = ∂νu2 = ∂νu3 = 0, x ∈ ∂Ω},

{φij | j = 1, · · · , dimE(µi)} 	 E(µi) >X�����E Xij = {cφij |c ∈ R3}, u
Xi = ⊕dim E(µi)

j=1 Xij , X = ⊕∞
i=1Xi.!1 2.1 yn p > b k�� (1.5) &;�[L.� (1.6) >�$Æbx� ũ 	%"��,C>�G E D = diag(d1, d2, d3), u = (u1, u2, u3)

T ,

G(u) =















ru2 − pu1 − u2
1

bu1 − c2u2 − u2
2 −

a12u2u3

1 +mu2 + nu3

−c3u3 +
a21u2u3

1 +mu2 + nu3
− u2

3




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
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.n	
Gu(ũ) =









c11 c12 c13

c21 c22 c23

c31 c32 c33









,g�
c11 = −p− 2ũ1 < 0, c12 = r > 0, c13 = 0, c21 = b > 0,

c22 = −c2 − 2ũ2 −
a12ũ3(1 + nũ3)

(1 +mũ2 + nũ3)2
< 0,
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c23 = − a12ũ2(1 +mũ2)

(1 +mũ2 + nũ3)2
< 0, c31 = 0, c32 =

a21ũ3(1 + nũ3)

(1 +mũ2 + nũ3)2
> 0,

c33 = −c3 +
a21ũ2(1 +mũ2)

(1 +mũ2 + nũ3)2
− 2ũ3 = − a21nũ2ũ3

(1 +mũ2 + nũ3)2
− ũ3 < 0.(?K
S���

A1 = −(c11 + c22 + c33) > 0,

A2 = c11c22 + c11c33 + c22c33 − c23c32 − c12c21,

A3 = − detGu(ũ) = −(c11c22 − c12c21)c33 + c11c23c32.� L = D∆ + Gu(ũ), u)��.� (1.6) s ũ ,>:G|(
ut = Lu.JN` i ≥ 1, Xi s�� L 6	 �>� λ ( L s Xi }>�}�8k�8 λ ('|

−µiD + Gu(ũ) >�}�� −µiD + Gu(ũ) >�}K?�(
ψi(λ) = λ3 +B1λ

2 +B2λ+B3,g�
B1 = µi(d1 + d2 + d3) +A1 > 0,

B2 = µ2
i (d1d2 + d1d3 + d2d3) − µi[d1(c22 + c33) + d2(c22 + c33) + d3(c11 + c22)] +A2,

B3 = µ3
i d1d2d3 − µ2

i (c33d1d2 + c11d1d3 + c22d2d3)

+µi[d3(c11c22 − c12c21) + d2c11c33 + d1(c22c33 − c23c32)] +A3.i (1.5) �>BN` ��-� p(2x0 + c2) > br, ��^: ũ2 > x0, n	j
c11c22 − c12c21 = (−p− 2ũ1)(−c2 − 2ũ2 −

a12ũ3(1 + nũ3)

(1 +mũ2 + nũ3)2
) − br

= p(c2 + 2ũ2) − br +
pa12ũ3(1 + nũ3)

(1 +mũ2 + nũ3)2
+ 2ũ1(c2 + 2ũ2 +

a12ũ3(1 + nũ3)

(1 +mũ2 + nũ3)2
)

> p(c2 + 2x0) − br +
pa12ũ3(1 + nũ3)

(1 +mũ2 + nũ3)2
+ 2ũ1(c2 + 2ũ2 +

a12ũ3(1 + nũ3)

(1 +mũ2 + nũ3)2
)

> 0.la( c11 < 0, c22 < 0, c33 < 0, c23 < 0, c32 > 0, �℄j A2 > 0, A3 > 0.����<:
B1B2 −B3 = M3µ

3
i +M2µ

2
i +M1µi +A1A2 −A3,g�

M3 = (d1 + d2 + d3)(d1d2 + d2d3 + d3d1) − d1d2d3 > 0,

M2 = −(c11 + c22)(d1d2 + d1d3 + d2d3 + d2
3) − (c11 + c33)(d1d2 + d2d3 + d1d3 + d2

2)

−(c22 + c33)(d1d2 + d1d3 + d2d3 + d2
1) > 0,

M1 = d1[A2 + c23c32 + c22(c11 + c22 + c33) + c33(c11 + c33)]

+d2[A2 + c11(c11 + c22 + c33) + c33(c22 + c33)]

+d3[A2 + c12c21 + c11(c11 + c22 + c33) + c22(c22 + c33)],
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A2 + c23c32 = (c11c22 − c12c21) + c11c33 + c22c33 > 0,

A2 + c12c21 = c11c22 + c11c33 + c22c33 − c23c32 > 0,�℄�/Oj M1 > 0.�o��-℄+*
A1A2 −A3 =−(c22 + c33)[(c11c22 − c12c21) + c11c33 + c22c33 − c23c32]

−c11[(c11c22 − c12c21) + c11c33] − c12c21c33 > 0,0L B1B2−B3 ≥ A1A2−A3 > 0. i Routh-Hurwitz_�C5-��JNX` i ≥ 1, ψi(λ) = 0>{`b λi1, λi2, λi3 Fj[�"�E λ = µiξ, u
ψi(λ) = µi

3ξ3 +B1µi
2ξ2 +B2µiξ +B3 , ψ̃i(ξ).�^:8 i→ ∞ �� µi → ∞, �℄

lim
i→∞

{ψ̃i(ξ)/µi
3} = ξ3 + (d1 + d2 + d3)ξ

2 + (d1d2 + d1d3 + d2d3)ξ + d1d2d3 , ψ̃(ξ).a( ψ̃(ξ) = 0 j{`[�b� −d1,−d2,−d3, o δ̄ = min{d1, d2, d3}, i<MG�1s
i0, �<J�j> i ≥ i0, µi ≥ 1, S' ψ̃i(ξ) = 0 >{`b ξi1, ξi2, ξi3 K�

Reξi1,Reξi2,Reξi3 ≤ − δ̄
2
,0L

Reλi1,Reλi2,Reλi3 ≤ −µi

δ̄

2
≤ − δ̄

2
, i ≥ i0.o

−δ̃ = max
1≤i≤i0

{Reλi1,Reλi2,Reλi3}.u δ̃ > 0, o δ = min{δ̃, δ̄
2} > 0, uj

Reλi1,Reλi2,Reλi3 ≤ −δ, i ≥ 1.h�� L >d)n�ÆbR {Reλ ≤ −δ}, i*8 [11, C5 5.1.1] -< ũ >%"��,CG����
3 F�73'+ ũ  4-(,:#?7s)��.� (1.6) 1s'X>V[~���ij��p5-��8 ui(x, 0) 6≡ 0 (i =

1, 2, 3) �� ui(x, t) > 0 (i = 1, 2, 3), x ∈ Ω̄ × (0,∞). 8g�3�p5�/O<:
sup

Ω̄×[0,∞)

u3(x, t) ≤ max

{

a21

m
− c3,max

Ω̄
u3,0(x)

}

, C0.



1832 Æ O 0 5 O � Vol.42AJ.� (1.6) >{`S's Ω }�X�<
�r8g}R>g��<:
d

dt

∫

Ω

(u1 + u2 + u3) dx≤
∫

Ω

(

ru2 − pu1 − u2
1 + bu1 − c2u2 − u2

2 + u3(
a21

m
− c3)

)

dx

=

∫

Ω

[

−pu1 − c2u2 − (u1 −
b

2
)2 +

b2

4
− (u2 −

r

2
)2 +

r2

4

]

dx

+

∫

Ω

[

u3(
a21

m
− c3)

]

dx,

≤
∫

Ω

[

−pu1 − c2u2 +
b2

4
+
r2

4
+ u3(

a21

m
− c3)

]

dx

≤−min{p, c2}
∫

Ω

(u1 + u2 + u3)dx + C1,g� C1 	X`�Z2n b, r, a21,m, c3, C0, p, c2 ℄� Ω >�$Æ�a. ‖ui(·, t)‖L1(Ω) (i =

1, 2, 3)s [0,+∞)}j��i*8 [11,B 3.5�>4� 4]��1s�$Æ C2 ,�< ‖ui(·, t)‖∞ ≤
C2 (i = 1, 2, 3), t ≥ 0. ri*8 [12, C5 A2], 1s$Æ C > 0, �<

‖ui(·, t)‖C2,α(Ω̄) ≤ C (i = 1, 2, 3), t ≥ 1. (3.1)B1 3.1[13] � a, b 	=`�$Æ��� φ, ϕ ∈ C1([a,∞)), ϕ(t) ≥ 0, k φ 6Sj��ynJY`�$Æ K, j φ′(t) ≤ bϕ(t), k ϕ′(t) ≤ K, t ∈ [a,∞), u lim
t→∞

ϕ(t) = 0.!1 3.1 yn p > b, �� (1.5) &;�k a12mũ3

1+mũ2+nũ3

< 1, [L)��.� (1.6) >�$Æbx� ũ 	p%��,C>�.�.� (1.6) MjV$Æ�bx��G C_
E(t) =

∫

Ω

[(

u1 − ũ1 − ũ1 ln
u1

ũ1

)

+
rũ2

bũ1

(

u2 − ũ2 − ũ2 ln
u2

ũ2

)]

dx

+

∫

Ω

[

a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)

(

u3 − ũ3 − ũ3 ln
u3

ũ3

)]

dx.u8 a12mũ3

1+mũ2+nũ3

< 1 ��j
E′(t) =

∫

Ω

(

u1 − ũ1

u1

∂u1

∂t
+
rũ2

bũ1

u2 − ũ2

u2

∂u2

∂t
+
a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)

u3 − ũ3

u3

∂u3

∂t

)

dx

= −
∫

Ω

(

d1ũ1

u2
1

|∇u1|2 +
rũ2

bũ1

d2ũ2

u2
2

|∇u2|2 +
a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)

d3ũ3

u2
3

|∇u3|2
)

dx

+

∫

Ω

(u1 − ũ1)

(

ru2

u1
− p− u1

)

dx

+
rũ2

bũ1

∫

Ω

(u2 − ũ2)

(

bu1

u2
− c2 − u2 −

a12u3

1 +mu2 + nu3

)

dx

+
a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)

∫

Ω

(u3 − ũ3)

(

−c3 +
a21u2

1 +mu2 + nu3
− u3

)

dx

= −
∫

Ω

(

d1ũ1

u2
1

|∇u1|2 +
rũ2

bũ1

d2ũ2

u2
2

|∇u2|2 +
a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)

d3ũ3

u2
3

|∇u3|2
)

dx

−
∫

Ω

(u1 − ũ1)
2dx− rũ2

bũ1

∫

Ω

(u2 − ũ2)
2dx− a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)

∫

Ω

(u3 − ũ3)
2dx

−
∫

Ω

(√

u2r

u1ũ1
(u1 − ũ1) −

√

u1r

u2ũ1
(u2 − ũ2)

)2

dx
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+

∫

Ω

rũ2

bũ1

a12mũ3

(1 +mu2 + nu3)(1 +mũ2 + nũ3)
(u2 − ũ2)

2dx

−
∫

Ω

a12rũ2(1 +mũ2)

bũ1(1 + nũ3)

nũ2

(1 +mu2 + nu3)(1 +mũ2 + nũ3)
(u3 − ũ3)

2dx

≤−
∫

Ω

(

d1ũ1

u2
1

|∇u1|2 +
rũ2

bũ1

d2ũ2

u2
2

|∇u2|2 +
a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)

d3ũ3

u2
3

|∇u3|2
)

dx

−
∫

Ω

(u1 − ũ1)
2dx− a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)

∫

Ω

(u3 − ũ3)
2dx

−
∫

Ω

(√

u2r

u1ũ1
(u1 − ũ1)dx −

√

u1r

u2ũ1
(u2 − ũ2)

)2

dx

−
∫

Ω

rũ2

bũ1
(1 − a12mũ3

1 +mũ2 + nũ3
)(u2 − ũ2)

2dx

−
∫

Ω

a12rũ2(1 +mũ2)

bũ1(1 + nũ3)

nũ2

(1 +mu2 + nu3)(1 +mũ2 + nũ3)
(u3 − ũ3)

2dx

≤−
∫

Ω

(

d1ũ1

u2
1

|∇u1|2 +
rũ2

bũ1

d2ũ2

u2
2

|∇u2|2 +
a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)

d3ũ3

u2
3

|∇u3|2
)

dx

−
∫

Ω

[

(u1 − ũ1)
2 +

rũ2

bũ1
(1 − a12mũ3

1 +mũ2 + nũ3
)(u2 − ũ2)

2

+
a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)
(u3 − ũ3)

2

]

dx.in |u|2 ≤ C, a.j
E′(t) ≤− 1

C

∫

Ω

(

|∇u1|2 + |∇u2|2 + |∇u3|2
)

dx

−
∫

Ω

[

(u1 − ũ1)
2 +

rũ2

bũ1
(1 − a12mũ3

1 +mũ2 + nũ3
)(u2 − ũ2)

2

+
a12rũ2(1 +mũ2)

a21bũ1(1 + nũ3)
(u3 − ũ3)

2

]

dx

,−ψ1(t) − ψ2(t).i (1.6) u (3.1) �-�� ψ′
1(t), ψ

′
2(t) s [1,∞) }j��J}�
gb5 3.1 <:

lim
t→∞

ψ1(t) = 0, lim
t→∞

ψ2(t) = 0.a.
lim

t→∞

∫

Ω

(

|∇u1|2 + |∇u2|2 + |∇u3|2
)

dx = 0, (3.2)

lim
t→∞

∫

Ω

(ui − ũi)
2dx = 0 (i = 1, 2, 3). (3.3)i (3.2) �u Poincáre  ��-<

lim
t→∞

∫

Ω

(ui − ūi)
2dx = 0 (i = 1, 2, 3), (3.4)g� ūi = 1

|Ω|

∫

Ω uidx, i = 1, 2, 3, in
|Ω|(ūi(t) − ũi(t))

2 =

∫

Ω

(ūi − ũi)
2dx =

∫

Ω

(ūi − ui + ui − ũi)
2dx
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≤ 2

∫

Ω

(ūi − ui)
2dx+ 2

∫

Ω

(ui − ũi)
2dx.r�v (3.3) u (3.4) �-<

lim
t→∞

ūi = ũi (i = 1, 2, 3). (3.5)i (3.1) �-��1sLA {tm}∞m=1 >�Aw�( {tm}∞m=1 �V[qÆ w1, w2, w3 ∈
C2(Ω̄), �<

lim
m→∞

‖ui(·, tm) − wi(·)‖C2(Ω̄) = 0, i = 1, 2, 3.a.� wi ≡ ũi (i = 1, 2, 3), n	
lim

m→∞
‖ui(·, tm) − ũi‖C2(Ω̄) = 0, i = 1, 2, 3.ri ũ >%"��,CG-< ũ 	p%��,C>�C5 3.1 <��H in

bũ1 − c2ũ2 − u2
2 −

a12ũ2ũ3

1 +mũ2 + nũ3
= 0,�℄

a12ũ3

1 +mũ2 + nũ3
=
bũ1

ũ2
− c2 − ũ2,la( −p+

√
p2+4rx

2x
s (0,∞) \in x Vvk ũ2 > x0, 0L

1 − a12mũ3

1 +mũ2 + nũ3
= 1 −m(

bũ1

ũ2
− c2 − ũ2)

= 1 +m(c2 + ũ2 −
b(−p+

√

p2 + 4rũ2)

2ũ2
)

≥ 1 +m(c2 + x0 −
b(−p+

√

p2 + 4rx0)

2x0
)

= 1 +
m

x0
Φ(x0).i.-Æ�8 Φ(x0) > −x0

m
��j

1 − a12mũ3

1 +mũ2 + nũ3
> 0,�℄�8 p > b, �� (1.5) &;�k Φ(x0) > −x0

m
��)��.� (1.6) >�$Æbx� ũ	p%��,C>� � / 8 ;
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Stability of Stage-Structured Predator-Prey Models with

Beddington-DeAngelis Functional Response
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Abstract: This paper deals with stage-structured predator-prey systems with Beddington-

DeAngelis functional response. The local asymptotical stability is given by Routh-Hurwitz

criterion, and global asymptotic stability are established from Lyapunov functions.
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