
2021,41A(6):1830–1837 http://actams.wipm.ac.cn9��25!.)�� ���
1 MSC 2 LIX∗

(1 FWNERUKRU VJFW 313000; 2 BGNEDRORTPHRU BGQF 241003)<8�ryK����mM:f_�0Hn9Zj�#*QQh�h�M�D39w�GK��hC}ex�:�'�y℄9}����mF��2 Lagrange +x�~�y℄9}�mM:��F�N5�A?nVj�#*QQh�hC.� �:���
�Qh�h
j�#
}ex��
MR(2010) ?(���35B25 >+����O175.29 -1�'$�A-=���1003-3998(2021)06-1830-08

1 ;7|dw�[��58�ubg*� ��#x�=Dpz�kwg*rSO��bBFJ [1−8]. ?W���*d<D/Gm&X�9|dw�Be^�1��6��^�qve,^�S!
Q^�lW
Q^� (G’/G) _N^�Riccati 
Q^�p$X^E [9−13]. =���9iÆ"zaBe^<!U<���XQ*/Gd�1 Abid E [14], HovhannisyanE [15], Recke E [16] Æ Graef E [17] ^xmO�iÆ"za�/Gd6V8YiÆ"zaB ��|�� �|/Æ8�}^Ee~B���m^x [18−29]. �xJ9!?9}^rB8v��btKBiÆ" NNV (Nizhnik-Novikov-Veselov) Pg�gql���bJmO�[+7Bb
l��?�lL9e^�>m�g��B|dw�-?��9�fse^KO�bBFJ�E�Pw1�Y�?iÆ" NNV Pg)P�g�� [10,11]:

pt + pxxx − a1pqx − a2qpy = εF1(p, q), (1.1)

px − a3qy = εF2(p, q). (1.2)6Er ε > 0t7P"Q�t, x, y l�t�)ÆT)�k�ai(i = 1, 2, 3)t$Q�Fi(i = 1, 2)t)P
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l��lU^Be^W���� (1.1)–(1.2)B9�B��-?9��V�� (1.1)–(1.2) �1�����
z = b1x + b2y + b1t, (1.3)6Er bi (i = 1, 2, 3) t$Q�M (1.1)–(1.2) E��>�P z B�?iÆ"Pg�g�

b3
1pzzz − b3pz − a1b1pqz − a2b1qpz = εF1(p, q), (1.4)

b1pz − a3b1qz = εF2(p, q). (1.5)

2 �4�36Æ"/*%4��Pw�g (1.4)–(1.5) rB)P� F1(p, q) = 0, F2(p, q) = 0 BJ�iÆ" NNV Pg�g��B���
b3
1pzz − b3pz − a1b1pqz − a2b2qpz = 0, (2.1)

b1pz − a3b2qz = 0. (2.2)M (2.1)–(2.2) E�>
b3
1pzz − b3p − b1(a1b1 + a2b2)

2a3b2
p2 + D2p = D1,

q =
b1

a3b2
p + D2.6Er D1, D2 t->$Q�!h:�tq�PJ

b3
1pzz − b3p − b1(a1b1 + a2b2)

2a3b2
p2 = 0, (2.3)

q =
b1

a3b2
p. (2.4)ZJS!
Q;N�Q^W��e, (2.3) B|dw�9�:

p(z) = A1sech z + A2sech
2z + B0 tanh z, (2.5)6Er A1, A2, B0 t;N$Q�M (2.5) E�O

pz = −A1sech z tanh z − 2A2sech
2z tanh z + B0 tanh z, (2.6)

pzz = A1sech z + 4A2sech
2z − 2A1sech

3z − 6A2sech
4z − 2B0sech

2z tanh z. (2.7)1 (2.5)–(2.7) E92 (2.3) E���fY��sVF��Qtq�
(b3

1 − b3)A1 = 0, (4b3
1 − b3)A2 −

b1(a1b1 + a2b2)

2a3b2
A2

1 + B2
0 = 0,

(
b1(a1b1 + a2b2)

2a3b2
A2 + b3

1)A1 = 0,
b1(a1b1 + a2b2)

2a3b2
A2

2 + 6b3
1A2 = 0,
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b3B0 = 0,
b1(a1b1 + a2b2)

2a3b2
B2

0 = 0.B4�>
A1 = 0, A2 = − 12a3b

2
1b2

a1b1 + a2b2
, B0 = 0, b3 = 4b3

1.M4��>���� (1.3) t
z = b1x + b2y − 4b3

1t. (2.8)PJM (2.5) E��>�g (2.3)–(2.4) B8||dw�9 p = U(z), q = V (z):

U(z) = − 12a3b
2
1b2

a1b1 + a2b2
sech2z, (2.9)

V (z) = − 12b3
1

a1b1 + a2b2
sech2z. (2.10)# a1 = −1, a2 = 1, a3 = 3, b1 = 1, b2 = 2, M (2.9) Æ (2.10) ESl�LN p = U(z),

q = V (z) B|dw�!Æ1j 1, j 2 YH�
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3 �:&ÆÆ"/* (1.4)–(1.5) ���[686r�{}JVJ�iÆ" NNV �g���1m���9��[Jb
l��?�l^Wx\iÆ")PPg�g (1.4)–(1.5) B-?9��C28|b
 Mi[p, q](i = 1, 2) (",x� [30, 31]):

M1[p, q] = p −
∫ τ

−∞

λ1(r)[b
3
1prrr − b3pr − a1b1pqr − a2b2qpr − εF1(p, q)]dr, (3.1)

M2[p, q] = q −
∫ τ

−∞

λ2(r)[b1pr − a3b2qr − εF2(pq)]dr, (3.2)6E p, q l�t p, q Bp�k [30,31], λi (i = 1, 2) J Lagrange *w�$Xb
 (3.1)–(3.2) B�?�l δMi (i = 1, 2):

δM1 = δp − [λ1(b
3
1δp − b3δp)]|r=z + [λ1rb

3
1δpr]|r=z + [λ1rrb

3
1δp]|r=z

+

∫ z

−∞

[b3
1λ1rrr − b3λ1r ]δpdr,

δM2 = δq + a3b2[λ2δq]|r=z +

∫ z

−∞

λ2rδqdr.�b
l��lU^ [30,31], s Mi (i = 1, 2) B�?�ltq δMi = 0 (i = 1, 2), S�
b3
1λ1rrr − b3λ1 = 0, λ1|r=z = λ1r|r=z = 0, λ1rr|r=z =

1

b3
1

, (3.3)

λ2r = 0, λ2|r=z = − 1

a3b2
. (3.4)	&M (3.3)–(3.4) EO

λ1(r) =

3
∑

i=1

Ci exp(δir), λ2(r) = − 1

a3b2
, (3.5)�r

δ1 =
3
√

4, δ2 =
3
√

4(−1 +
√

3i)

2
, δ3 =

3
√

4(−1 −
√

3i)

2
, (3.6)

C1 =
1

3 3
√

4a2
1

, C2 =

√
3 − i

6 3
√

4a2
1

, C3 =

√
3 + i

6 3
√

4a2
1

. (3.7)M (3.1)–(3.5) E�x\�g (1.4)–(1.5) |dw�-?9BL9��E (n = 0, 1, · · ·):

pn+1(z) = pn(z) −
∫ z

−∞

[ 3
∑

i=1

Ci exp(δir)

]

[b3
1(pnrrr − 4pnr)

−a1b1pnqnr − a2b2pnr − εF1(pn, qn)]dr, (3.8)

qn+1(z) = qn(z) − 1

a3b2

∫ z

−∞

[b1pnr − a3b2qbr − εF2(pn, qn)]dr, (3.9)6Er δi, Ci M (3.6) Æ (3.7) E�H� (p0(z), q0(z)) t�g (1.4)–(1.5) B|dw�-?9B0DL9�
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p0(z) = − 12a3b

2
1b2

a1b1 + a2b2
sech2z, (3.10)

q0(z) = − 12b3
1

a1b1 + a2b2
sech2z, (3.11)ML9E (3.8), (3.9), ;6S�>'o (pn(z), qn(z)). ZMb
l�!PI^x!�l�

lim
n→∞

pn ! lim
n→∞

qn [ z ∈ [−M, M ] 68oG(d [32,33], 6Er M t->8Bi$Q�ML9E (3.8), (3.9), # p(z) = lim
n→∞

pn(z), q(z) = lim
n→∞

qn(z). 	&ZIJql�g
(1.4)–(1.5) B8||dw�B$9 [30,31]. B4����E (2.8), (p(b1x+ b2y − 4b3t), q(b1x +

b2y − 4b3t)) IJiÆ"�?)PPg�g�� (1.1)–(1.2) B8||dw���9�[�
(pn(b1x + b2y − 4b3t), qn(b1x + b2y − 4b3t)) IJiÆ"�?)PPg�g�� (1.1)–(1.2) B8|H n 6|dw���-?9�ZMb
l��lU^B Eular N^ [32−33] m��e^�>B-?9KO4sB?VT�
4 �APw1�B8v_NBPg�g��

pz(t) + pzzz + pqz − qpz = ε sin p, (4.1)

−pz − 3qz = ε cos q, (4.2)M (3.10)–(3.11)E�Pg�g (4.1)–(4.2) B8v|dw�-?9B0D?V (p0(z), q0(z)) J
p0(z) = −36sech2z, (4.3)

q0(z) = −12sech2z. (4.4)Jb
l��?�lL9^�M (3.8)–(3.9)ES�Pg�g�� (4.1)–(4.2) |dw�-?9B86-?9 (p1(z), q1(z)) t
p1(z) = −36sech2z + ε

∫ z

−∞

[ 3
∑

i=1

Ci exp(δir)

]

sin(−36sech2r)dr − ε sin p0, (4.5)

q1(z) = −12sech2z + ε

∫ z

−∞

∫ z

−∞

[cos(12sech2r)]dr − ε cos q0, (4.6)6Er δ1 = 3
√

4, δ2 =
3
√

4(−1+
√

3i)
2 , δ3 =

3
√

4(−1+−
√

3i)
2 , C1 = 1

3 3
√

4
, C2 =

√
3−i

6 3
√

4
, C3 = −

√
3+i

6 3
√

4
.ZML9E (3.8)–(3.9) Æ (4.5)–(4.6), S�>�g�� (4.1)–(4.2) B8||dw�B℄5-?9 (p2(z), q2(z)):

p2(z) = −36sech2z + ε

∫ z

−∞

[ 3
∑

i=1

Ci exp(δir)

]

sin(−36sech2r)dr

−
∫ z

−∞

[ 3
∑

i=1

C1 exp(δir)

]

[a3
i=1(p1rrr − 4p1r) + p1q1r − 2q1 − ε sin p1]dr, (4.7)
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q2(z) = −12sech2z + ε

∫ z

−∞

[cos(12sech2r)]dr −
∫ z

−∞

[b1p1r − a3b2q1r − ε cos q1]dr. (4.8)6Er p1, q1 M (4.5), (4.6) E�H�M (2.8) EbJ����E s = x + 2y − 4t 92 (4.5)–(4.8) E���>iÆ"�?)PPg�g�� (4.1)–(4.2) B|dw�85�℄5-?��9 (p1asy(x, y, t), q1asy(x, y, t)) !
(p2asy(x, y, t), q2asy(x, y, t)):

p1asy(x, y, t) = −36sech2(x + 2y + 4t)

+ε

∫ (x+2y+4t)

−∞

[ 3
∑

i=1

Ciexp(δir)

]

sin(−36sech2(x + 2y + 4t))dr − ε sin p0,

q1asy(x, y, t) = −12sech2(x + 2y + 4t) + ε

∫ x+2y+4t

−∞

[cos(12sech2r)]dr − ε cos q0,

p2asy(x, y, t) = −36sech2(x + 2y + 4t) + ε

∫ x+2y+4t

−∞

[ 3
∑

i=1

Ciexp(δir)

]

sin(−36sech2r)dr

−
∫ x+2y+4t

−∞

∫ x+2y+4t

−∞

[a3
i=1(p1rrr − 4p1r) + p1q1r − 2q1 − ε sin p1]dr,

q2asy(x, y, t) = −12sech2(x + 2y + 4t) + ε

∫ x+2y+4t

−∞

[cos(12sech2r)]dr

−
∫ x+2y+4t

−∞

[b1p1r − a3b2q1r − ε cos q1]dr.6Er p1, q1 l�M (4.5), (4.6) E�H�%(J�b
l��lL9^�S=�>iÆ"�?)PPg�g�� (4.1)–(4.2) B8|-> n 6|dw� pnasy(x, y, t), qnasy(x, y, t) -?��9�M7P^xÆ�lU^ [32,33]m��>B-?9[z�k->BOB T�B n 6|dw�-?��9 pnasy(x, y, t),

qnasy(x, y, t) Q�g��BB$9 p(x, y, t), q(x, y, t) O1�B-?{$E�
p(x, y, t) = pnasy(x, y, t) + O(εn+1), 0 < ε ≪ 1,

q(x, y, t) = qnasy(x, y, t) + O(εn+1), 0 < ε ≪ 1.

5 �#�?b
l��lL9^�)PPg�g��B|dw�B-?9J8v+7O�Be^�MZ�>B-?9!fP+<B\5Qn9�BtZ�S=>�9�YX�Z�S%(V��9�N"�NkBl��1d��?)PPg�g��B|dw�B-?9�>���ql��lE9�YX�S=�>�Z��B}^k�7[V8mV�F}^kB/Gas�rn��x)#0D?VJJi)P���BJ��gB|dw�9�ZLNm�?)PPg�g���4UG�VFB|dw�[Y5�BBTas�B-?9�9�	 � , 0
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The Solitary Wave Solution to a Class of Nonlinear Dynamic System

1Ouyang Cheng 2Mo Jiaqi
(1Faculty of Science, Huzhou University, Zhejiang Huzhou 313000;

2School of Mathematics and Statistic, Anhui Normal University, Anhui Wuhu 241003)

Abstract: Using the functional generalized variational iteration method, a class of nonlinear

disturbed dynamic system was considered. First introduce solitary solution to a corresponding

typical system. And then a set of functional generalized variation constructed, and Lagrange

multiplier functions were solved. Finally, the generalized variational iteration was received.

Thus, the asymptotic travelling wave solution to the original nonlinear disturbed generalized

dynamic system was obtained

Key words: Dynamic system; Nonlinear; Solitary wave.
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