
2021,41A(5):1555–1565 http://actams.wipm.ac.cngV9s OMP U2`f>wB32hF}� ~�� ��� ��	∗

(�{|
Æ��� ���{ 315211)pj�t��;yB� OMP ^dNvNid�, 8Vbd?L��N OMP ^dNÆQ	=�j�LJÆQ	=N�W&d�)VNl;�� �sPV~
�;v9SH��:A+�5azz OMP ^d
ÆQ	=
&d��
MR(2010) xW4H�34A08; 65R10; 44A15 v[4H=�O175.5 ℄b%PJ�A℄q$=�1003-3998(2021)05-1555-11

1 ni4`yy (Compressed Sensing, CS)[1] n�JA�#'%�&<n��CS n��:�a%�JPMM�h���	℄�
���AUk:M:w�*,w�|w�Q�<:||P%��%V�+%��MC_U%�JPM�CSn���gKOI��|Z��2E�\�'�P�Yq$q��=�p4�O [2−4]. ~ x = [x1, x2, · · · , xN ]T ∈ RN J K|P%� (+ ‖x‖0 ≤ K), Γ = supp(x) = {i | |xi| 6= 0} �I%� x Mw1�3=,w�7��T>��KM,w} y ∈ Rn ��D��*	'
y = Φx + w, (1.1)���yyYq Φ ∈ Rn×N , (n ≪ N), K |P%� x J*UM� w ∈ Rn J>� Φi �I Φ MR i z (+ Φ = [Φ1, Φ2, · · · , ΦN ]). a����3= Φ M�Az (m03{A�\�)J�A#M (+ ‖ Φi ‖2= 1, i = 1, 2, · · · , N).�<P%�J CS n�MM>���I{ n ≪ N , �U�q (1.1) MIm0J!zAM�+`�SVPM�:yC� CS n� [5] ���a&<Yq Φ ��AUk:��%I

l0- fU� #�i�
|w�Q�<%� x, +
min ‖ x ‖0 subject to ‖ y − Φx ‖2< ǫ.�d�y�2k�QMI,>$PA f�M[�nJ NP -M�I>�,>2kA�T!�M�<℄'D$PM[�>A�t����� (Orthogonal Matching Pursuit, OMP)L}0�	2020-03-09; +V0�	2021-03-15
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1556 U 0 � n 0 � Vol.41A℄SVeE+!�|!�`J�Æ��OMP ℄ [6] JA�TD'fm℄��\n{�a�?TD��.eYH�*.Æ(`^}�CMYqMA�zl�$�O\F%��-_0l7U OMP ℄MuM)H��2m\t����� (Stagewise OMP, StOMP)[7] ℄�4`&<���� (Compressive Sampling MP, CoSamp)[8] ℄��g7�� (Suspace

Pursuit, SP) [9] ℄��Ht����� (generalised OMP, gOMP)[10] ℄O���h:
OMP ℄MA�uMhl�<P%����V��M OMP ℄�zAM&�J13�U#}�℄'��,wYq Φ Mv�g*S0OVÆu OMP ℄MR*�<�.l 1.1[11] ,wYq ΦM�Æ*��,wYq ΦM�AzJ�A#M (‖ Φi ‖2= 1, ΦiJ Φ MR i z�w� i ∈ [N ])Φ M�Æ�U µ(Φ) {

µ(Φ) := max
i,j∈[N ],i6=j

| 〈Φi, Φj〉 | ..l 1.2[12] ,wYq Φ M K - E^TO_*� (Restricted Isometry Property, RIP):2�Aa δK ∈ (0, 1), EK
√

1 − δK ‖ x ‖2≤‖ Φx ‖2≤
√

1 + δK ‖ x ‖2,^.F K- P�w x W4t���8HM� 0U δK 3{Yq Φ M K- E^TO_0U
(Restricted Isometry Constant, RIC).d�IA"Yq����O_*�G!���x*k:M#j�-_0l7Ux�<℄�&<YqM��O_*�a�>#j� (+� w = 0), Davenport � Wakin[13] uK δK+1 < 1√

3K
J OMP ℄R*�<N3%�MA�9mk:�_�k:�$uM{

δK+1 < 1
(1+

√
2)

√
K

, δK <
√

K−1√
K−1+K

, δK+1 < 1
1+

√
K

((9�� [14–16]). aT>#j� (+�
w 6= 0), ��xxÆ�V�<%� x Mw1 (+� supp(x)). AF supp(x) �*k:�%� x fS� a6�-K:�a�� [17] �CSu��H,wYq��AUM MCSNR �
δK+1 < 1

2+
√

K
k:A� OMP ℄��>,w��*�<%�Mw1�_�k:�$uM{ δK+1 < 1√

K+1
((9�� [18]) , δK+1 <

√
4K+1−1

2K
((9�� [19]). �O�CSuK

δK+1 < 1√
K+1

((9�� [20]) JA�659mk:���M�>Æ12��
• h: OMP ℄MA�uMh�m�13A��U#}'�lh|�<%�MR*Z�
• %VYqM RIP MAUk:�����: OMP ℄�<%�w1MA�ÆV SNRMk:�C��ÆV SNR �!o>Y��MU[kolu�n�G��M��%Vn��jMi5TD�3=YJn
(A1) | S | �I)� S M[\M�U�
(A2) ΦΓ ∈ Rn×|Γ| J�zJJRV)� Γ qM�Yq�
(A3) xΓ ∈ R|Γ| �I x l{mw�A���a)� Γ.

(A4) ΦT �IYq Φ M���
(A5) Φ†

Γ = (ΦT
ΓΦΓ)−1ΦT

Γ �IYq ΦΓ M}��mI 1.1[12] ^V 0 < p < q ≤ ∞, T ‖ x ‖q≤‖ x ‖p, g�Q� ‖ x ‖∞≤‖ x ‖2.mI 1.2[12] ~ Φ ∈ Rn×N �� k1, k2 E RIP *��D�!OH4t�^V.FsU
k1 ≤ k2, T δk1

≤ δk2
.



No.5 r�O�4`yy OMP ℄�%��<h7U 1557mI 1.3[12] ~ Φ ∈ Rn×N �� K +1 EM RIP*�� ! S ⊂ {1, 2, · · ·, N}, | S |≤ K,C�^V.FM z ∈ Rn, T
√

1 − δk+1 ‖ z ‖2≤‖ ΦT
Sz ‖2≤

√

1 + δk+1 ‖ z ‖2 ..l 1.3 %� x S�,wYq Φ �*�,��KI,w} y = Φx + w, %� x M%� (Signal to Noise Ratio, SNR) UH{
SNR =

‖ Φx ‖2
2

‖ w ‖2
2

,.l 1.4 %� x S�,wYq Φ �*�,��KI,w} y = Φx + w, %� x M� �amw� (Minimum to Average Rato, NAR) UH{
MAR =

min
j∈Γ

| xj |2

‖ x ‖2
2 \k .

2 ykC;
OMP ℄$2� & 1 OMP T1O4�=� y, '=Zr Φ, ÆQ[ K%Æ 1(D�): Λk = arg max

Υ∈Γ\Λk−1

| 〈ΦΥ, rk−1〉 |%Æ 2(h2): Λk = Λk−1 ∪ Λk%Æ 3(�.): x(k) = arg min
supp(u)=Λk

‖ y − Φu ‖2%Æ 4(�$): rk = y − Φx(k)O;�	=&� x(K), �R℄�* ΛKa[2�7��2�TA�\�.Bx� OMP ℄MN:?!t*�{xuM OMP℄M�<*��J3A�#}�℄'��& 2 8E- OMP T1O4�=� y, '=Zr Φ, ÆQ[ K%Æ 1(D�): Λk = arg max
Υ∈Γ\Λk−1

| 〈ΦΥ, rk−1〉 |%Æ 2(h2): Λk = Λk−1 ∪ Λk%Æ 3(�.): x(k) = arg min
supp(u)=Λk

‖ y − Φu ‖2%Æ 4(7/): 6 ‖ x(k) − x(k−1) ‖2≤‖ y ‖2,K�D�%Æ 5, og�%Æ 1.%Æ 5(�$): rk = y − Φx(k)O;�O;&� xK , �R℄�* ΛK
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R k ? (1 ≤ k ≤ K) TD�a��
k − 1 ?TD�t*C�M3=��HR k ? x Mw1CS� OMP ℄C��T

‖ x(k) − x(k−1) ‖2 = ‖ Φ†
Λk

y − Φ†
Λk−1

y ‖2=‖ Φ†
Γk

y − Φ†
Γk−1

y ‖2

= ‖ (ΦT
ΓkΦΓk)−1ΦT

Γky ‖2≤‖ y ‖2 .>�� OMP ℄%IM�Q#�i{
min ‖ x ‖0 subject to ‖ y − Φx ‖2< ε. (2.1)mI 2.1 3= Φ ℄T k + 1 E��O_*��J) Λ, Γ ⊂ [N ], f
‖ ΦT

Γ\ΛP⊥
Λ ΦΓ\ΛxΓ\Λ ‖∞ − ‖ ΦT

ΓcP⊥
Λ ΦΓ\ΛxΓ\Λ ‖∞

≥ 1 −
√

| Γ \ Λ | +1δ|Γ|+1
√

| Γ \ Λ |
‖ xΓ\Λ ‖2 .a�� [21] MJn 1 ��3= (1) � Φ ℄T k + 1 E��O_*��)� S J Ω Mo�) (+� S $ Ω), f

‖ AT
Ω\SP⊥

S AΩ\SxΩ\S ‖∞ − ‖ AT
ΩcP⊥

S AΩ\SxΩ\S ‖∞

≥ 1 −
√

| Ω | − | S | +1δ|Ω|+1
√

| Ω | − | S |
‖ xΩ\S ‖2 .Jn 2.1Mu�B/8J�� [21]Jn 1Mv���FI�� [21]�Jn 1�d�x#j�

S J Ω Mo�) (+� S $ Ω). ��M��J?n�#jv�I Ω ∩ S 6= ∅ (+�a���
Γ ∩ Λ 6= ∅). `!�1E�I�H Λ = ∅ (I{ Λ = ∅ ��Jn 2.1 k:M), f

‖ ΦT
ΓΦx ‖∞ − ‖ ΦT

ΓcΦx ‖∞≥ 1 −
√

| Γ | +1δ|Γ|+1
√

| Γ |
‖ x ‖2 ..I 2.1 3=yyYq Φ ℄T k + 1 E��O_*�! δk+1 < 1√

k+1
, f OMP ℄�
a k ?TD|Æ�R*$q supp(x), 2�T��MOH4t

√
SNR >

2
√

K(1 + δK+1)

(1 −
√

K + 1δK+1)
√

MAR
.r u�kv�$�M�m��: OMP ℄aR 1 ?�R k ?TD�.et*\�Mv�k:�C�<t OMP ℄M)X*k:�S℄M$ 3, ^V.F k < K, K- P%� x, OMP ℄?aR (k + 1) ?TD.et*M\��2�

max
i∈Γ

| ΦT
i rk |> max

j∈Γc

| ΦT
j rk | . (2.2){xu�H (2.2), O4Vu�

max
i∈Γ\Λk

| 〈rk, Φi〉 |> max
j∈Γc

| 〈rk, Φj〉 | . (2.3)S℄M$ 5 fK
rk = y − ΦΛk

Φ†
Λk

y = (I − ΦΛk
Φ†

Λk
)(ΦΓxΓ + w) = P⊥

Λk
ΦΓ\Λk

xΓ\Λk
+ P⊥

Λk
w.



No.5 r�O�4`yy OMP ℄�%��<h7U 1559RA?TD.et*M\��aRA?TD� OMP ℄.�MA�\� ΦΛ1 JY,w�w y �C7ZQ�Æ�SfUM*�K
| 〈y, ΦΛ1 〉 | = max

i∈Γ
| 〈y, Φi〉 |=‖ ΦT

Γy ‖∞=‖ ΦT
Γ (Φx + w) ‖∞

≥ ‖ ΦT
ΓΦx ‖∞ − ‖ ΦT

Γw ‖∞≥‖ ΦT
ΓΦx ‖∞ − ‖ ΦT

Γw ‖2 . (2.4)}Ah��2�aRA?TD� OMP ℄.BxA�\� Φj0 (+� j0 ∈ Γc), K
| 〈y, Φj0 〉 | = max

j∈Γc

| 〈y, Φj〉 |=‖ ΦT
Γcy ‖∞=‖ ΦT

Γc(Φx + w) ‖∞

≤ ‖ ΦT
ΓcΦx ‖∞ + ‖ ΦT

Γcw ‖∞ . (2.5)SH (2.4) �H (2.5), {uH (2.3), ,u
‖ ΦT

ΓΦx ‖∞ − ‖ ΦT
ΓcΦx ‖∞>‖ ΦT

Γw ‖2 + ‖ ΦT
Γcw ‖∞ . (2.6)SJn 2.1, K

‖ ΦT
ΓΦx ‖∞ − ‖ ΦT

ΓcΦx ‖∞ ≥ 1 −
√

| Γ | +1δ|Γ|+1
√

| Γ |
‖ x ‖2

=
1 −

√
K + 1δK+1√

K
‖ x ‖2,C�l�:!OH (2.6) U�M8J���Q�Aa j

′ ∈ Γc EK
‖ ΦT

Γcw ‖∞=| ΦT
j
′ w | a

= ‖ ΦT
j
′ w ‖2,

(a): ΦT
j
′ w J 1 × 1 �w�SJn 1.3 K

‖ ΦT
Γw ‖2 + ‖ ΦT

Γcw ‖∞ = ‖ ΦT
Γw ‖2 + ‖ ΦT

j
′ w ‖2

≤
√

1 + δK+1 ‖ w ‖2 +
√

1 + δ1 ‖ w ‖2

= 2(
√

1 + δK+1) ‖ w ‖2 .I>�H (2.6) fS�HÆu
1 −

√
K + 1δK+1√

K
‖ x ‖2> 2(

√

1 + δK+1) ‖ w ‖2 . (2.7)MA$Q
‖Φx‖ ≤

√

1 + δK ‖ x ‖2≤
√

1 + δK+1 ‖ x ‖2,fuH (2.7) 4t2�
1 −

√
K + 1δK+1√

K
>

2(1 + δK+1)√
SNR4t�+

√
SNR >

2
√

K(1 + δK+1)

1 −
√

K + 1δK+1

(2.8)



1560 U 0 � n 0 � Vol.41A4t�R k + 1 ?TD.et*M\��3= OMP℄a�� k ?TD�.et*M\��f,>u� OMP℄aR (k +1)?TD�?.ext*M\� (+ Λk ⊂ Γ). �>u�H (2.2) 4t+f�SJn 1.1 K
max

i∈Γ\Λk

| 〈rk, Φi〉 | = ‖ ΦT
Γ\Λk

(P⊥
Λk

ΦΓ\Λk
xΓ\Λk

+ P⊥
Λk

w) ‖∞

≥ ‖ ΦT
Γ\Λk

P⊥
Λk

ΦΓ\Λk
xΓ\Λk

‖∞ − ‖ ΦT
Γ\Λk

P⊥
Λk

w ‖∞
≥ ΦT

Γ\Λk
P⊥

Λk
ΦΓ\Λk

xΓ\Λk
‖∞ − ‖ ΦT

Γ\Λk
P⊥

Λk
w ‖2 (2.9)�

max
j∈Γc

| 〈rk, Φj〉 | = ‖ ΦT
Γc(P⊥

Λk
ΦΓ\Λk

xΓ\Λk
+ P⊥

Λk
w) ‖∞

≤ ‖ ΦT
ΓcP⊥

Λk
ΦΓ\Λk

xΓ\Λk
‖∞ + ‖ ΦT

ΓcP⊥
Λk

w ‖∞ . (2.10)SH (2.9) �H (2.10), >uH (2.3), �,u
‖ ΦT

Γ\Λk
P⊥

Λk
ΦΓ\Λk

xΓ\Λk
‖∞ − ‖ ΦT

ΓcP⊥
Λk

ΦΓ\Λk
xΓ\Λk

‖∞
> ‖ ΦT

Γ\Λk
P⊥

Λk
w ‖2 + ‖ ΦT

ΓcP⊥
Λk

w ‖∞ . (2.11)C�l��:H (2.11)  �MA��J�S3= Λk ⊂ Γ �Jn 2.1, T
‖ ΦT

ΓΛk
P⊥

Λk
ΦΓ\Λk

xΓ\Λk
‖∞ − ‖ ΦT

ΓcP⊥
Λk

ΦΓ\Λk
xΓ\Λk

‖∞

≥ 1 −
√

| Γ | − | Λk | +1δ|Γ|+1
√

| Γ | − | Λk |
‖ xΓ\Λk

‖2

≥ (1 −
√

K + 1δK+1)min
i∈Ω

| xi |≥ ((1 −
√

K + 1δK+1)(

√
MAR ‖ Φx ‖2√

K
)

= (
1 −

√
K + 1δK+1√

K
)(
√

MAR
√

SNR) ‖ w ‖2 . (2.12)C�l��:H (2.11) U�MA�8J�S3= Λk ⊂ Γ, ��Q�Aa j1 ∈ Γc EK
‖ ΦT

ΓcP⊥
Λk

w ‖∞=| ΦT
j1

P⊥
Λk

w | b
= ‖ ΦT

j1
P⊥

Λk
w ‖2,

(b): ΦT
j1

P⊥
Λk

w J 1 × 1 �w�SJn 1.1, T
‖ ΦT

Γ\Λk
P⊥

Λk
w ‖2 + ‖ ΦT

ΓcP⊥
Λk

w ‖∞ = ‖ ΦT
ΓP⊥

Λk
w ‖2 + ‖ ΦT

j1
P⊥

Λk
w ‖2

≤
√

1 + δK+1 ‖ P⊥
Λk

w ‖2 +
√

1 + δ1 ‖ P⊥
Λk

w ‖2

≤ 2
√

1 + δK+1 ‖ w ‖2 . (2.13)utH (2.12) �H (2.13), H (2.11) fS�HÆu
(
1 −

√
K + 1δK+1√

K
)(
√

MAR
√

SNR) > 2
√

1 + δK+1.+
√

SNR >
2
√

K(1 + δK+1)

(1 −
√

K + 1δK+1)
√

MAR
.
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2
√

K(1 + δK+1)

(1 −
√

K + 1δK+1)
√

MAR
>

2
√

K(1 + δK+1)

1 −
√

K + 1δK+1

.>uH (2.11) ?fS�HÆu
√

SNR >
2
√

K(1 + δK+1)

(1 −
√

K + 1δK+1)
√

MAR
. (2.14)Un 2.1 u��z 2.1 SH (2.13), a (k + 1) ?TD� OMP ℄�
.et*M\��T

‖ x − xk ‖2 = ‖ xΓ − Φ†
Λk

(ΦΓxΓ + w) ‖2=‖ xΓ − Φ†
Γ(ΦΓxΓ + w) ‖2

= ‖ Φ†
Γw ‖2

a

≤ ‖ ΦΓΦ†
Γw ‖2

√

1 − δ|Γ|
=

‖ PΓw ‖2√
1 − δK

≤ ‖ w ‖2
√

1 − δK+1

≤
√ √

K + 1√
K + 1 − 1

‖ w ‖2,

(a): SJn 1.3 fK�S δK+1 < 1√
K+1

, fK\F%��$q%�M l2- fU�.n�8J�mI 2.2 2�Yq Φ ��M K + 1 E^TO_0UJ δK+1 < 1√
K+1

. f
(1 −

√
K + 1δk+1)

2 < 1 − δ2
K+1. (2.15)r >uMH�fD�#4

(K + 2)δ2
K+1 − 2

√
K + 1δK+1 ≤ 0, (2.16)nA δK+1 = 0, H (2.16) �+���nA δK+1 6= 0, H (2.16) O4V

δK+1 ≤ 1
K+2√
K+1

.^.FtsU K, T
√

K + 1 ≥ K + 2

2
√

K + 1
,KI δK+1 < 1√

K+1
J9mk:�I>!OH (2.14) 4t�.I 2.2 3= Φ �� K + 1 E^TO_*��! δK+1 < 1√

K+1
. Aa {Φ,x,w}, T

√
SNR <

√
K

√

1 − δK+1

√

1 + δK+1

(1 −
√

K + 1δK+1)
√

MAR
, (2.17)EK OMP ℄a k ?TDÆ~�� y = Φx + w �R*$q supp(x).a RIC M���� OMP ℄ÆV SNR Mw1$qMA��.M�>k:

√
SNR ≥

√
K

√

1 − δK+1

√

1 + δK+1

(1 −
√

K + 1δK+1)
√

MAR
.



1562 U 0 � n 0 � Vol.41Ar >uAa�*	' {Φ,x,w}, ��UnMk:�GJ OMP ℄~�aR k ?TDÆR*$q supp(x). M�	<A��*	'�~ Φ ∈ Rn×n J�E�q�x ∈ Rn JA� K-P%��! w ∈ Rn J� 1 - P>�w
Φ = In,x = [1, · · · , 1, 0, · · · , 0]T ,w = [0, · · · , 0, 1]T ,C�KI y = [1, · · · , 1, 0, · · · , 1]T . n�#jT
δK+1 = 0,

√
SNR =

‖ Φx ‖2

‖ w ‖2
=

√
K,

√
MAR = 1.SH (2.15), T

1 −
√

K + 1δK+1 <
√

1 − δ2
K+1.f9s	'��Un 2.2 Mk:�+`� OMP ℄~�R*$q%� x Mw1�g�Q�aRA?TD�

| 〈y, Φi〉 |=







1, if 1 ≤ i ≤ K, i = n,

0, if K < i < n.

OMP ℄!�ÆuaRA?TD�.et*M\��
3 QuKL
3.1 'X SNR */^,d<?5�=-:&<YqM.FEW��Un 2.1 � RIC MJ�sB:K��� [13] MYq�� RIC 0U V 0.2.

Φ =





I9 0.0526 · 1
0T 0.9733



 .~ x = [0.5,−1.5, 0.5,−2,−1, 0,−0.8, 0.1, 1.7, 1]T. m�SF>lKI}{ 3.38 M SNR.

OMP ℄OV�>,w y = Φx + w �<P%� x. \F��<%�f�s 1 Y:�

t 1 ℄G&��	=&�
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SNR x2ND�

337.85 5�
187.69 5�
112.62 5�
93.85 5�
80.44 5�
3.38 ��� 3 u�Un 2.1 MG��2� SNR }��Un 2.1 M9mk:� !Yq�� RICk:�w1fD��*MC��

3.2 'XoORM,d<?5�[��Mm
�+E\F%�Mw1��*C��\FP%�SVAaM>/+!�R*M�<�sB:M>fya 0 I 0.1 �� 0.01'A?�C��^V��>Y��&'A�#M,wYqp�_'Xtm#�,w%�S y = Φx + w -℄K:����uM℄�q 1000 ? U��CM�.X�a�.2s 2.

N o i s e l e v e l0 0 . 0 1 0 . 0 2 0 . 0 3 0 . 0 4 0 . 0 5 0 . 0 6 0 . 0 7 0 . 0 8 0 . 0 9 0 . 1error 00 . 0 50 . 10 . 1 5 k = 1 0t h e r o e m e r r o rl a r g e s t e r r o ra v e r a g e e r r o r
N o i s e l e v e l0 0 . 0 1 0 . 0 2 0 . 0 3 0 . 0 4 0 . 0 5 0 . 0 6 0 . 0 7 0 . 0 8 0 . 0 9 0 . 1error 00 . 0 50 . 10 . 1 5 k = 2 0t h e r o e m e r r o rl a r g e s t e r r o ra v e r a g e e r r o r

t 2 "pd?Z�N	=	/s 2 u�xn�8JM�.fy�HPZ K UA��.,!Y>4�*Æ����MJ K _C�Yn�8koMG�_CO�
3.3 7DS0^,ZNoH>J Gaussian >A�\F"�s�J 256 × 256 CT s� [22].
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Exact Support Recovery of Sparse Signals from Noisy Measurements

Fu Min Hao Jiajun Xie Liejun Wang Jinping
(School of Mathematics and Statistics, Ningbo University, Zhejiang Ningbo 315211)

Abstract: In this paper, we presents an improved OMP algorithm. Then the sparse recon-

struction problem of OMP algorithm under the influence of the noise is studied. The conditions

of SNR parameters for sparse reconstruction are obtained. Finnally, numerical simulation is

used to verify the above conclusions.
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