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1 -)~ Bn � Cn '��P� ϕ � Bn ��wNf�~ H(Bn) � Bn �S��jxW�� H∞ � Bn �SS���jxW��h u ∈ H∞, f ∈ H(Bn), 7H�ULm}u
Wu,ϕf = u · (f ◦ϕ). ��4�) u = 1j�|�Lm}u Cϕ. sG,�Wu,ϕ = MuCϕ, Kn�
Mu ��z}u�~ B(X) � HL Hilbert #��SS�'2}uW��) S, T ∈ B(X),

ST V TS F4N;�q�j�_ [S, T ] = ST − TS ��[�
tu [S, T ] qFIC��_
[T ∗, T ] = 0, [� T ∈ B(X) de�_ [T ∗, T ] ��[� T ∈ B(X) 2de�6�9_;>E�F{T�'2HmLm}u1
tuS.T� Clifford 3 [1] <�0) ϕ V ψ q'�XE D 1'2HmNfj�Hardy #� H2(D) Lm}u
tu [C∗

ψ, Cϕ]FIC�2� Jung 3 [2] <�0) ϕ V ψ q'�XEFw�^'2HmNfj� Hardy #� H2(D) �ULm}u
tu [W ∗
v,ψ ,Wu,ϕ] �2� Lacruz 3 [3] <�0'�XE'2HmNfLm}uB#
tu2m�>U��/O1��-K3 [4] <�0'2HmLm}u12de2�Yo5E}_Z�% [5] n<�0'�P Hardy #� H(Bn) w�^Lm}u
tu [C∗

ψ , Cϕ] �2���<� ϕ V ψ q'�P Bn 1Fw�^'2HmNfj�Hardy#� H(Bn) �ULm}u
tu [W ∗
v,ψ ,Wu,ϕ] �2�5 2 ÆW�rC7)1E-t�J)�5 3 ÆW�'2Hm�ULm}u
tu [W ∗

v,ψ,Wu,ϕ]1}}[m�Yo�7) ‖ϕ‖∞ = 1j [W ∗
v,ψ ,Wu,ϕ]1�2��q6�7) ϕ Z'�P�� ∂Bn SEV�96 e1 O1�#Y�	hR�t��Eh e1 = (1, 0, · · · , 0).sU℄J�2020-06-04; 48℄J�2021-06-28
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2 .�2�~ σ � ∂Bn de Lebesgue �<�) n ≥ 1, 7H Hardy #��
H2(Bn) =

{

f ∈ H(Bn) : ‖f‖2 = sup
0<r<1

∫

∂Bn

|f(rζ)|2dσ(ζ) <∞

}

.h u � ∂Bn S� �Lhjx� H2(Bn)  Toeplitz }u7H� Tu(f) = P (uf), Kn Pq L2(∂Bn) , H2(Bn) 1d
M�^g u q��1�[ Tu | Mu. Cowen 3 [6] 7H'�P Bn '2HmNf^ ��� 2.1 h
ϕ(z) =

Az +B

〈z, C〉 +D
(2.1)q Bn 1'2HmNf�Kn 〈·, ·〉 �o Cn nDmBz� A �o n× n �b� B l C �o

n× 1 2,/� D qEVLx� Cϕ q H2(Bn) Q ϕ T+1Lm}u�[ Cϕ 1	�}u
C∗
ϕ �

C∗
ϕ = TgCσϕT

∗
h , (2.2)Kn

σϕ(z) =
A∗z − C

〈z,−B〉 +D
(2.3)q ϕ1 Krěın	��g(z) = (〈z,−B〉+D)−n, h(z) = (〈z, C〉+D)n, Tg, Th H�q�� Toeplitz}u�Z �n�~ LFM(Bn) V Aut(Bn) H��o Bn �S'2HmNfW�Vw�^W��^g ϕ � Bn N,wi�[ |D| > |C|, I"S D 6= 0, N ϕ Z Bn 1�V3WB����<lP =7H1�bAe.VLm}uqJ� Krěın 	�}u�h

mϕ =





A B

C∗ D



 , mσϕ =





A∗ −C

−B∗ D



H��'2HmNf ϕ {K	�Nf σϕ 1�b�o�[�b mϕ V mσϕ q Krěın 	��b�| mϕ = m×
σϕ

= Jm∗
σϕ
J , Kn

J =





I 0

0 −1



 ,

m∗
σϕ
q Hilbert #� mϕ 	��CAe.VLm}u Krěın	��jCe> mϕ V mσϕ q

Krěın 	��b| � =vb�96{KH'��� 2.2[7] h ϕ ∈ LFT (Bn) Z Bn B���96�[%Z�EEV�96 ζ ∈ ∂Bn l/ ϕ(ζ) = ζ F{ 〈dϕζ(ζ), ζ〉 = λ Kn 0 < λ ≤ 1.v7)n1�E6 ζ ∈ ∂Bn �� ϕ 1 Denjoy-Wolff 6� λ �� ϕ 1��%℄�x�Y�7) 2.2, Bn 1'2HmNf
XH�`'�^g ϕ Z Bn B�S�96�[� ϕ q�X/�^g ϕ Z Bn B���96N λ � ϕ 1 Denjoy-Wolff 61��%℄�x�) λ < 1j�� ϕ qyR/�) λ = 1 j�� ϕ qG�/�



1608 x 9 � ) 9 � Vol.41A�-K3 [4] <�0 Hardy #�Lm}u2de2jRb�% [8] nK����w/m (2.4). ��Zm (2.4) M� <��ULm}u
tu�,� 2.1[4] h ϕ q Bn 1'2HmNfN8{ ϕ(e1) = e1. >�V c > 0 { e1 O�E6 ζ ∈ ∂Bn, ϕ 8{
1 − |ϕ(ζ)|2 ≥ c|e1 − ϕ(ζ)|2, (2.4)[>;EVLi� α, }u [T ∗

zα , Cϕ] q H2(Bn) 1�}u��0D�� =2�rC7)e>h�nP,1E-J)�,� 2.2[8] h ϕ q Bn 1'2HmNfN ϕ(e1) = e1. >U ζ ∈ ∂Bn, |ϕ(ζ)| = 1 )N�) ζ = e1. _ W (z) Z Bn ,7N W (e1) = 0, [}u TWCϕ q H2(Bn) 1�}u�,� 2.3[8] h ϕ q Bn(n > 1) 1'2HmNf� σ q ϕ 1	�Nf�Qm (2.1) W��_ ζ, η ∈ ∂Bn N ϕ(ζ) = η, [ σ(η) = ζ.,� 2.4[8] h ϕ q Bn 1'2HmNfNSEV���96� [Cσ, Cϕ] q H2(Bn) 1�}u)N�) [Cσ, Cϕ] = 0, | ϕ ◦ σ = σ ◦ ϕ. =PKk ψζ �o ψ � ζ D,���| ψζ(z) = 〈ψ(z), ζ〉. 7H Dηψζ(z) = 〈ψ′(z)η, ζ〉� ψζ � η D,+x�~� Dηψζ . ��4�) ζ = η = e1, ~� D1ψ1(z). �<W�^ J)�,� 2.5 h ϕ ∈ LFM(Bn)\Aut(Bn) 8{ ϕ(e1) = e1, e1 ∈ ∂Bn. h ϕ 8{m (2.1), σϕ8{m (2.4). ~
s = (D1ϕ1(e1))

−n =
( c1 +D

−b1 +D

)n

,Kn b1,c1 H�q2,/ B l C 1t*� Cϕ q H2(Bn) Lm}u�[%ZEV�}u
K ∈ H2(Bn) l/ C∗

ϕ = sCσϕ +K, Kn σϕ q ϕ 1 Krěın 	��1 h σϕ ^7) 2.1 nq ϕ 	��[ σϕ(e1) = e1. Q�% [9], >U 〈z, C〉 ∈ C(Bn), \GFNx j F{�}u K, S T(〈z,C〉)j = (T〈z,C〉)
j +K. $AS

Th = T(〈z,C〉+D)n = T
C0
nD

n
+C1

nD
n−1

〈z,C〉+···+Cnn(〈z,C〉)n

= TC0
nD

n + T
C1
nD

n−1
〈z,C〉

+ · · · + T
Cnn(〈z,C〉)n

= C0
n(TD)n + C1

n(TD)n−1T〈z,C〉 + · · · + Cnn (T〈z,C〉)
n +K

= (T
〈z,C〉

+ TD)n +K.Uq /
[Cσϕ , T

∗
h ] = CσϕTh − ThCσϕ

= Cσϕ((T〈z,C〉 + TD)n +K) − ((T〈z,C〉 + TD)n +K)Cσϕ

= Cσϕ

(

C0
nD

n
+ C1

nD
n−1

n
∑

j=1

CjT
∗
zj

+ · · · + Cnn (

n
∑

j=1

CjT
∗
zj

)n
)

−
(

C0
nD

n
+ C1

nD
n−1

n
∑

j=1

CjT
∗
zj

+ · · · + Cnn (

n
∑

j=1

CjT
∗
zj

)n
)

Cσϕ + [Cσϕ ,K]

= C1
nD

n−1
I1 + C2

nD
n−2

I2 + · · · + Cnn In + [Cσϕ ,K],Kn Cjn (j = 1 · · ·n) qB*m\��x� Cj (j = 1 · · ·n) q,/ C 1H,/�
Ii = Cσϕ

( n
∑

j=1

CjT
∗
zj

)i

−

( n
∑

j=1

CjT
∗
zj

)i

Cσϕ (i = 1 · · ·n).
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tu 1609QJ) 2.1,  f [Cσϕ , T
∗
zj

] q�}u�Q [Cσϕ ,K] 1�2� / [Cσϕ , T
∗
h ] q H2(Bn) �}u�I"Q TgT

∗
h = Tgh +K  /

C∗
ϕ = TgCσϕT

∗
h = TgT

∗
hCσϕ +K = (Tgh +K)Cσϕ +K = TghCσϕ +K.QJ) 2.2 F{ W = hg − h(e1)g(e1)  f

ThgCσϕ − h(e1)g(e1)Cσϕ = T
hg−h(e1)g(e1)Cσϕq�1�a

C∗
ϕ = TgCσϕT

∗
h = h(e1)g(e1)Cσϕ +K = sCσϕ +K.J) 2.5 eÆ�h Cn nW Ω � Ω′, ϕ � Φ H�q Ω � Ω′ ��Nf�^g%ZEVyW!Nf

σ : Ω → Ω′ l/ Φ = σ−1 ◦ ϕ ◦ σ, [� ϕ V Φ ℄���<;f.	hdH Cayley �t σC ,'�P Bn yW!3�U Siegel 
I= Hn := {(w1, · · · , wn) = (w1, w
′) ∈ Cn, Rew1 > |w′|2},Kn σC 7H�

σC(z) =
(1 + z1

1 − z1
,

z′

1 − z1

)

, z = (z1, z
′) ∈ Bn.sG, σC (σC(e1) = ∞) q$ Bn ?�, Hn

⋃

∂Hn

⋃

{∞} 1y,7Nf� Hn 1E6�ls�h ϕ ∈ LFM(Bn)S�EEV���96 e1 N��%℄�x λ ≤ 1. Q�% [7,7) 3.2]f ϕ q�S Denjoy-Wolff 6 e1 1F�X/�[Q�% [10, J) 4.1] f� ϕ V
Φ(w1, w

′) =
1

λ
(w1 + 〈w′, b〉 + c, Aw′ + d), (w1, w

′) ∈ Hn (2.5)℄��Kn c ∈ C, b, d ∈ Cn−1, λRec ≥ |d|2, A ∈ C(n−1)×(n−1) λI − A∗A q Hermitian 
d7�b�LPao1m��</, B2 1^ �g�,� 2.6 h ϕ, ψ ∈ LFM(B2)\Aut(B2)qG�/��S)�1��76 e1. �h ϕ, ψH�V H2 1��wNf Φ,Ψ ℄�� Φ,Ψ 1m�
Φ(w1, w2) = (w1 + b1w2 + c1, a1w2 + d1),

Ψ(w1, w2) = (w1 + b2w2 + c2, a2w2 + d2),Kn aj , bj, cj , dj ∈ C 8{
|a2| < 1, Rec2 >

|b2|
2

4
, Re(c1 − 2d1d2 + c2) > |a1d2 −

b1

2
|2. (2.6)[ σψ V σϕ ◦ ψ 8{m (2.4).1 g}} /

ϕ(z) = σ−1
C ◦ Φ ◦ σC(z) =

A1z +B1

〈z, C1〉 +D1
, ψ(z) = σ−1

C ◦ Ψ ◦ σC(z) =
A2z +B2

〈z, C2〉 +D2
,Kn

Aj =





2 − cj bj

−2dj 2aj



 , Bj =





cj

2dj



 , Cj =





−cj

bj



 , Dj = cj + 2.
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σϕ(z) =

A∗
1z − C1

〈z,−B1〉 +D1

σψ(z) =
A∗

2z − C2

〈z,−B2〉 +D2

,�< F/,H�V σϕ, σψ ℄�1 H2 1��wNf ∆,Γ, 1m^ 
∆(w1, w2) = σC ◦ σϕ ◦ σ−1

C (w1, w2) = (w1 − 2d1w2 + c1, a1w2 −
b1

2
),

Γ(w1, w2) = σC ◦ σψ ◦ σ−1
C (w1, w2) = (w1 − 2d2w2 + c2, a2w2 −

b2

2
).Q�% [4] n7) 4.3, _ z = (z1, z2) = σ−1

C (w) ∈ ∂B2, [ w = (w1, w2) = σC(z) ∈ ∂H2 N8{ Rew1 = |w2|
2, Uq /

1 − |σψ(z)|2 − k|e1 − σψ(z)|2 =
4[Re(w1 − 2d2w2 + c2) − (1 + k)|a2w2 −

b2
2 |

2 − k]

|w1 − 2d2w2 + c2 + 1|2

=
4{(1 − |a2|

2 − k|a2|
2)|w2|

2 + Re[(a2b2 − 2d2 + ka2b2)w2] + Rec2 −
|b2|

2

4 − k(1 + |b2|
2

4 )}

|w1 − 2d2w2 + c2 + 1|2

=
4{(1 − |a2|

2 − k|a2|
2)|z2|

2 + Re[(a2b2 − 2d2 + ka2b2)z2(1 − z1)]}

|1 + z1 − 2d2z2 + (c2 + 1)(1 − z1)|2

+
4(Rec2 −

|b2|
2

4 − k(1 + |b2|
2

4 ))|1 − z1|
2

|1 + z1 − 2d2z2 + (c2 + 1)(1 − z1)|2
.V�% [4] n?� 3.1 l7) 4.3 1e>'{�8S

k < min
{1 − |a2|

2

|a2|2
,
Rec2 −

|b2|
2

4

1 + |b2|2

4

}

, (2.7)[ 1 − |σψ(z)|2 ≥ k|e1 − σψ(z)|2 Z e1 ∈ ∂B2 1�V3WB�+�	h��}}��< F/,V σϕ ◦ ψ ℄�1 H2 1��wNf Λ, 1m^ 
Λ(w1, w2) = σC ◦ σϕ ◦ ψ ◦ σ−1

C (w1, w2) = σC ◦ σϕ ◦ σ−1
C ◦ σC ◦ ψ ◦ σ−1

C (w1, w2)

= ∆ ◦ Ψ(w1, w2)

= (w1 + (b2 − 2d1a2)w2 + c2 − 2d1d2 + c1, a1a2w2 + a1d2 −
b1

2
).�) /

1 − |σϕ ◦ ψ(z)|2 − k|e1 − σϕ ◦ ψ(z)|2

=
4[Re(w1 + (b2 − 2d1a2)w2 + c2 − 2d1d2 + c1) − (1 + k)

∣

∣

∣a1a2w2 + a1d2 −
b1
2

∣

∣

∣

2

− k]

|w1 + (b2 − 2d1a2)w2 + c2 − 2d1d2 + c1 + 1|2

=
4{(1 − |a1a2|

2 − k|a1a2|
2)|w2|

2 + Re[b2 − 2d1a2 − (1 + k)(2|a1|
2a2d2 − a1a2b1)]w2}

|w1 + (b2 − 2d1a2)w2 + c2 − 2d1d2 + c1 + 1|2

+
4{Re(c1 − 2d1d2 + c2) − |a1d2 −

b1
2 |2 − k(1 + |a1d2 −

b1
2 |

2)}

|w1 + (b2 − 2d1a2)w2 + c2 − 2d1d2 + c1 + 1|2
.
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k < min

{

1 − |a1a2|
2

|a1a2|2
,
Re(c1 − 2d1d2 + c2) − |a1d2 −

b1
2 |2

1 + |a1d2 −
b1
2 |

2

}

, (2.8)[ 1 − |σϕ ◦ ψ(z)|2 ≥ k|e1 − σϕ ◦ ψ(z)|2 Z e1 ∈ ∂B2 1�V3WB�+��mm (2.5), (2.7) V (2.8),  /
|a2| < 1, Rec2 >

|b2|
2

4
, Re(c1 − 2d1d2 + c2) > |a1d2 −

b1

2
|2.J) 2.6 eÆ�,� 2.7 h ϕ, ψ ∈ LFM(B2)\Aut(B2)qyR/��S)�1��76 e1. �h ϕ, ψH�V H2 1��wNf Φ,Ψ ℄�� Φ,Ψ �S^ 1m

Φ(w1, w2) =
1

λ1
(w1 + b1w2 + c1, a1w2 + d1),

Ψ(w1, w2) =
1

λ2
(w1 + b2w2 + c2, a2w2 + d2),Kn aj , bj, cj , dj ∈ C 8{

|a2|
2 < λ2, λ2Rec2 >

|b2|
2

4
,
λ1

λ2
Re(c1 − 2d1d2 + c2) > |

a1d2

λ2
−
b1

2
|2, (2.9)[ σψ V σϕ ◦ ψ 8{m (2.4).1 VJ) 2.6 �)�8S

k < min

{

λ2 − |a2|
2

|a2|2
,
λ2Rec2 −

|b2|
2

4

1 + |b2|2

4

}

, (2.10)[ 1 − |σψ(z)|2 ≥ k|e1 − σψ(z)|2 Z e1 ∈ ∂B2 1�V3WB�+�8S
k < min

{

λ1λ2 − λ2|a1a2|
2

|a1a2|2
,

λ1

λ2

Re(c1 − 2d1d2 + c2) − |a1d2
λ2

− b1
2 |

2

1 + |a1d2
λ2

− b1
2 |

2

}

, (2.11)[ 1 − |σϕ ◦ ψ(z)|2 ≥ k|e1 − σϕ ◦ ψ(z)|2 Z e1 ∈ ∂B2 1�V3WB�+��mm (2.5), (2.10)F{ (2.11),  /
|a2|

2 < λ2, λ2Rec2 >
|b2|

2

4
,
λ1

λ2
Re(c1 − 2d1d2 + c2) > |

a1d2

λ2
−
b1

2
|2.J) 2.7 eÆ��<F7) 2.3 �wÆ�P7) Z�% [11] n^,�o=�<�lP7) 2.3 &e>7) 3.2.�� 2.3 �h ϕ V ψ q Bn 1'2HxNf�N Cϕ − Cψ q H2(Bn) 1�}u�[

ϕ = ψ x_ ‖ϕ‖∞ < 1 N ‖ψ‖∞ < 1, I" Cϕ l Cψ ;q H2(Bn) 1�}u�
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3 5+	�ÆW��ULm}u1
tuD��Yo<�'2HmNfH��G�/lyR/j
tu1�2��� 3.1 h ϕ, ψ ∈ LFM(Bn)\Aut(Bn), N8{ ϕ(e1) = ψ(e1) = e1, e1 ∈ ∂Bn. h
σψ , σϕ ◦ ψ 8{m (2.4). Wu,ϕ V Wv,ψ q H2(Bn) H�Q ϕ V ψ T+1�ULm}u�_ u, v ∈ H∞(Bn) Z ∂Bn ,7�[

[W ∗
v,ψ,Wu,ϕ] ≡ (D1ψ1(e1))

−nu(e1)v(e1)[Cσψ , Cϕ](mod K),Kn K q H2(Bn) �}u�1 QJ) 2.5 f C∗
ψ = (D1ψ1(e1))

−nCσψ +K. I"
[W ∗

v,ψ ,Wu,ϕ] = C∗
ψT

∗
v TuCϕ − TuCϕC

∗
ψT

∗
v

= (D1ψ1(e1))
−n(CσψT

∗
v TuCϕ − TuCϕCσψT

∗
v ) +K.QJ) 2.2 f� T ∗

vCϕ − v(e1)Cϕ l TuCϕ − u(e1)Cϕ q H2(Bn) �}u�I"
[W ∗

v,ψ,Wu,ϕ] = (D1ψ1(e1))
−nu(e1)(v(e1)CσψCϕ − CϕCσψT

∗
v ) +K

= (D1ψ1(e1))
−nu(e1)(v(e1)Cϕ◦σψ − Cσψ◦ϕT

∗
v ) +K.	h��}}/

mσψ◦ϕ = mσψmϕ =





A∗
2 −C2

−B∗
2 D2









A1 B1

C∗
1 D1





=





A∗
2A1 − C2C

∗
1 A∗

2B1 − C2D1

−B∗
2A1 +D2C

∗
1 −B∗

2B1 +D1D2



 ,

mσϕ◦ψ =





A∗
1A2 − C1C

∗
2 A∗

1B2 − C1D2

−B∗
1A2 +D1C

∗
2 −B∗

1B2 +D1D2



 ,$AS mσψ◦ϕ = Jm∗
σϕ◦ψ

J, | mσψ◦ϕ V mσϕ◦ψ q Krěın 	��b�I"
C∗
σψ◦ϕ = (D1(σψ ◦ ϕ)1(e1))

−nCσϕ◦ψ +K.YQJ) 2.2,  f TvCσϕ◦ψ − v(e1)Cσϕ◦ψ q H2(Bn) �}u�I"
Cσψ◦ϕT

∗
v = (TvC

∗
σψ◦ϕ)∗ = (D1(σψ ◦ ϕ)1(e1)

−nC∗
σϕ◦ψT

∗
v +K

= v(e1)(D1(σψ ◦ ϕ)1(e1)
−nC∗

σϕ◦ψ +K

= v(e1)Cσψ◦ϕ +K.$A/,
[W ∗

v,ψ ,Wu,ϕ] ≡ (D1ψ1(e1))
−nu(e1)v(e1)[Cσψ , Cϕ](mod K).7) 3.1 /e�$=17) 3.1, �</,) ϕ ∈ LFM(Bn)\Aut(Bn) j�ULm}uw
tu[m�



No.6 5C3�'�P Hardy #��ULm}u1
tu 1613#� 3.1 (i) h ϕ ∈ LFM(Bn)\Aut(Bn), N8{ ϕ(e1) = e1, e1 ∈ ∂Bn. h σϕ, σϕ ◦ ϕ 8{m (2.4). Wu,ϕ q H2(Bn) Q ϕ T+�ULm}u�_ H∞(Bn) ∋ u Z ∂Bn ,7�[
[W ∗

u,ϕ,Wu,ϕ] ≡ (D1ϕ1(e1))
−n|u(e1)|

2[Cσϕ , Cϕ](mod K).

(ii) h ϕ, ψ ∈ LFM(Bn)\Aut(Bn), N8{ ϕ(e1) = ψ(e1) = e1, e1 ∈ ∂Bn. h σψ , σϕ ◦ψ 8{m (2.4). Cϕ V Cψ q H2(Bn) H�Q ϕ V ψ T+1Lm}u�[
[C∗
ψ , Cϕ] ≡ (D1ψ1(e1))

−n[Cσψ , Cϕ](mod K).1 (i) Z7) 3.1 nS u = v, ϕ = ψ | �
(ii) Z7) 3.1 nS u = v = 1 | � =�<!q H2(Bn)  [W ∗

v,ψ ,Wu,ϕ] �21�C����� 3.2 h ϕ, ψ ∈ LFM(Bn)\Aut(Bn), N8{ ϕ(e1) = ψ(e1) = e1, e1 ∈ ∂Bn. h
σψ , σϕ ◦ψ 8{m (2.4). Wu,ϕ V Wv,ψ q H2(Bn) H�Q ϕ V ψ T+1�ULm}u�_
H∞(Bn) ∋ u, v Z ∂Bn ,7�[ [W ∗

v,ψ ,Wu,ϕ] q H2(Bn) �}u1�C��q =.V��nkeEV�+�
(i) u(e1)v(e1) = 0,

(ii) ϕ ◦ σψ = σψ ◦ ϕ.1 Q7) 3.1f� [W ∗
v,ψ ,Wu,ϕ] �)N�) (D1ψ1(e1))

−nu(e1)v(e1)[Cσψ , Cϕ] q�1�t!��h (D1ψ1(e1))
−nu(e1)v(e1)[Cσψ , Cϕ]q�1�[ u(e1)v(e1) = 0x_ [Cσψ , Cϕ]q�1�UqS u(e1)v(e1) = 0x_ Cϕ◦σψ−Cσψ◦ϕ q H2(Bn)�}u�Q7) 2.3f ϕ◦σψ =

σψ ◦ ϕ x_ ‖ϕ ◦ σψ‖∞ < 1, ‖σψ ◦ϕ‖∞ < 1. YQ7)��f ϕ ◦ σψ(e1) = e1, σψ ◦ ϕ(e1) = e1,�F ‖ϕ ◦ σψ‖∞ < 1 V ‖σψ ◦ϕ‖∞ < 1 ��+�5��'2HmNf ϕ ◦ σψ V σψ ◦ϕ 1�+x;qS&1�Q�% [12] 17) 3.43 f� Cϕ◦σψ V Cσψ◦ϕ ;�q�1�$A�C��/e�5ED=�^g (i) � (ii) nkeSEV�+�#Y (D1ψ1(e1))
−nu(e1)v(e1)[Cσψ , Cϕ] q�1�$A�H2/e�#� 3.2 h ϕ, ψ ∈ LFM(Bn)\Aut(Bn), N8{ ϕ(e1) = ψ(e1) = e1, e1 ∈ ∂Bn. h

σψ , σϕ ◦ ψ 8{m (2.4). Wu,ϕ V Wv,ψ q H2(Bn) H�Q ϕ V ψ T+1�ULm}u�h H∞(Bn) ∋ u, v Z ∂Bn ,7N8{ u(e1)v(e1) 6= 0. _ ϕ qG�/ (yR/), ψ qyR/ (G�/), [ [W ∗
v,ψ ,Wu,ϕ] F��1 �h ϕ V ψ H�qG�/VyR/�Q7) 3.1,  /

[W ∗
v,ψ,Wu,ϕ] ≡ (D1ψ1(e1))

−nu(e1)v(e1)[Cσψ , Cϕ](mod K).I� ψ qyR/��F D1(σψ)1(e1) = 1
λ
> 1, | σψ �qyR/�Q�% [7] n7) 3.2  f� σψ SEV`+�96 α ∈ Bn. _ σψ ◦ ϕ = ϕ ◦ σψ, [ σψ ◦ ϕ(α) = ϕ ◦ σψ(α) = ϕ(α), mz> ϕ(α) Dq σψ 1EV�96�QU ϕ Z Bn B�:S�96�| ϕ(α) 6= α. QJ)

2.3  f_ ψ Z ∂Bn ��96��F σψ Z ∂Bn D:S�96�z�7z> σψ %Z
α ∈ ∂Bn V ϕ(α) ∈ Bn .V�96�V σψ SEV�969?�I"� σψ ◦ϕ 6= ϕ ◦ σψ . 	h7) 3.2 f [W ∗

v,ψ,Wu,ϕ] F��) ϕ �yR/� ψ �G�/j��) e�6 3.1 QÆ7 3.2, �<F= [W ∗
v,ψ,Wu,ϕ] 1�2�jC�6 ϕ l ψ ;qG�/x;qyR/| �$Z*PJ) 2.6 lJ) 2.7 <�'2HmNf ϕ, ψ ∈ LFM(B2)\Aut(B2) T+1�ULm}u
tu [W ∗

v,ψ,Wu,ϕ] 1�2�



1614 x 9 � ) 9 � Vol.41A�� 3.3 h ϕ, ψ ∈ LFM(B2)\Aut(B2) ;qG�/N�S)����96 e1. h ϕ, ψH�V H2 1��wNf Φ,Ψ ℄�� Φ,Ψ �S^ 1m
Φ(w1, w2) = (w1 + b1w2 + c1, a1w2 + d1),

Ψ(w1, w2) = (w1 + b2w2 + c2, a2w2 + d2),Kn aj , bj, cj , dj ∈ C 8{m (2.6). Wu,ϕ V Wv,ψ q H2(B2) H�Q ϕ V ψ T+1�ULm}u�_ H∞(Bn) ∋ u, v Z ∂B2 ,7N8{ u(e1)v(e1) 6= 0, [ [W ∗
v,ψ ,Wu,ϕ] q�1)N�)







b1(1 − a2) = 2(a1 − 1)d2,

b2(1 − a1) = 2(a2 − 1)d1.1 QJ) 2.6  f� σψ V σϕ ◦ ψ ;8{m (2.4). 	h��}}
Φ ◦ Γ(w1, w2) = (w1 + (b1a2 − 2d2)w2 + c2 + c1 −

b1b2

2
, a1a2w2 −

a1b2

2
+ d1),

Γ ◦ Φ(w1, w2) = (w1 + (b1 − 2d2a1)w2 + c2 + c1 − 2d1d2, a1a2w2 −
b2

2
+ d1a2).I� u(e1)v(e1) 6= 0, Q7) 3.2 F{m� [W ∗

v,ψ ,Wu,ϕ] q�1)N�) ϕ ◦ σψ = σψ ◦ ϕ )N�) Φ ◦ Γ = Γ ◦ Φ )N�)














b1(1 − a2) = 2(a1 − 1)d2,

b2(1 − a1) = 2(a2 − 1)d1,

b1b2 = 4d1d2.m3�U






b1(1 − a2) = 2(a1 − 1)d2,

b2(1 − a1) = 2(a2 − 1)d1.7) 3.3 /e��� 3.4 h ϕ, ψ ∈ LFM(B2)\Aut(B2);qyR/�N�S)����96 e1. h ϕ, ψH�V H2 1��wNf Φ,Ψ ℄�� Φ,Ψ �S^ 1m
Φ(w1, w2) =

1

λ1
(w1 + b1w2 + c1, a1w2 + d1),

Ψ(w1, w2) =
1

λ2
(w1 + b2w2 + c2, a2w2 + d2),Kn λ1 V λ2 H�q ϕ V ψ 1��%℄�x� aj , bj, cj , dj ∈ C 8{m (2.9). Wu,ϕ V

Wv,ψ q H2(B2) H�Q ϕ V ψ T+1�ULm}u�_ H∞(Bn) ∋ u, v Z ∂B2 ,7N
u(e1)v(e1) 6= 0, [ [W ∗

v,ψ ,Wu,ϕ] F��1 QJ) 2.7  f� σψ V σϕ ◦ ψ 8{m (2.4). Q7) 3.2, jCe> ϕ ◦ σψ 6= σψ ◦ ϕ| ��h ϕ ◦ σψ = σψ ◦ ϕ. Q7)��f� ψ jSEV�96 e1 ∈ ∂B2, �F ψ 1	�Nf
σψ DjSEV�96 e1. I� ψ qyR/��F�1��%℄�x λ2 < 1. a σψ 1��%℄�x 1

λ2

> 1. Q�% [7] 7) 3.2 f� σψ SEV`+�96 α ∈ B2. ^g σψ ◦ϕ = ϕ ◦ σψ,



No.6 5C3�'�P Hardy #��ULm}u1
tu 1615[ σψ ◦ ϕ(α) = ϕ ◦ σψ(α) = ϕ(α). mz> ϕ(α) q σψ EV�96�YA� ϕ Z B2 B��96�I" ϕ(α) 6= α. QJ) 2.3, _ ψ :SK��96�[ σψ D�K��96�	hv�7 σψ S`V�96 e1 ∈ ∂B2, α ∈ B2 F{ ϕ(α) ∈ B2, aV σψ jSEV�96 α ∈ B2 9?�I" ϕ ◦ σψ 6= σψ ◦ ϕ, Q7) 3.2  f [W ∗
v,ψ ,Wu,ϕ] F��� � % '

[1] Clifford J, Levi D, Narayan S. Commutators of composition operators with adjoints of composition oper-

ators. Complex Var Elliptic Equ, 2012, 57: 677–686

[2] Jung S, Kim Y, Ko E. Commutators of weighted composition operators. Internat J Math, 2014, 25(6):

1450053

[3] Lacruz M, León-Saavedra F, Petrovic S, et al. The double commutant property for composition operators.

Collect Math, 2019, 70: 501–532

[4] Jiang L Y, Ouyang C H. Essential normality of linear fractional composition operators in the unit ball of

CN . Science in China: Mathematics, 2009, 52(12): 2668–2678

[5] Jiang L Y. Commutators of composition operators with adjoints of composition operators on the ball.

Complex Var Elliptic Equ, 2016, 61(3): 405–421

[6] Cowen C C, MacCluer B D. Linear fractional maps of the ball and their composition operators. Acta Sci

Math(Szeged), 2000, 66(1/2): 351–376

[7] Bisi C, Bracci F. Linear fractional maps of the unit ball: a geometric study. Adv Math, 2002, 167(2):

265–287

[8] MacCluer B D, Weir R J. Linear-fractional composition operators in several variables. Integral Equations

and Operator Theory, 2005, 53(3): 373–402

[9] McDonald G. Fredholm properties of a class of Toeplitz operators on the ball. Indiana Univ Math J, 1977,

26: 567–576

[10] Bracci F, Contreras M, Diaz-Madrigal S. Classification of semigroups of linear fractional maps in the unit

ball. Adv Math, 2007, 208: 318–350

[11] Heller K, MacCluer B D, Weir R J. Compact differences of composition operators in several variables.

Integral Equations and Operator Theory, 2011, 69(2): 247–268

[12] Cowen C C, MacCluer B D. Composition Operators on Spaces of Analytic Functions. Boca Raton, Fla:

CRC Press, 1995

Commutators of Weighted Composition Operators on

Hardy Space of the Unit Ball

1Xu Ning 2Zhou Zehua 1Ding Ying
(1School of Science, Jiangsu Ocean University, Jiangsu Lianyungang 222005;

2Department of Mathematics, Tianjin University, Tianjin 300072)

Abstract: In this paper, we study commutators of weighted composition operators with linear

fractional non-automorphisms on Hardy space of the unit ball. First, we obtain the formula

of commutators of weighted composition operators. Then, we characterize compactness of

commutators according to two special situations of linear fractional maps. Finally, we obtain

that commutators are compact when linear fractional maps are parabolic and commutators are

not compact when linear fractional maps are hyperbolic.
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