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2 gP�I\*� ∂Ω = Γ = Γ0 ∪ Γ1(Γ0 ∩ Γ1 = ∅) ~t Lipschitz �I`<�! Γ1 EY�pb�,P�*� Γ0 6= ∅ E
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dPy�=GPhn Mindlin-Timosahenko }e
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


ρ1ψtt −D(ψxx +
1 − µ

2
ψyy +

1 + µ

2
φxy) +K(ψ + ωx) = 0, (x, y, t) ∈ Ω × R

+,

ρ1φtt −D(φyy +
1 − µ

2
φxx +

1 + µ

2
ψxy) +K(φ+ ωy) = 0, (x, y, t) ∈ Ω × R

+,

ρ2ωtt −K[(ψ + ωx)x + (φ+ ωy)y ] = 0, (x, y, t) ∈ Ω × R
+,
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2 , ρ2 = ρh, ρ E�`� h E
P�`�µ ∈ (0, 1
2 ) E Poisson��D = Eh3

12(1−µ2)

(E %H
t) "DJ�
t� K = kEh
2(1+µ) (k 8 ÆY� E %H
t) "D8 
t��P

ψ, φ � ω ,gC (x, y, t) ∈ Ω × R
+ "D
P(l��
P��q-��I`<�:A`<






ψ = φ = ω = 0, (x, y, t) ∈ Γ0 × R
+,

D[ν1ψx + µν1φy +
1 − µ

2
(ψy + φx)ν2] = u1, (x, y, t) ∈ Γ1 × R

+,

D[ν2φy + µν2ψx +
1 − µ

2
(ψy + φx)ν1] = u2, (x, y, t) ∈ Γ1 × R

+,

K(
∂ω

∂ν
+ ν1ψ + ν2φ) = u3, (x, y, t) ∈ Γ1 × R

+,

(ψ(x, y, 0), φ(x, y, 0), ω(x, y, 0)) = (ψ01, φ01, ω01), (x, y) ∈ Ω,

(ψt(x, y, 0), φt(x, y, 0), ωt(x, y, 0)) = (ψ02, φ02, ω02), (x, y) ∈ Ω,

(1.2)

�g�ν = (ν1, ν2)E Γ1 PHqjj�t�U(t) = (u1, u2, u3)E
d�t�E}e (1.1)–(1.2)
�PY_.N�E"0Mr� [8].Y2}e (1.1) Q t =aP�tl
E(t) =

1

2

∫

Ω

[D(|ψx|
2 + |φy |

2 + 2µψxφy +
1 − µ

2
|ψy + φx|

2) +K(|ψ + ωx|
2

+|φ+ ωy|
2)]dxdy +

1

2

∫

Ω

[ρ1(|ψt|
2 + |ϕt|

2) + ρ2|ωt|
2]dxdy.lv�On��;�bt���P Φ = (ψ, φ, ω), Φ̂ = (ψ̂, φ̂, ω̂), Y20���Wq+U��m�

L1{ψ, φ, ω} = D(ψxx +
1 − µ

2
ψyy +

1 + µ

2
φxy) −K(ψ + ωx),

L2{ψ, φ, ω} = D(φyy +
1 − µ

2
φxx +

1 + µ

2
ψxy) −K(φ+ ωy),

L3{ψ, φ, ω} = K[(ψ + ωx)x + (φ+ ωy)y],

F1{ψ, φ} = D[ν1ψx + µν1φy +
1 − µ

2
(ψy + φx)ν2],

F2{ψ, φ} = D[ν2φy + µν2ψx +
1 − µ

2
(ψy + φx)ν1],

F3{ψ, φ, ω} = K(
∂ω

∂ν
+ ν1ψ + ν2φ),

a(ψ, φ, ω; ψ̂, φ̂, ω̂) = D

∫

Ω

[ψxψ̂x + φyφ̂y + µ(ψ̂xφy + ψxφ̂y) +
1 − µ

2
(ψy + ψx)(ψ̂y + ψ̂x)]dxdy

+K

∫

Ω

[(ψ + ωx)(ψ̂ + ω̂x) + (φ+ ωy)(φ̂ + ω̂y)]dxdy.51�Pb7 W = {(ψ, φ, ω) ∈ [H1(Ω)]3|ψ = φ = ω = 0, (x, y) ∈ Γ0}, uDlP
‖(ψ, φ, ω)‖2

W = a(ψ, φ, ω;ψ, φ, ω), �g H1(Ω) E*D Sobolev b7 [20].b7 H = (L2
ρ1

(Ω))2 ×L2
ρ2

(Ω), uDlP ‖(p, q, r)‖2
H =

∫
Ω
[ρ1(|p|2 + |q|2) + ρ2|r|2]dxdy, Æ� W,H _E (v)Hilbert b7�
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}ePtY�Eu<� 1467Y2b7 H = W ×H , uDlP ‖(ψ, φ, ω; p, q, r)‖2
H = ‖(ψ, φ, ω)‖2

W + ‖(p, q, r)‖2
H , 4�

H (E*~ Hilbert b7�Y2 U = (L2(Γ1))
3, uDlP ‖U‖2

U =
∫
Γ1

(|u1|2 + |u2|2 + |u3|2)dΓ1, Æ� U (E*~
Hilbert b7�QnZb7 H, 
db7 U g�2 Φ = (ψ, φ, ω),Y = (Φ,Φt),Y0 = (Φ01,Φ02),Y,Y0 ∈ H� U(t) = (u1, u2, u3) ∈ L2((0,∞);U). ^|Y���P��_ (G6�P)

J∞(Y0, U) =

∫ ∞

0

ℓ(Y(t), U(t))dt, (1.3)

ℓ(Y(t), U(t)) =
1

2
‖Y(t)‖2

H +
β

2
‖U(t)‖2

U , (1.4)Wl� β E*~Y2P��r/:r� [17] P�\=G
dnj�,b-1�Y/&=7 δ > 0 �*~�GPJ1=7 T > δ, Y2/&=7�x tk = kδ, k = 0, 1, · · ·, bC�*~=a tk, Q��J1%7 [tk, tk + T ] ��$G\!u<
du\�?�x�>y�=GPu<
du\l�l��=7 [tk, tk + T ] �u<
du\� Y(t), U(t) q#"D�\=GPnZ�
d�t�
Y∗

T (·,Y0, t0), U
∗
T (·,Y0, t0) q#"DQ��=G [0, T ] �Pu<
du\Pu<nZ�u<
d�'�℄;�b�'ay�J1%7�x�>$N�Pu<
d/+u<nZ
��Y_xj0���Y/&=7 δ > 0 /+J1=7 T > δ, K k = 0 =� t0 = 0, Y(t0) = Y0, Q=7

[tk, tk,+T ] �$G/�\!u<u\
min

U∈L2((tk,tk+T );U)
JT (Y(tk), U) = min

U∈L2((tk,tk+T );U)

∫ tk+T

tk

ℓ(Y(t), U(t))dt, (1.5)~t





ρ1ψtt −D(ψxx +
1 − µ

2
ψyy +

1 + µ

2
φxy) +K(ψ + ωx) = 0, (x, y, t) ∈ Ω × (tk, tk + T ),

ρ1φtt −D(φyy +
1 − µ

2
φxx +

1 + µ

2
ψxy) +K(φ+ ωy) = 0, (x, y, t) ∈ Ω × (tk, tk + T ),

ρ2ωtt −K[(ψ + ωx)x + (φ + ωy)y] = 0, (x, y, t) ∈ Ω × (tk, tk + T ),

ψ = φ = ω = 0, (x, y, t) ∈ Γ0 × (tk, tk + T ),

D[ν1ψx + µν1φy +
1 − µ

2
(ψy + φx)ν2] = u1, (x, y, t) ∈ Γ1 × (tk, tk + T ),

D[ν2φy + µν2ψx +
1 − µ

2
(ψy + φx)ν1] = u2, (x, y, t) ∈ Γ1 × (tk, tk + T ),

K(
∂ω

∂ν
+ ν1ψ + ν2φ) = u3, (x, y, t) ∈ Γ1 × (tk, tk + T ),

(ψ(x, y, tk), φ(x, y, tk), ω(x, y, tk)) = (ψtk1, φtk1, ωtk1), (x, y) ∈ Ω,

(ψt(x, y, tk), φt(x, y, tk), ωt(x, y, tk)) = (ψtk2, φtk2, ωtk2), (x, y) ∈ Ω.

(1.6)

�r>y�=Gu<�u\l�l��=GPu<�u\�Ki5q.��b�*��=G}ePGx�#�0�Z�v}e�tE*b_PS9P�O**�Kib�nj��qKi� Bellman u<�Ki�NL}ePA<�`<�?�Z�vu<
�E_PS9P�
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2 ���/6��K��x�^|-1:A^ Y0 ∈ H Q��=G�Pu<
du\ (OCP)

min
U∈L2((0,T );U)

JT (Y0, U) = min
U∈L2((0,T );U)

∫ T

0

ℓ(Y(t), U(t))dt, (2.1)~t




ρ1ψtt −D(ψxx +
1 − µ

2
ψyy +

1 + µ

2
φxy) +K(ψ + ωx) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ1φtt −D(φyy +
1 − µ

2
φxx +

1 + µ

2
ψxy) +K(φ+ ωy) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ2ωtt −K[(ψ + ωx)x + (φ+ ωy)y] = 0, (x, y, t) ∈ Ω × (0, T ),

ψ = φ = ω = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1ψx + µν1φy +
1 − µ

2
(ψy + φx)ν2] = u1, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2φy + µν2ψx +
1 − µ

2
(ψy + φx)ν1] = u2, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂ω

∂ν
+ ν1ψ + ν2φ) = u3, (x, y, t) ∈ Γ1 × (0, T ),

(ψ(x, y, 0), φ(x, y, 0), ω(x, y, 0)) = (ψ01, φ01, ω01), (x, y) ∈ Ω,

(ψt(x, y, 0), φt(x, y, 0), ωt(x, y, 0)) = (ψ02, φ02, ω02), (x, y) ∈ Ω.

(2.2)

�9 2.1 (^�P) b�*:AnZ Y0 ∈ H, Y2y�=G^�P� V∞ : H → R
+,

V∞(Y0) = inf
U∈L2((0,+∞);U)

{J∞(Y0, U)}.�g (Y, U) ~t}e (1.1) � (1.2) �hVV�Y2��=GP^�P� VT : H → R
+,

VT (Y0) = min
U∈L2((0,T );U)

{JT (Y0, U)},! (Y, U) ~t}e (2.2).�9 2.2 (3G) �Y T > 0,Y0 ∈ H, U ∈ U , Æ�x�3 Φ = (ψ, φ, ω) l}e
(2.2) P3G�0�bC-1 Φ̂ = (ψ̂, φ̂, ω̂) ∈ C1([0, T ] × Ω), Q Γ0 5� Φ̂ = 0, /+bC
∀t ∈ [0, T ], τ ∈ [0, t] �N

∫

Ω

{ρ1[ψt(t, x, y)ψ̂(t, x, y) + φt(t, x, y)φ̂(t, x, y)] + ρ2ωt(t, x, y)ω̂(t, x, y)}dxdy

−

∫

Ω

{ρ1[ψ02ψ̂(0, x, y) + φ02φ̂(0, x, y)] + ρ2ω02ω̂(0, x, y)}dxdy

−

∫ t

0

∫

Ω

{ρ1[ψt(τ, x, y)ψ̂t(τ, x, y) + φt(τ, x, y)φ̂t(τ, x, y)] + ρ2ωt(τ, x, y)ω̂t(τ, x, y)}dxdydτ

+

∫ t

0

a(ψ, φ, ω; ψ̂, φ̂, ω̂)dτ −

∫ t

0

∫

Γ1

(ψ̂u1 + φ̂u2 + ω̂u3)dΓdτ = 0. (2.3)
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}ePtY�Eu<� 1469�# 2.1 �Y T > 0,Y0 ∈ H, U ∈ L2([0, T ];U), R}e (2.2) DQk*P3G Φ =

(ψ, φ, ω) ∈ C0([0, T ];W ) ∩ C1([0, T ], H) ~t
‖Φ‖C0([0,T ];W ) + ‖Φt‖C0([0,T ];H) + ‖Φtt‖L2([0,T ];W∗)

≤ C(‖Φ01‖W + ‖Φ02‖H + ‖U‖L2([0,T ];U)), (2.4)�g C(2P C Q'dVn"D'*&P2P) EE Φ01,Φ02, U y�PY2P�C 2 I(t) = a(ψ, φ, ω;ψ, φ, ω) +
∫
Ω[ρ1(|ψt|2 + |φt|2) + ρ2|ωt|2]dxdy, R�

dI(t)

dt
=
∂a(ψ, φ, ω;ψ, φ, ω)

∂t
+ 2

∫

Ω

[ρ1(ψtψtt + φtφtt) + ρ2ωtωtt]dxdy

= 2a(ψ, φ, ω;ψt, φt, ωt) + 2

∫

Ω

[ψtL1{ψ, φ, ω} + φtL2{ψ, φ, ω} + ωtL3{ψ, φ, ω}]dxdy

= 2

∫

Γ1

[ψtF1{ψ, φ} + φtF2{ψ, φ} + ωtF3{ψ, φ, ω}]dΓ1

≤ 2ε

∫

Γ1

[|ψt|
2 + |φt|

2 + |ωt|
2]dΓ1 +

1

2ε

∫

Γ1

[|u1|
2 + |u2|

2 + |u3|
2]dΓ1. (2.5): f = (f1, f2) : Ω → R

2 E C1 P�t^�P�!Q Γ0 5� f = 0, RDQ σ > 0, Q Γ15-�==~t f · ν ≥ σ.2 2M0 = min{ρ1ρ1}, R0 = max
(x,y)∈Ω

{|f |, |fix|, |fiy|}, i = 1, 2, �g� |f |2 = f2
1 + f2

2 . b
∀t ∈ [0, T ], τ ∈ [0, t], > f · ∇ψ, f · ∇φ, f · ∇ω q#5/}e (2.2) P�4B�Q [0, t]×Ω 5(q$
4N

∫ t

0

∫

Ω

[ρ1(ψttf · ∇ψ + φttf · ∇φ) + ρ2ωttf · ∇ω]dxdydτ

−

∫ t

0

∫

Ω

[L1{ψ, φ, ω}f · ∇ψ + L2{ψ, φ, ω}f · ∇φ+ L3{ψ, φ, ω}f · ∇ω]dxdydτ = 0. (2.6)q,(qN
∫

Ω

[ρ1(ψtf · ∇ψ + φtf · ∇φ) + ρ2ωtf · ∇ω]t0dxdy

−
1

2

∫ t

0

∫

Ω

[ρ1(f · ∇|ψt|
2 + f · ∇|φt|

2) + ρ2f · ∇|ωt|
2]dxdydτ

+

∫ t

0

a(ψ, φ, ω; f · ∇ψ, f · ∇φ, f · ∇ω)dτ

−

∫ t

0

∫

Γ1

[F1{ψ, φ}f · ∇ψ + F2{ψ, φ}f · ∇φ+ F3{ψ, φ, ω}f · ∇ω]dΓ1dτ = 0,,
∫

Ω

[ρ1(ψtf · ∇ψ + φtf · ∇φ) + ρ2ωtf · ∇ω]t0dxdy

−
1

2

∫ t

0

∫

Γ1

(f · ν)[ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dΓ1dτ

+
1

2

∫ t

0

∫

Ω

divf [ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dxdydτ
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+

∫ t

0

a(ψ, φ, ω; f · ∇ψ, f · ∇φ, f · ∇ω)dτ

−

∫ t

0

∫

Γ1

[F1{ψ, φ}f · ∇ψ + F2{ψ, φ}f · ∇φ+ F3{ψ, φ, ω}f · ∇ω]dΓ1dτ = 0. (2.7)B?C
∫ t

0

a(ψ, φ, ω; f · ∇ψ, f · ∇φ, f · ∇ω)dτ

= D

∫ t

0

∫

Ω

[ψx(f1xψx + f2xψy) + φy(f1yφx + f2yφy) + µψx(f1yφx + f2yφy)

+µφy(f1xψx + f2xψy) +
1 − µ

2
(ψy + φx)(f1yψx + f2yψy + f1xφx + f2xφy)]dxdydτ

+K

∫ t

0

∫

Ω

[(ψ + ωx)(f1xωx + f2xωy) + (φ + ωy)(f1yωx + f2yωy)]dxdydτ

+
D

2

∫ t

0

∫

Ω

[f · ∇|ψx|
2 + f · ∇|φy|

2 + µf · ∇(ψxφy) +
1 − µ

2
f · ∇|ψy + φx|

2]dxdydτ

+
K

2

∫ t

0

∫

Ω

[f · ∇|ψ + ωx|
2 + f · ∇|φ+ ωy|

2]dxdydτ

= D

∫ t

0

∫

Ω

∇ψ ·


 f1x f1y

f2x f2y





 ψx + µφy

1 − µ

2
(ψx + φx)


dxdydτ

+D

∫ t

0

∫

Ω

∇φ ·


 f1x f1y

f2x f2y







1 − µ

2
(ψx + φx)

φy + µψx


dxdydτ

+K

∫ t

0

∫

Ω

∇ω ·



 f1x f1y

f2x f2y







ψ + ωx)

φ+ ωy



dxdydτ

+
D

2

∫ t

0

∫

Γ1

(f · ν)[|ψx|
2 + |φy|

2 + 2µψxφy +
1 − µ

2
|ψy + φx|

2]dΓ1dτ

+
K

2

∫ t

0

∫

Ω

(f · ν)[|ψ + ωx|
2 + |φ+ ωy|

2]dxdydτ

−
D

2

∫ t

0

∫

Ω

divf [|ψx|
2 + |ψy|

2 + 2µψxφy +
1 − µ

2
|ψy + φx|

2]dxdydτ

−
K

2

∫ t

0

∫

Ω

divf [|ψ + ωx|
2 + |φ+ ωy|

2]dxdydτ.4�
1

2

∫ t

0

∫

Γ1

(f · ν)[ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dΓ1dτ

=

∫

Ω

[ρ1(ψtf · ∇ψ + φtf · ∇φ) + ρ2ωtf · ∇ω]t0dxdy

+
1

2

∫ t

0

∫

Ω

divf [ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dxdydτ

+

∫ t

0

a(ψ, φ, ω; f · ∇ψ, f · ∇φ, f · ∇ω)dτ
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−

∫ t

0

∫

Γ1

[F1{ψ, φ}f · ∇ψ + F2{ψ, φ}f · ∇φ+ F3{ψ, φ, ω}f · ∇ω]dΓ1dτ.lvn��;�2
I1 =

∫

Ω

[ρ1(ψtf · ∇ψ + φtf · ∇φ) + ρ2ωtf · ∇ω]t0dxdy,

I2 =
1

2

∫ t

0

∫

Ω

divf [ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dxdydτ

+D

∫ t

0

∫

Ω

∇ψ ·



 f1x f1y

f2x f2y







 ψx + µφy

1 − µ

2
(ψx + φx)



 dxdydτ

+D

∫ t

0

∫

Ω

∇φ ·



 f1x f1y

f2x f2y








1 − µ

2
(ψx + φx)

φy + µψx



dxdydτ

+K

∫ t

0

∫

Ω

∇ω ·



 f1x f1y

f2x f2y







ψ + ωx)

φ+ ωy



 dxdydτ

−
D

2

∫ t

0

∫

Ω

divf [|ψx|
2 + |ψy|

2 + 2µψxφy +
1 − µ

2
|ψy + φx|

2]dxdydτ

−
K

2

∫ t

0

∫

Ω

divf [|ψ + ωx|
2 + |φ+ ωy|

2]dxdydτ,

I3 =
D

2

∫ t

0

∫

Γ1

(f · ν)[|ψx|
2 + |φy|

2 + 2µψxφy +
1 − µ

2
|ψy + φx|

2]dΓ1dτ

+
K

2

∫ t

0

∫

Γ1

(f · ν)[|ψ + ωx|
2 + |φ+ ωy|

2]dΓ1dτ

−

∫ t

0

∫

Γ1

[F1{ψ, φ}f · ∇ψ + F2{ψ, φ}f · ∇φ + F3{ψ, φ, ω}f · ∇ω]dΓ1dτ.��b I1, I2, I3 x�0�? Poincaré � Cauchy-Schwarz 'SB\�DQE ψ, φ, ω y�PY2P C1, C2 �N
|I1| ≤ C1

∣∣∣∣∣

[
a(ψ, φ, ω;ψ, φ, ω) +

∫

Ω

[ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dxdy

]t

0

∣∣∣∣∣
≤ C1(I(t) + I(0)),

|I2| ≤
R0

2

∫ t

0

∫

Ω

[ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dxdydτ +

3R0

2

∫ t

0

a(ψ, φ, ω;ψ, φ, ω)dτ

≤ 2R0

[ ∫ t

0

∫

Ω

[ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dxdydτ +

∫ t

0

a(ψ, φ, ω;ψ, φ, ω)dτ

]

= 2R0

∫ t

0

I(τ)dτ,

|I3| ≤
R0C2D

2

2

∫ t

0

∫

Γ1

[|ψx + µφy|
2 + (

1 − µ

2
)2|ψy + φx|

2]dΓ1dτ

+
R0C2K

2

2

∫ t

0

∫

Γ1

[|ψ + ωx|
2 + |φ+ ωy|

2]dΓ1dτ



1472 P � { i � � Vol.41A

+C2R0

∫ t

0

∫

Γ1

[|F1{ψ, φ}|
2 + |F2{ψ, φ}|

2 + |F3{ψ, φ, ω}|
2]dΓ1dτ

=
C2R0

2

∫ t

0

∫

Γ1

[|F1{ψ, φ}|
2 + |F2{ψ, φ}|

2 + |F3{ψ, φ, ω}|
2]dΓ1dτ

+C2R0

∫ t

0

∫

Γ1

[|F1{ψ, φ}|
2 + |F2{ψ, φ}|

2 + |F3{ψ, φ, ω}|
2]dΓ1dτ

=
3C2R0

2

∫ t

0

∫

Γ1

[|u1|
2 + |u2|

2 + |u3|
2]dΓ1dτ.4��x��

∫ t

0

∫

Γ1

(|ψt|
2 + |φt|

2 + |ωt|
2)dΓ1dτ

≤
1

σM0

[
C1(I(t) + I(0)) + 2R0

∫ t

0

I(τ)dτ +
3C2R0

2

∫ t

0

∫

Γ1

[|u1|
2 + |u2|

2 + |u3|
2]dΓ1dτ

]

≤ C3

[
I(t) + I(0) +

∫ t

0

I(τ)dτ +

∫ t

0

∫

Γ1

[|u1|
2 + |u2|

2 + |u3|
2]dΓ1dτ

]
, (2.8)Wl� C3 E�~Y2P�? (2.5) � (2.8) B,N

I(t) ≤ C4

[
I(0) +

∫ t

0

I(τ)dτ +

∫ t

0

∫

Γ1

[|u1|
2 + |u2|

2 + |u3|
2]dΓ1dτ

]
, (2.9)Wl� C4 E�~Y2P�? Gronwall 'SBN

I(t) ≤ C5

[
I(0) +

∫ t

0

∫

Γ1

[|u1|
2 + |u2|

2 + |u3|
2]dΓ1dτ

]
, (2.10)Wl� C5 E�~Y2P�,

‖Φ‖C0([0,T ];W ) + ‖Φt‖C0([0,T ];H) ≤ C6(‖Φ01‖W + ‖Φ02‖H + ‖U‖L2([0,T ];U)),Wl� C6 E�~Y2P�bC-1 Z = (z1, z2, z3) ∈ W , ! ‖Z‖W = 1, > Z = (z1, z2, z3) E}e (2.2) �4BQ
H gz�(�$q,(qN

|〈(ψtt, φtt, ωtt), (z1, z2, z3)〉W∗×W | = |((ψtt, φtt, ωtt), (z1, z2, z3))H |

=

∣∣∣∣a(ψ, φ, ω; z1, z2, z3) −

∫

Γ1

(u1z1 + u2z2 + u3z3)dΓ1

∣∣∣∣

≤ C7(‖(ψ, φ, ω)‖W + ‖(u1, u2, u3)‖U)‖(z1, z2, z3)‖W ,Wl 〈·, ·〉W∗×W Eb�(� (·, ·)H E(� C7 E�~Y2P�4��? (2.10) BN
∫ T

0

‖(ψtt, φtt, ωtt)‖W∗dt ≤ C

∫ T

0

(‖(ψ, φ, ω)‖W + ‖(u1, u2, u3)‖U )dt

≤ C(‖Φ01‖W + ‖Φ02‖H + ‖U‖L2([0,T ];U)).
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‖Φ‖C0([0,T ];W ) + ‖Φt‖C0([0,T ];H) + ‖Φtt‖L2([0,T ];W∗) ≤ C(‖Φ01‖W + ‖Φ02‖H + ‖U‖L2([0,T ];U)).$!�

∫ t

0

∫

Γ1

(|ψt|
2 + |φt|

2 + |ωt|
2)dΓ1dτ ≤ C(I(0) +

∫ t

0

∫

Γ1

(|u1|
2 + |u2|

2 + |u3|2)dΓ1dτ. (2.11)	\ 2.1 Z��
3 I=�E���(84�� 3.1 bC-1 T > 0 /+ Y0 ∈ H, u<
du\ (OCP) DQk*G�C x�m: oP�qKiO�Z��?� �P JT (Y0, U) PY2\� JT (Y0, U)E�dP!��I�����)I�2

inf
U∈L2(0,T ;U)

JT (Y0, U) = inf
U∈L2(0,T ;U)

∫ T

0

ℓ(Y(t), U(t))dt = θ <∞. (3.1)4��DQ�I)
��x {Un} ⊂ L2([0, T ];U), �N
JT (Y0, Un) −→ inf

U∈L2(0,T ;U)
JT (Y0, U) = θ. (3.2)O**`\� Un DQ3IpPqx�'o.2l Un , ,

Un
w

−→ U∗ = (u∗1, u
∗
2, u

∗
3) ∈ L2(0, T ;U). (3.3)? (2.4)B\�b7C {Un},/+�I�x {Φn} ⊂ L2(0, T ;W ), {Φnt} ⊂ L2(0, T ;H), {Φntt} ⊂

L2(0, T : W ∗), DQqx�.2l {Φn} , �N
Φn

w∗

−→ Φ∗, in L∞(0, T ;W ),

Φnt
w∗

−→ Φ∗
t , in L∞(0, T ;H),

Φntt
w∗

−→ Φ∗
tt, in L2(0, T ;W ∗).

(3.4)���x�>Z��K U = U∗ =� Φ∗ E}e (2.2) P3G�bC-1 t ∈ [0, T ], τ ∈ [0, t], /+ ∀Φ̂ = (ψ̂, φ̂, ω̂) ∈ C1([0, T ]×Ω), !Q Γ0 5�� Φ̂ = 0,CE�? (3.3) E (3.4) B�
∫ t

0

[a(ψn, φn, ωn; ψ̂, φ̂, ω̂) − a(ψ∗, φ∗, ω∗; ψ̂, φ̂, ω̂)]dτ −→ 0,

∫ t

0

∫

Ω

ρ1{[ψnt(x, y, τ) − ψ∗
t (x, y, τ)]ψ̂(x, y, τ) + [φnt(x, y, τ) − φ∗t (x, y, τ)]φ̂(x, y, τ)}dxdydτ

+

∫ t

0

∫

Ω

ρ2[ωnt(x, y, τ) − ω∗
t (x, y, τ)]ω̂(x, y, τ)dxdydτ −→ 0, (3.5)

∫ t

0

∫

Ω

ρ1{[ψnt(x, y, τ) − ψ∗
t (x, y, τ)]ψ̂t(x, y, τ) + [φnt(x, y, τ) − φ∗t (x, y, τ)]φ̂t(x, y, τ)}dxdydτ

+

∫ t

0

∫

Ω

ρ2[ωnt(x, y, τ) − ω∗
t (x, y, τ)]ω̂t(x, y, τ)dxdydτ −→ 0,

∫ t

0

∫

Γ1

[(u1n − u∗1)ψ̂ + (u2n − u∗2)φ̂ + (u3n − u∗3)ω̂]dΓ1dτ −→ 0.
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w

−→ Φt ∈ H . bC-1 t ∈ [0, T ], Y20�Wq
Λ : H1(0, T ;W ∗) →W ∗, �g� W ∗ l W Pb�b7�Æ�Wq Λ Eo�P�!bC-1
X ∈ W , �

(Φt, X)H = lim
n→∞

〈ΛΦnt, X〉W∗×W

= lim
n→∞

〈Φnt,Λ
∗X〉H1(0,T ;W∗)×(H1(0,T ;W∗))∗

= 〈Φ∗
t ,Λ

∗X〉H1(0,T ;W∗)×(H1(0,T ;W∗))∗

= 〈ΛΦ∗
t , X〉W∗×W . (3.6)Wl� Λ∗ "D Λ P�XWq�! Λ∗ : W ∗ −→ (H1(0, T ;W ∗))∗. 4��bC-1 t ∈ [0, T ],/+ ∀Φ̂ = (ψ̂, φ̂, ω̂) ∈ C1([0, T ] × Ω), !Q Γ0 5� Φ̂ = 0, x��

∫

Ω

{ρ1[ψnt(x, y, τ)ψ̂(x, y, τ) + φnt(x, y, τ)φ̂(x, y, τ)] + ρ2ωnt(x, y, τ)ω̂(x, y, τ)}dxdy

−→

∫

Ω

{ρ1[ψ
∗
t (x, y, τ)ψ̂(x, y, τ) + φ∗t (x, y, τ)φ̂(x, y, τ)] + ρ2ω

∗
t (x, y, τ)ω̂(x, y, τ)}dxdy. (3.7)4��K U = U∗ =�b (3.5) � (3.7) B�z n→ ∞ ')�N� Φ∗ E}e (2.2) P3G�Ce�b-1
d U = (u1, u2, u3) ∈ L2(0, T ;U) L (Φ,Φt) ∈ L∞([0, T ];H) P98Eo�P�B?� �PPY2`\�� �P JT (Y0, U) E3��o�P�WO�p

0 ≤ JT (Y0, U
∗) ≤ lim

n→∞
inf

U∈L2(0,T ;U)
JT (Y0, Un) = θ <∞.Y/� (Y∗, U∗) Eu<u\ (2.1) ~t}e (2.2) Pu<G�?C JT (Y0, U) E�}hP�CEu<GEk*P�Z��

4 I=4%��� 4.1 ^|0���}e




ρ1ψtt −D(ψxx +
1 − µ

2
ψyy +

1 + µ

2
φxy) +K(ψ + ωx) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ1φtt −D(φyy +
1 − µ

2
φxx +

1 + µ

2
ψxy) +K(φ+ ωy) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ2ωtt −K[(ψ + ωx)x + (φ+ ωy)y] = 0, (x, y, t) ∈ Ω × (0, T ),

ψ = φ = ω = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1ψx + µν1φy +
1 − µ

2
(ψy + φx)ν2] = u1, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2φy + µν2ψx +
1 − µ

2
(ψy + φx)ν1] = u2, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂ω

∂ν
+ ν1ψ + ν2φ) = u3, (x, y, t) ∈ Γ1 × (0, T ),

(ψ(x, y, 0), φ(x, y, 0), ω(x, y, 0)) = (0, 0, 0), (x, y) ∈ Ω,

(ψt(x, y, 0), φt(x, y, 0), ωt(x, y, 0)) = (0, 0, 0), (x, y) ∈ Ω

(4.1)
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



ρ1ptt −D(pxx +
1 − µ

2
pyy +

1 + µ

2
qxy) +K(p+ rx) = g1, (x, y, t) ∈ Ω × (0, T ),

ρ1qtt −D(qyy +
1 − µ

2
qxx +

1 + µ

2
pxy) +K(q + ry) = g2, (x, y, t) ∈ Ω × (0, T ),

ρ2rtt −K[(p+ rx)x + (q + ry)y ] = g3, (x, y, t) ∈ Ω × (0, T ),

ψ = φ = ω = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1px + µν1qy +
1 − µ

2
(py + qx)ν2] = 0, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2qy + µν2px +
1 − µ

2
(py + qx)ν1] = 0, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂r

∂ν
+ ν1p+ ν2q) = 0, (x, y, t) ∈ Γ1 × (0, T ),

(p(x, y, T ), q(x, y, T ), r(x, y, T )) = (p0(T ), q0(T ), r0(T )), (x, y) ∈ Ω,

(pt(x, y, T ), qt(x, y, T ), rt(x, y, T )) = (p1(T ), q1(T ), r1(T )), (x, y) ∈ Ω,

(4.2)

�g (g1, g2, g3) ∈ L2([0, T ];W ∗), ((p0(T ), q0(T ), r0(T )); (p1(T ), q1(T ), r1(T ))) ∈ H∗ × W ∗,

H∗,W ∗ q#"D H,W Pb�b7�!4np0�PSB
∫ T

0

∫

Γ1

(pu1 + qu2 + ru3)dΓ1dt

=

∫ T

0

〈(ψ, φ, ω), (g1, g2, g3)〉W×W∗dt+ ((p0(T ), q0(T ), r0(T )), (ψt(T ), φt(T ), ωt(T )))H

−〈(ρ1ψ(T ), ρ1φ(T ), ρ2ω(T )), (p1(T ), q1(T ), r1(T ))〉W×W∗ . (4.3)C bC (p, q, r) ∈ C0([0, T ];W ) ∩ C1([0, T ];H) , $: (p, q, r) q#5/}e (4.1) �4B�Q [0, T ]× Ω 5(q$
4N
∫ T

0

∫

Ω

[ρ1(ψttp+ φttq) + ρ2ωttr]dxdydt

=

∫ T

0

∫

Ω

[L1{ψ, φ, ω}p+ L2{ψ, φ, ω}q + L3{ψ, φ, ω}r]dxdydt.q,(qN
∫

Ω

[ρ1((ψtp− ψpt) + (φtq − φqt)) + ρ2(ωtr − ωrt)]
T
0 dxdy

+

∫ T

0

∫

Ω

[ρ1(ψptt + φqtt) + ρ2ωrtt]dxdydt+

∫ T

0

a(ψ, φ, ω; p, q, r)dt

=

∫ T

0

∫

Ω

[L1{ψ, φ, ω}p+ L2{ψ, φ, ω}q + L3{ψ, φ, ω}r]dxdydt,,
∫

Ω

[ρ1((ψt(T )p0(T ) − ψ(T )p1(T )) + (φt(T )q0(T ) − φ(T )q1(T ))

+ρ2(ωt(T )r0(T ) − ω(T )r1(T ))]dxdy
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+

∫ T

0

∫

Ω

[ρ1(ψptt + φqtt) + ρ2ωrtt]dxdydt+

∫ T

0

a(ψ, φ, ω; p, q, r)dt

=

∫ T

0

∫

Γ1

[u1p+ u2q + u3r]dΓ1dt.O**�
∫

Ω

[ρ1((ψt(T )p0(T ) − ψ(T )p1(T )) + (φt(T )q0(T ) − φ(T )q1(T ))

+ρ2(ωt(T )r0(T ) − ω(T )r1(T ))]dxdy +

∫ T

0

∫

Ω

[ρ1(ψptt + φqtt) + ρ2ωrtt]dxdydt

+

∫ T

0

∫

Γ1

(ψF1{p, q} + φF2{p, q} + ωF3{p, q, r})dΓ1dt

=

∫ T

0

{∫

Ω

[ψL1{p, q, r} + φL2{p, q, r} + ωL3{p, q, r}]dxdy +

∫

Γ1

[u1p+ u2q + u3r]dΓ1

}
dt.4��

∫ T

0

∫

Γ1

(pu1 + qu2 + ru3)dΓ1dt

=

∫ T

0

〈(ψ, φ, ω), (g1, g2, g3)〉W×W∗dt+ ((p0(T ), q0(T ), r0(T )), (ψt(T ), φt(T ), ωt(T )))H

−〈(ρ1ψ(T ), ρ1φ(T ), ρ2ω(T )), (p1(T ), q1(T ), r1(T ))〉W×W∗ .?�t�0B+��U&n7�C=7P`��\}e (4.2) PG (p, q, r) ∈ C0([0, T ];H∗)∩

C1([0, T ];W ∗), e W,H,L2([0, T ];H)q#Q H∗,W ∗, L2([0, T ];W ∗)g9��?9��i}N
(p, q, r) ∈ C0([0, T ];H) ∩ C1([0, T ];W ).Z���� 4.2 2 (Φ;U) = ((ψ, φ, ω); (u1, u2, u3)) Eu<
du\ (OCP) Pu<G�R~t/�u<�`<






ρ1ψtt −D(ψxx +
1 − µ

2
ψyy +

1 + µ

2
φxy) +K(ψ + ωx) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ1φtt −D(φyy +
1 − µ

2
φxx +

1 + µ

2
ψxy) +K(φ+ ωy) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ2ωtt −K[(ψ + ωx)x + (φ+ ωy)y] = 0, (x, y, t) ∈ Ω × (0, T ),

ψ = φ = ω = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1ψx + µν1φy +
1 − µ

2
(ψy + φx)ν2] = u1, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2φy + µν2ψx +
1 − µ

2
(ψy + φx)ν1] = u2, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂ω

∂ν
+ ν1ψ + ν2φ) = u3, (x, y, t) ∈ Γ1 × (0, T ),

(ψ(x, y, 0), φ(x, y, 0), ω(x, y, 0)) = (ψ01, φ01, ω01), (x, y) ∈ Ω,

(ψt(x, y, 0), φt(x, y, 0), ωt(x, y, 0)) = (ψ02, φ02, ω02), (x, y) ∈ Ω

(4.4)
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



ρ1ptt −D(pxx +
1 − µ

2
pyy +

1 + µ

2
qxy) +K(p+ rx)

= −[ρ1ψtt +D(ψxx +
1 − µ

2
ψyy +

1 + µ

2
φxy) −K(ψ + ωx)], (x, y, t) ∈ Ω × (0, T ),

ρ1qtt −D(qyy +
1 − µ

2
qxx +

1 + µ

2
pxy) +K(q + ry)

= −[ρ1φtt +D(φyy +
1 − µ

2
φxx +

1 + µ

2
ψxy) −K(φ+ ωy)], (x, y, t) ∈ Ω × (0, T ),

ρ2rtt −K[(p+ rx)x + (q + ry)y]

= −(ρ2ωtt +K[(ψ + ωx)x + (φ+ ωy)y ]), (x, y, t) ∈ Ω × (0, T ),

p = q = r = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1px + µν1qy +
1 − µ

2
(py + qx)ν2] = 0, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2qy + µν2px +
1 − µ

2
(py + qx)ν1] = 0, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂r

∂ν
+ ν1p+ ν2q) = 0, (x, y, t) ∈ Γ1 × (0, T ),

(p(x, y, T ), q(x, y, T ), ω(x, y, T )) = (0, 0, 0), (x, y) ∈ Ω,

(pt(x, y, T ), qt(x, y, T ), rt(x, y, T )) = −(ψt(T ), φt(T ), ωt(T )), (x, y) ∈ Ω.

(4.5)

�g (p, q, r) ∈ C0([0, T ];H∗) ∩ C1([0, T ];W ∗) Eb�}e (4.2) PG�!Q [0, T ]× Γ1 5�
(p, q, r) = −β(u1, u2, u3). (4.6)C ?� �PP"EBN

JT (Y0, U) =

∫ T

0

(
1

2
‖Y(t)‖2

H +
β

2
‖U(t)‖2

U)dt

=
1

2

∫ T

0

a(ψ, φ, ω;ψ, φ, ω)dt+
1

2

∫ T

0

∫

Ω

[ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dxdydt

+
β

2

∫ T

0

∫

Γ1

(|u1|
2 + |u2|

2 + |u3|
2)dΓ1dt. (4.7)bC-1P (δu1, δu2, δu3) ∈ L2([0, T ];U), b� �Pz�qN

∂JT (Y0, U)

∂u1
δu1 +

∂JT (Y0, U)

∂u2
δu2 +

∂JT (Y0, U)

∂u3
δu3

=

∫ T

0

a(ψ, φ, ω; δψ, δφ, δω)dt+

∫ T

0

∫

Ω

[ρ1(ψtδψt + φtδφt) + ρ2ωtδωt]dxdydt

+β

∫ T

0

∫

Γ1

(u1δu1 + u2δu2 + u3δu3)dΓ1dt.q,(qN
∂JT (Y0, U)

∂u1
δu1 +

∂JT (Y0, U)

∂u2
δu2 +

∂JT (Y0, U)

∂u3
δu3
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= −

∫ T

0

∫

Ω

[δψ(ρ1ψtt + L1{ψ, φ, ω}) + δφ(ρ1φtt + L2{ψ, φ, ω}) + δω(ρ2ωtt + L3{ψ, φ, ω})]dt

+

∫

Ω

[ρ1(δψ(T )ψt(T ) + δφ(T )φt(T )) + ρ2δω(T )ωt(T )]dxdy

+β

∫ T

0

∫

Γ1

(u1δu1 + u2δu2 + u3δu3)dΓ1dt,�g (δψ, δφ, δω) ∈ C0([0, T ];W ) ∩ C1([0, T ];H) E/�}eP3G




ρ1δψtt −D((δψ)xx +
1 − µ

2
(δψ)yy +

1 + µ

2
(δφ)xy) +K(δψ + (δω)x) = 0,

(x, y, t) ∈ Ω × (0, T ),

ρ1δφtt −D((δφ)yy +
1 − µ

2
(δφ)xx +

1 + µ

2
(δψ)xy) +K(δφ+ (δω)y) = 0,

(x, y, t) ∈ Ω × (0, T ),

ρ2δωtt −K[(δψ + (δω)x)x + (δφ+ (δω)y)y] = 0, (x, y, t) ∈ Ω × (0, T ),

δψ = δφ = δω = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1(δψ)x + µν1(δφ)y +
1 − µ

2
((δψ)y + (δφ)x)ν2] = δu1, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2(δφ)y + µν2(δψ)x +
1 − µ

2
((δψ)y + (δφ)x)ν1] = δu2, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂(δω)

∂ν
+ ν1δψ + ν2δφ) = δu3, (x, y, t) ∈ Γ1 × (0, T ),

(δψ(x, y, 0), δφ(x, y, 0), δω(x, y, 0)) = (0, 0, 0), (x, y) ∈ Ω,

(δψt(x, y, 0), δφt(x, y, 0), δωt(x, y, 0)) = (0, 0, 0), (x, y) ∈ Ω.

(4.8)

R*Du<�`<S6C
−

∫ T

0

∫

Ω

[δψ(ρ1ψtt + L1{ψ, φ, ω}) + δφ(ρ1φtt + L2{ψ, φ, ω}) + δω(ρ2ωtt + L3{ψ, φ, ω})]dt

+

∫

Ω

[ρ1(δψ(T )ψt(T ) + δφ(T )φt(T )) + ρ2δω(T )ωt(T )]dxdy

+β

∫ T

0

∫

Γ1

(u1δu1 + u2δu2 + u3δu3)dΓ1dt = 0. (4.9)y*n��?Yi 4.1 N
∫ T

0

∫

Γ1

(pδu1 + qδu2 + rδu3)dΓ1dt

=

∫ T

0

〈(δψ, δφ, δω), (g1, g2, g3)〉W×W∗dt+ ((p0(T ), q0(T ), r0(T )), (δψt(T ), δφt(T ), δωt(T )))H

−〈(ρ1δψ(T ), ρ1δφ(T ), ρ2δω(T )), (p1(T ), q1(T ), r1(T ))〉W×W∗ . (4.10)�B (4.9) B� (4.10) B�$? (δu1, δu2, δu3) ∈ L2([0, T ];U) P-1��x�`/NL
g1 = −[ρ1ψtt +D(ψxx +

1 − µ

2
ψyy +

1 + µ

2
φxy) −K(ψ + ωx)],



No.5 S>ÆS�hn Mindlin-Timoshenko 
}ePtY�Eu<� 1479

g2 = −[ρ1φtt +D(φyy +
1 − µ

2
φxx +

1 + µ

2
ψxy) −K(φ+ ωy)],

g3 = −[ρ2ωtt +K((ψ + ωx)x + (φ+ ωy)y)]

p0(T ) = q0(T ) = r0(T ) = 0,

p1(T ) = −ψt(T ), q1(T ) = −φt(T ), r1(T ) = −ωt(T ),

(p, q, r) = −β(u1, u2, u3), (x, y, t) ∈ [0, T ]× Γ1.,?�qKiYNLPu<G~t (4.4)–(4.6) B�Z��
5 �
4?��D!"����4�Ex�h'[} Mindlin-Timoshenko 
}eP���E}e�t_PS9℄7P�}�K�x�/:r� [21] PnjZ�0�PF��:� 5.1 5YDQ (x0, y0) ∈ R

2, ~t Γ̃ = {(x, y) ∈ Γ1|(x− x0, y − y0) · ν > 0} pb�RDQ T1 > 0, �Nb-1 T ≥ T1 �
C1‖Y0‖

2
H ≤

∫ T

0

∫

Γ̃

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dΓ̃dt, (5.1)DQ T2 > 0, �Nb-1 T ≥ T2 �

C2‖Y0‖
2
H ≤

∫ T

0

∫

Ω

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dxdydt, (5.2)�g�C1, C2 [lNE T ��PY2P�Φ̃ = (ψ̃, φ̃, ω̃)E0��A}eP3G�! (Φ̃, Φ̃t) ∈

C0([0, T ];H), �





ρ1ψ̃tt −D(ψ̃xx +
1 − µ

2
ψ̃yy +

1 + µ

2
φ̃xy) +K(ψ̃ + ω̃x) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ1φ̃tt −D(φ̃yy +
1 − µ

2
φ̃xx +

1 + µ

2
ψ̃xy) +K(φ̃+ ω̃y) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ2ω̃tt −K[(ψ̃ + ω̃x)x + (φ̃+ ω̃y)y ] = 0, (x, y, t) ∈ Ω × (0, T ),

ψ̃ = φ̃ = ω̃ = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1ψ̃x + µν1φ̃y +
1 − µ

2
(ψ̃y + φ̃x)ν2] = 0, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2φ̃y + µν2ψ̃x +
1 − µ

2
(ψ̃y + φ̃x)ν1] = 0, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂ω̃

∂ν
+ ν1ψ̃ + ν2φ̃) = 0, (x, y, t) ∈ Γ1 × (0, T ),

(ψ̃(x, y, 0), φ̃(x, y, 0), ω̃(x, y, 0)) = (ψ01, φ01, ω01), (x, y) ∈ Ω,

(ψ̃t(x, y, 0), φ̃t(x, y, 0), ω̃t(x, y, 0)) = (ψ02, φ02, ω02), (x, y) ∈ Ω.

(5.3)

C 2 F (x, y) = η(x, y)((x − x0), (y − y0)), �g�5q η(·) ∈ C1(Ω) !~tQ Γ0 5�
η = 0; Q Γ1 5� η = 1. b�I Γ1 z0�q|

Γ̃1 = {(x, y) ∈ Γ1|F (x, y) · ν > 0},
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Γ̂1 = Γ1\Γ̃1 = {(x, y) ∈ Γ1|F (x, y) · ν ≤ 0}.2 M2 = max
(x,y)∈Ω

|F (x, y)|2 = max
(x,y)∈Ω

{|x − x0|
2 + |y − y0|

2}, 2M1 = max{ρ1, ρ2}. >
F · ∇ψ̃, F · ∇φ̃, F · ∇ω̃ q#5/}e (5.3) �4B�$Q [0, T ]× Ω 5(q�R�

∫ T

0

∫

Ω

[ρ1(ψ̃ttF · ∇ψ̃ + φ̃ttF · ∇φ̃) + ρ2ω̃ttF · ∇ω̃]dxdydt

=

∫ T

0

∫

Ω

[L1{ψ̃, φ̃, ω̃}F · ∇ψ̃ + L2{ψ̃, φ̃, ω̃}F · ∇φ̃) + L3{ψ̃, φ̃, ω̃}F · ∇ω̃]dxdydt.q,(qN
∫ T

0

∫

Γ1

(F · ν)[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dΓ1dt

= 2

∫

Ω

[ρ1(ψ̃tF · ∇ψ̃ + φ̃tF · ∇φ̃) + ρ2ω̃tF · ∇ω̃]T0 dxdy

+

∫ T

0

∫

Ω

divF [ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt+ 2

∫ T

0

a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)dt

+D

∫ T

0

∫

Γ1

(F · ν)[|ψ̃x|
2 + |φ̃y|

2 + 2µψ̃xφ̃y +
1 − µ

2
|ψ̃y + φ̃x|

2]dΓ1dt

+K

∫ T

0

∫

Γ1

(F · ν)[|ψ̃ + ω̃x|
2 + |φ̃+ ω̃y|

2]dΓ1dt

−D

∫ T

0

∫

Ω

divF [|ψ̃x|
2 + |φ̃y|

2 + 2µψ̃xφ̃y +
1 − µ

2
|ψ̃y + φ̃x|

2]dxdydt

−K

∫ T

0

∫

Ω

divF [|ψ̃ + ω̃x|
2 + |φ̃+ ω̃y|

2]dxdydt,,
∫ T

0

∫

Γ1

(F · ν)[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dΓ1dt

= 2

∫

Ω

[ρ1(ψ̃tF · ∇ψ̃ + φ̃tF · ∇φ̃) + ρ2ω̃tF · ∇ω̃]T0 dxdy

+2

∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt+ 2

∫ T

0

a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)dt

−2D

∫ T

0

∫

Ω

[|ψ̃x|
2 + |φ̃y|

2 + 2µψ̃xφ̃y +
1 − µ

2
|ψ̃y + φ̃x|

2]dxdydt

−2K

∫ T

0

∫

Ω

[|ψ̃ + ω̃x|
2 + |φ̃+ ω̃y|

2]dxdydt. (5.4)? Poincaré'SBN
∣∣∣∣
∫

Ω

[ρ1(ψ̃tF · ∇ψ̃ + φ̃tF · ∇φ̃) + ρ2ω̃tF · ∇ω̃]T0 dxdy

∣∣∣∣

≤ c1

{∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]T0 dxdy + a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)|T0

}

≤ 2c1I(0). (5.5)
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4�N
∫ T

0

∫

Ω

[ρ1(ψ̃ttψ̃ + φ̃ttφ̃) + ρ2ω̃ttω̃]dxdydt

=

∫ T

0

∫

Ω

[L1{ψ̃, φ̃, ω̃}ψ̃ + L2{ψ̃, φ̃, ω̃}φ̃+ L3{ψ̃, φ̃, ω̃}ω̃]dxdydt,q,(qN
∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt−

∫ T

0

a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)dt

=

∫

Ω

[ρ1(ψ̃tψ̃ + φ̃tφ̃) + ρ2(ω̃tω̃]T0 dxdy. (5.6)P? Poincaré'SBN
∣∣∣∣∣

∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt−

∫ T

0

a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)dt

∣∣∣∣∣ ≤ c0I(0). (5.7)? (5.4), (5.5) � (5.7) BN
MM1

∫ T

0

∫

Γ̃

[|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2]dΓ̃dt ≥

1

2

∫ T

0

∫

Γ1

(F · ν)[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dΓ1dt

≥

∫ T

0

a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)dt− 2c1I(0) − c0I(0). (5.8)B? (5.8) BN
∫ T

0

a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)dt ≥

∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt− c0I(0). (5.9)4��? (5.8)–(5.9) BN

MM1

∫ T

0

∫

Γ̃

[|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2]dΓ̃dt

≥

∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt− 2c1I(0) − 2c0I(0). (5.10)? (5.8) � (5.10) B`N

MM1

∫ T

0

∫

Γ̃

[|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2]dΓ̃dt

≥

∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt+

∫ T

0

a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)dt− 4c1I(0) − 3c0I(0)

≥ TI(0)− 4c1I(0) − 3c0I(0).4��2 T1 = 4c1 + 3c0 > 0, K T ≥ T1 =�2 C1 = 1
2MM0

(T − T1) ≥ 0, R�
C1‖Y0‖

2
H = C1I(0) ≤

∫ T

0

∫

Γ̃

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dΓ̃dt.
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∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt ≥

∫ T

0

a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)dt− c0I(0).�
2

∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt

≥

∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt+

∫ T

0

a(ψ̃, φ̃, ω̃; ψ̃, φ̃, ω̃)dt− c0I(0),,
2

∫ T

0

∫

Ω

[ρ1(|ψ̃t|
2 + |φ̃t|

2) + ρ2|ω̃t|
2]dxdydt ≥ TI(0) − c0I(0). (5.11)4��2 T2 = c0 > 0 K T ≥ T2 =�2 C2 = 1

2M1
(T − T2) ≥ 0, R? (5.11) BN

C2‖Y0‖
2
H = C2I(0) ≤

∫ T

0

∫

Ω

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dxdydt.Ce� (5.2) BNZ�5i 5.1 Z���� 5.1 5Y Y0 ∈ H, }e (1.1)–(1.2)�t, H lP*b_PIpL 0, ,DQE Y0y��eE T1 ��PY2P M,α �N

‖Y‖2
H ≤Me−αt ‖Y0‖

2
HK!NK���`< (5.1) 4n�C (I) 8q�K��!}e (1.1) � (1.2) EGYP�!�k*3Gl

Φ = (ψ, φ, ω) ∈ C0([0,∞);W ) ∩ C1([0,∞);H),bC-1 T > 0, ^|0�
d}e





ρ1ψtt −D(ψxx +
1 − µ

2
ψyy +

1 + µ

2
φxy) +K(ψ + ωx) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ1φtt −D(φyy +
1 − µ

2
φxx +

1 + µ

2
ψxy) +K(φ+ ωy) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ2ωtt −K[(ψ + ωx)x + (φ+ ωy)y ] = 0, (x, y, t) ∈ Ω × (0, T ),

ψ = φ = ω = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1ψx + µν1φy +
1 − µ

2
(ψy + φx)ν2] = −ψt, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2φy + µν2ψx +
1 − µ

2
(ψy + φx)ν1] = −φt, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂ω

∂ν
+ ν1ψ + ν2φ) = −ωt, (x, y, t) ∈ Γ1 × (0, T ),

(ψ(x, y, 0), φ(x, y, 0), ω(x, y, 0)) = (ψ01, φ01, ω01), (x, y) ∈ Ω,

(ψt(x, y, 0), φt(x, y, 0), ωt(x, y, 0)) = (ψ02, φ02, ω02), (x, y) ∈ Ω.

(5.12)
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}ePtY�Eu<� 1483: ψt, φt, ωt q#5/}e (5.12) �4B�$Q [0, T1]×Ω 5(q$
4�m:�I`<NL
1

2

∫ T1

0

d

dt
I(t)dt +

∫ T1

0

∫

Γ1

[|ψt|
2 + |φt|

2 + |ωt|
2]dΓ1dt = 0.4�

2

∫ T1

0

∫

Γ1

[|ψt|
2 + |φt|

2 + |ωt|
2]dΓ1dt = I(0) − I(T1). (5.13)�j}e (5.12) P3GqGl Φ = Φ̃ + Φ̂ , �g� Φ̃ E}e (5.3) P3G� Φ̂ = (ψ̂, φ̂, ω̂) ∈

C0([0, T ];W ) ∩ C1([0, T ];H) E/�}e3G





ρ1ψ̂tt −D(ψ̂xx +
1 − µ

2
ψ̂yy +

1 + µ

2
φ̂xy) +K(ψ̂ + ω̂x) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ1φ̂tt −D(φ̂yy +
1 − µ

2
φ̂xx +

1 + µ

2
ψ̂xy) +K(φ̂+ ω̂y) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ2ω̂tt −K[(ψ̂ + ω̂x)x + (φ̂+ ω̂y)y ] = 0, (x, y, t) ∈ Ω × (0, T ),

ψ̂ = φ̂ = ω̂ = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1ψ̂x + µν1φ̂y +
1 − µ

2
(ψ̂y + φ̂x)ν2] = −ψt, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2φ̂y + µν2ψ̂x +
1 − µ

2
(ψ̂y + φ̂x)ν1] = −φt, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂ω̂

∂ν
+ ν1ψ̂ + ν2φ̂) = −ωt, (x, y, t) ∈ Γ1 × (0, T ),

(ψ̂(x, y, 0), φ̂(x, y, 0), ω̂(x, y, 0)) = (0, 0, 0), (x, y) ∈ Ω,

(ψ̂t(x, y, 0), φ̂t(x, y, 0), ω̂t(x, y, 0)) = (0, 0, 0), (x, y) ∈ Ω.

(5.14)

?���`<+	\ 2.1 g (2.4) B\
I(0) = ‖(Φ01Φ02)‖

2
H ≤

1

C

∫ T1

0

∫

Γ1

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dΓ1dt

≤
1

C

[ ∫ T1

0

∫

Γ1

(|ψt|
2 + |φt|

2 + |ωt|
2)dΓ1dt+

∫ T1

0

∫

Γ1

(|ψ̂t|
2 + |φ̂t|

2 + |ω̂t|
2)dΓ1dt

]

≤ C′

∫ T1

0

∫

Γ1

(|ψt|
2 + |φt|

2 + |ωt|
2)dΓ1dt. (5.15)? (5.13) � (5.15) BN

I(T1) − I(0) = −2

∫ T1

0

∫

Γ1

(|ψt|
2 + |φt|

2 + |ωt|
2)dΓ1dt ≤ −

2

C′
I(0) ≤ −

2

C′
I(T1),' α =

ln(1+ 1
C′

)

T1
, R�

I(T1) ≤ e−αT1I(0). (5.16)4��bC ∀k ∈ N
+, � I(kT1) ≤ e−αT1I((k− 1)T1). CEbC ∀t ∈ [0,∞), DQ k ∈ N

+,�N t ∈ [kT1, (k + 1)T1) �
I(t) ≤ I(kT1) ≤ e−αkT1I(0) = (1 +

2

C′
)e−α(k+1)T1I(0) ≤ (1 +

2

C′
)e−αtI(0).
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C′

, R I(t) ≤Me−αtI(0), , ‖(Φ,Φt)‖2
H ≤Me−αt‖(Φ01,Φ02)‖2

H.

(II) �'�bC ∀t > 0 , > ψt, φt, ωt q#5/}e (5.14) �4B�Q [0, t] × Ω 5(q$
4�q,(qN
2

∫ t

0

∫

Γ1

(|ψt|
2 + |φt|

2 + |ωt|
2)dΓ1dt = I(0) − I(t).B?C}eE_PtYP��DQt�FP T ′ > 0, �N

∫ T ′

0

∫

Γ1

(|ψt|
2 + |φt|

2 + |ωt|
2)dΓ1dt ≥

1

4
I(0). (5.17)P: ψ̂t, φ̂t, ω̂t q#5/}e (5.14) �4~SB�Q [0, T ′] × Ω 5(q$
4N

∫ T ′

0

∫

Ω

[ρ1(ψ̂ttψ̂t + φ̂ttφ̂t) + ρ2ω̂ttω̂t]dxdydt

=

∫ T ′

0

∫

Ω

[L1{ψ̂, φ̂, ω̂}ψ̂t + L2{ψ̂, φ̂, ω̂}φ̂t + L3{ψ̂, φ̂, ω̂}ω̂t]dxdydt,q,(qN
∫

Ω

[ρ1(|ψ̂t(T
′)|2 + |φ̂t(T

′)|2) + ρ2|ω̂t(T
′)|2]dxdy

+a(ψ̂(T ′), φ̂(T ′), ω̂(T ′); ψ̂(T ′), φ̂(T ′), ω̂(T ′)) + 2

∫ T ′

0

∫

Γ1

(ψ̂tψt + φ̂tφt + ω̂tωt)dΓ1dt = 0,0,
0 ≤

1

2
‖(Φ̂(T ′), Φ̂t(T

′))‖2
H = −

∫ T ′

0

∫

Γ1

(ψ̂t(ψ̂t + ψ̃t) + φ̂t(φ̂t + φ̃t) + ω̂t(ω̂t + ω̃t))dΓ1dt. (5.18)4��? Cauchy-Schwarz /+ Young 'SB�x��
∫ T ′

0

∫

Γ1

(|ψ̂t|
2 + |φ̂t|

2 + |ω̂t|
2)dΓ1dt ≤ C′′

∫ T ′

0

∫

Γ1

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dΓ1dt. (5.19)k1L� ψ = ψ̂ + ψ̃, φ = φ̂+ φ̃, ω = ω̂ + ω̃. CE�x��

∫ T ′

0

∫

Γ1

(|ψ̂t|
2 + |φ̂t|

2 + |ω̂t|
2)dΓ1dt+

∫ T ′

0

∫

Γ1

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dΓ1dt

≥
1

2

∫ T ′

0

∫

Γ1

(|ψt|
2 + |φt|

2 + |ωt|
2)dΓ1dt. (5.20)5BF� (5.17) � (5.19) BN

‖(Φ01,Φ02)‖
2
H = I(0) ≤ 4

∫ T ′

0

∫

Γ1

(|ψt|
2 + |φt|

2 + |ωt|
2)dΓ1dt

≤ 8

[ ∫ T ′

0

∫

Γ1

(|ψ̂t|
2 + |φ̂t|

2 + |ω̂t|
2)dΓ1dt+

∫ T ′

0

∫

Γ1

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dΓ1dt

]

≤ 8(1 + C′′)

∫ T ′

0

∫

Γ1

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dΓ1dt.����`< (5.1) NZ�Z��
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6 �I=4�I=Æ2D!-�4C�fx� T}e (2.2) PAu<�Eu<
�P_PtY���# 6.1 bC-1:Ab Y0 = (Φ01,Φ02) ∈ H +-1 T > 0, }e (2.2) DQ
d
Û = (û1, û2, û3) ∈ L2([0, T ];U) �N

VT (Y0) ≤ JT (Y0; Û) ≤ γ1(T )‖Y0‖
2
H, (6.1)�g γ1(·) E*~o��'9P�I�P�O**�DQaE T ��PY2P γ2(T ), �N

VT (Y0) ≥ γ2(T )‖Y0‖
2
H. (6.2)C ' u1 = −ψt, u2 = −φt, u3 = −ωt, Æ�

I(t) ≤Me−αtI(0), ∀t ∈ [0, T ]. (6.3)b (6.3) Bs�Q [0, T ] 5(qN
∫ T

0

I(t)dt ≤
M

α
(1 − e−αT )I(0),P? (5.13) BN ∫ T

0

∫

Γ1

[|ψt|
2 + |φt|

2 + |ωt|
2]dΓ1dt ≤

1

2
I(0).' γ1(T ) = M

2α
(1 − e−αT ) + β

4 , ?^�PPY2�x��
VT (Y0) ≤

1

2

∫ T

0

I(t)dt+
β

2

∫ T

0

∫

Γ1

[|ψt|
2 + |φt|

2 + |ωt|
2]dΓ1dt

≤ [
M

2α
(1 − e−αT ) +

β

4
]I(0) = γ1(T )‖Y0‖

2
H,, (6.1) B4n�lvZ� (6.2) B�bC-1 U = (u1, u2, u3) ∈ L2([0, T ];U), x�7:X4Ki�>}e (2.2) P3G"Dl Φ = Φ̃ + Φ̂, �g Φ̃ = (ψ̃, φ̃, ω̃) E}e (5.3) P3G� Φ̂ = (ψ̂, φ̂, ω̂) E��}eP3G





ρ1ψ̂tt −D(ψ̂xx +
1 − µ

2
ψ̂yy +

1 + µ

2
φ̂xy) +K(ψ̂ + ω̂x) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ1φ̂tt −D(φ̂yy +
1 − µ

2
φ̂xx +

1 + µ

2
ψ̂xy) +K(φ̂+ ω̂y) = 0, (x, y, t) ∈ Ω × (0, T ),

ρ2ω̂tt −K[(ψ̂ + ω̂x)x + (φ̂+ ω̂y)y ] = 0, (x, y, t) ∈ Ω × (0, T ),

ψ̂ = φ̂ = ω̂ = 0, (x, y, t) ∈ Γ0 × (0, T ),

D[ν1ψ̂x + µν1φ̂y +
1 − µ

2
(ψ̂y + φ̂x)ν2] = u1, (x, y, t) ∈ Γ1 × (0, T ),

D[ν2φ̂y + µν2ψ̂x +
1 − µ

2
(ψ̂y + φ̂x)ν1] = u2, (x, y, t) ∈ Γ1 × (0, T ),

K(
∂ω̂

∂ν
+ ν1ψ̂ + ν2φ̂) = u3, (x, y, t) ∈ Γ1 × (0, T ),

(ψ̂(x, y, 0), φ̂(x, y, 0), ω̂(x, y, 0)) = (0, 0, 0), (x, y) ∈ Ω,

(ψ̂t(x, y, 0), φ̂t(x, y, 0), ω̂t(x, y, 0)) = (0, 0, 0), (x, y) ∈ Ω.

(6.4)
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‖(Φ01,Φ02)‖

2
H ≤

1

C2

∫ T

0

∫

Ω

(|ψ̃t|
2 + |φ̃t|

2 + |ω̃t|
2)dxdydt

≤
1

C2

∫ T

0

[ ∫

Ω

(|ψt|
2 + |φt|

2 + |ωt|
2)dxdy +

∫

Ω

(|ψ̂t|
2 + |φ̂t|

2 + |ω̂t|
2)dxdy

]
dt

≤ C3

{∫ T

0

∫

Ω

[ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dxdydt

+

∫ T

0

∫

Ω

[ρ1(|ψ̂t|
2 + |φ̂t|

2) + ρ2|ω̂t|
2]dxdydt

}

≤ C3

{∫ T

0

∫

Ω

[ρ1(|ψt|
2 + |φt|

2) + ρ2|ωt|
2]dxdydt

+TC2

∫ T

0

∫

Γ1

(|u1|
2 + |u2|

2) + |u3|
2]dΓ1dt

}
+ C3

∫ T

0

a(ψ, φ, ω;ψ, φ, ω)dt

≤ C′′(T )

∫ T

0

[
1

2
‖Y‖2

H +
β

2
‖U‖2

U

]
dt

= C′′(T )

∫ T

0

ℓ(Y(t), U(t))dt.?
d�t U = (u1, u2, u3) ∈ L2([0, T ];U)P-1��x�NLaE T ��PY2P γ2(T ) =
1

C′′(T ) �N (6.2) B4n�Z��:� 6.1 bC-1:A^ Y0 ∈ H /+ δ > 0, K T > δ =�R�bY�P t̂ ∈ [δ, T ], �
VT (Y∗

T (δ,Y0, 0)) ≤

∫ t̂

δ

ℓ(Y∗
T (t,Y0, 0),U∗

T (t,Y0, 0))dt+ γ1(T + δ − t̂)
∥∥Y∗

T (t̂,Y0, 0)
∥∥2

H
(6.5)�bY�P t̃ ∈ [0, T ], �

∫ T

t̃

ℓ(Y∗
T (t,Y0, 0),U∗

T (t,Y0, 0))dt ≤ γ1(T − t̃)
∥∥Y∗

T (t̃,Y0, 0)
∥∥2

H
. (6.6)C ' ξ = 1

2 min{1, β}, bC-1 Y0 ∈ H + t ∈ [0, T ], ? (1.4) BN
ℓ(Y∗

T (t,Y0, 0), U∗
T (t,Y0, 0)) ≥ ξ[‖Y∗

T (t,Y0, 0)‖2
H + ‖U∗

T (t,Y0, 0)‖2
U ]. (6.7)4��x��

ξ

∫ t

0

[‖Y∗
T (t,Y0, 0)‖2

H + ‖U∗
T (t,Y0, 0)‖2

U ]dt ≤

∫ t

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt

= VT (Y0) − VT−t(Y
∗
T (t,Y0, 0)).B? (2.4) BN

‖Y∗
T (t,Y0, 0)‖2

H ≤ C′[‖Y0‖
2
H +

∫ t

0

[‖Y∗
T (t,Y0, 0)‖2

H + ‖U∗
T (t,Y0, 0)‖2

U ]dt]

≤ C′[‖Y0‖
2
H +

1

ξ
(VT (Y0) − VT−t(Y

∗
T (t,Y0, 0)))]

≤ C′[‖Y0‖
2
H +

1

ξ
VT (Y0)] ≤ C′(1 +

γ1(T )

ξ
)‖Y0‖

2
H.
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}ePtY�Eu<� 14874��bC-1 t ∈ [0, T ], _� Y∗
T (t,Y0, 0) ∈ H.bC-1 t̂ ∈ [δ, T ], x��

VT (Y∗
T (δ,Y0, 0)) = VT (Y∗

T (δ,Y∗(δ), δ))

=

∫ T+δ

δ

ℓ(Y∗
T (t,Y∗(δ), δ), U∗

T (t,Y∗(δ), δ))dt

=

∫ t̂

δ

ℓ(Y∗
T (t,Y∗(δ), δ), U∗

T (t,Y∗(δ), δ))dt + VT+δ−t̂(Y
∗
T (t̂,Y∗(δ), δ)).B Y∗

T (·,Y∗(δ), δ) E}eQ%7 [δ, T + δ] Pu<G��X�g�u<�Ki�x��
VT (Y∗

T (δ,Y0, 0)) ≤

∫ t̂

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt+ VT+δ−t̂(Y
∗
T (t̂,Y0, 0))

≤

∫ t̂

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt+ γ1(T + δ − t̂)‖Y∗
T (t̂,Y0, 0)‖2

H.4�� (6.5) B4n�C�fZ� (6.6) B�bC-1 t̃ ∈ [0, T ], x��
VT (Y0) =

∫ t̃

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt+

∫ T

t̃

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt

=

∫ t̃

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt+ VT−t̃(Y
∗
T (t̃,Y0, 0))

≤

∫ t̃

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt+ γ1(T − t̃)‖Y∗
T (t̃,Y0, 0)‖2

H.4��bY� t̃ ∈ [0, T ] _�
∫ T

t̃

ℓ(Y∗
T (t,Y0, 0),U∗

T (t,Y0, 0))dt ≤ γ1(T − t̃)
∥∥Y∗

T (t̃,Y0, 0)
∥∥2

H
.Z���� 6.1 bC-1:A^ Y0 ∈ H, /+&�=7 δ > 0 �J1=7 T > δ, DQaE T��P�P

σ1(T ) = 1 +
γ1(T )

ξ(T − δ)
, σ2 =

γ1(T )

ξδ
,�N/��0B

VT (Y∗
T (δ,Y0, 0)) ≤ σ1(T )

∫ T

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt (6.8)� ∫ T

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt ≤ σ2(T )

∫ δ

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt (6.9)4n�C ?C Y∗
T (·,Y0, 0) ∈ C([0, T ];H), �*YDQ t1 ∈ [δ, T ], t2 ∈ [0, δ], �N
t1 = arg min

t∈[δ,T ]
‖Y∗

T (t,Y0, 0)‖2
H , t2 = arg min

t∈[0,δ]
‖Y∗

T (t,Y0, 0)‖2
H .
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VT (Y∗

T (δ,Y0, 0)) ≤

∫ t1

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt+ γ1(T + δ − t1)‖Y
∗
T (t1,Y0, 0)‖2

H

≤

∫ T

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt+ γ1(T )‖Y∗
T (t1,Y0, 0)‖2

H

≤

∫ T

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt+
γ1(T )

T − δ

∫ T

δ

‖Y∗
T (t,Y0, 0)‖2

Hdt

≤ (1 +
γ1(T )

ξ(T − δ)
)

∫ T

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt., (6.8) 4n�di�? (6.6) � (6.7) BN
∫ T

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt ≤

∫ T

t2

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt

≤ γ1(T − t2)‖Y
∗
T (t2,Y0, 0)‖2

H

≤
γ1(T )

δ

∫ δ

0

‖Y∗
T (t,Y0, 0)‖2

Hdt

≤
γ1(T )

ξδ

∫ δ

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt.4� (6.9) B4n�Z���� 6.2 bC-1:A^ Y0 ∈ H /+&�=7 δ > 0, DQ T̃ > δ � κ ∈ (0, 1), K
T ≥ T̃ =��N

VT (Y∗
T (δ,Y0, 0)) ≤ VT (Y0) − κ

∫ δ

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt. (6.10)4n�C ?Yi 6.1 N
VT (Y∗

T (δ,Y0, 0)) − VT (Y0)

= VT (Y∗
T (δ,Y0, 0)) −

∫ T

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt

≤ (σ1(T ) − 1)

∫ T

δ

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt−

∫ δ

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt

≤ [σ2(T )(σ1(T ) − 1) − 1]

∫ δ

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt.CE�K T → ∞ =� 1− σ2(T )(σ1(T )− 1) = 1− γ2
1(T )

ξ2δ(T−δ) → 1. 4��DQ T̃ > δ, �NK T ≥ T̃ =�DQ κ ∈ (0, 1), �N 1 − σ2(T )(σ1(T ) − 1) > κ. 4� (6.10) B4n�Z���� 6.3 bC�YP&�=7 δ > 0, RDQ T̃ > δ � κ ∈ (0, 1), /+b�*J1=7
T ≥ T̃ /+:A^ Y0 ∈ H, �\=G
d U∗

T (·) �N
κV∞(Y0) ≤ κJ∞(Y0, U

∗
T (·)) ≤ VT (Y0) ≤ V∞(Y0) (6.11)
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�E_PtYP�,DQaE δ, κ ��PYP M,η �N
‖Y∗

T (t,Y0, 0)‖ ≤Me−ηt. (6.12)4n�C ?C κV∞(Y0) ≤ κJ∞(Y0, U
∗
T (·)) � VT (Y0) ≤ V∞(Y0) �+4n�4��x�a�Z� κJ∞(Y0, U

∗
T (·)) ≤ VT (Y0) ,`�bC�Y δ > 0, ' tk = kδ, ?Yi 6.2 `N�DQ T̃ > δ � κ ∈ (0, 1), K T ≥ T̃ =��N
VT (Y∗

T (tk+1,Y(tk), tk))

≤ VT (Y∗
T (tk,Y(tk), tk)) − κ

∫ tk+1

tk

ℓ(Y∗
T (t,Y(tk), tk), U∗

T (t,Y(tk), tk))dt. (6.13)4��?WiN
VT (Y∗

T (tk+1,Y(tk), tk)) ≤ VT (Y0) − κ

∫ tk+1

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt, k = 0, 1, 2, · · · .

(6.14)5BO�p
κ

∫ tk+1

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt ≤ VT (Y0). (6.15)z k → ∞, R�
κJ∞(Y0, U

∗
T (·)) = κ

∫ ∞

0

ℓ(Y∗
T (t,Y0, 0), U∗

T (t,Y0, 0))dt ≤ VT (Y0),Ce (6.11) B4n�bC-1 k ∈ N
+, ? (6.6) BN
VT (Y∗

T (tk,Y(tk−1), tk−1)) − VT (Y∗
T (tk−1,Y(tk−1), tk−1))

≤ −κ

∫ tk

tk−1

ℓ(Y∗
T (t,Y(tk−1), tk−1), U

∗
T (t,Y(tk−1), tk−1))dt

≤ −κVδ(Y
∗
T (tk−1,Y(tk−1), tk−1)). (6.16)B? (6.1) � (6.2) B\�bC-1 Y0 ∈ H, x��
Vδ(Y0) ≥ γ2(δ)‖Y0‖

2
H ≥

γ2(δ)

γ1(T )
VT (Y0).4�

Vδ(Y
∗
T (tk−1,Y(tk−1), tk−1)) ≥

γ2(δ)

γ1(T )
VT (Y∗

T (tk−1,Y(tk−1), tk−1)). (6.17)P? (6.16) � (6.17) BN
VT (Y∗

T (tk,Y(tk−1), tk−1)) − VT (Y∗
T (tk−1,Y(tk−1), tk−1))

≤ −
κγ2(δ)

γ1(T )
VT (Y∗

T (tk−1,Y(tk−1), tk−1)),
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VT (Y∗

T (tk,Y(tk−1), tk−1)) ≤ (1 −
κγ2(δ)

γ1(T )
)VT (Y∗

T (tk−1,Y(tk−1), tk−1)).2 µ = 1 − κγ2(δ)
γ1(T ) , k1L 0 < γ2(δ) ≤ γ1(δ) ≤ γ1(T ) ! κ ∈ (0, 1), Y/� µ ∈ (0, 1), !b

k ∈ N
+ �

VT (Y∗
T (tk,Y(tk−1), tk−1)) ≤ µVT (Y∗

T (tk−1,Y(tk−1), tk−1)). (6.18)2P2 η = ln |µ|
δ

, Rb k ∈ N
+ �

γ2(T )‖Y∗
T (tk,Y(tk−1), tk−1)‖

2
H ≤ VT (Y∗

T (tk,Y(tk−1), tk−1))

≤ µVT (Y∗
T (tk−1,Y(tk−1), tk−1))

≤ µ2VT (Y∗
T (tk−2,Y(tk−2), tk−2)) ≤ · · ·

≤ µkVT (Y0) = e−ηtkVT (Y0) ≤ e−ηtkγ1(T )‖Y0‖
2
H.2 γ = γ1(T )

γ2(T ) , Rb k ∈ N
+ �

‖Y∗
T (tk,Y(tk−1), tk−1)‖

2
H ≤ γe−ηtk‖Y0‖

2
H. (6.19)�b-1 t > 0,DQ k ∈ N

+, �N t ∈ [kδ, (k+1)δ] = [tk, tk+1], !? (2.4), (6.1)� (6.19)BN
‖Y∗

T (t,Y0, 0)‖2
H ≤ C(‖Y∗

T (tk,Y(tk), tk)‖2
H +

∫ tk+T

tk

‖U∗
T (t,Y(tk), tk)‖2

Udt)

≤ C(‖Y∗
T (tk,Y(tk), tk)‖2

H +
2

β
VT (Y∗

T (tk,Y(tk), tk)))

≤ C(‖Y∗
T (tk,Y(tk), tk)‖2

H +
2γ1(T )

β
‖Y∗

T (tk,Y(tk), tk)‖2
H)

≤ C(1 +
2γ1(T )

β
)γe−ηtk‖Y0‖

2
H

= γC(1 +
2γ1(T )

β
)

1

1 − κγ2(δ)
γ1(T )

e−ηtk+1‖Y0‖
2
H

≤ γC(1 +
2γ1(T )

β
)

1

1 − κγ2(δ)
γ1(T )

e−ηt‖Y0‖
2
H.' M = γC(1 + 2γ1(T )

β
) 1

1−
κγ2(δ)

γ1(T )

‖Y0‖
2
H, �� ‖Y∗

T (t,Y0, 0)‖2
H ≤Me−ηt. Z��� � * 0

[1] Sadek I, Sloss J M, Bruch J C J, Adali S. Optimal control of a Timoshenko beam by distributed force.

Journal of Optimization Theory and Applications, 1986, 50(3): 451–461

[2] Zelikin M I, Manita L A. Optimal control for a Timoshenko beam. C R Mecanique, 2006, 334(4): 292–297

[3] Zhang C G, He Z R. Optimality conditions for a Timoshenko beam equation with periodic constraint. Z

Angew Math Phys, 2014, 65: 315–324

[4] T?��{F!�{pp� Timoshenko rRw>efw^�R�|k��� 2018, 38A(3): 454–466

Zhang C G, Liu Y B, Liu W W. Boundary optimal control for the Timoshenko beam. Acta Math Sci,

2018, 38A(3): 454–466

[5] Campelo A D S, Almeida J D S, Santos M L. Stability to the dissipative Reissner-Mindlin-Timoshenko

acting on displacement equation. European Journal of Applied Mathematics, 2016, 27(2): 157–193



No.5 S>ÆS�hn Mindlin-Timoshenko 
}ePtY�Eu<� 1491

[6] Dalsen G V. Stabilization of a thermoelastic Mindlin-Timoshenko plate model revisited. Z Angew Math

Phys, 2013, 64(4): 1305–1325

[7] Dalsen G V. Polynomial decay rate of a thermoelastic Mindlin-Timoshenko plate model with Dirichlet

boundary conditions. Z Angew Math Phys, 2015, 66(1): 113–128

[8] Lagnese J E. Boundary Stabilization of Thin Plates. Philadelphia, PA: Society for Industrial and Applied

Mathematics, 1989

[9] Rao B. Stabilization of elastic plates with dynamical boundary control. SIAM Journal on Control and

Optimization, 2006, 36(1): 148–163

[10] Rivera J E M, Oquendo H P. Asymptotic Behavior of a Mindlin-Timoshenko Plate with Viscoelastic

Dissipation on the Boundary. Funkcialaj Ekvacioj, 2003, 46(3): 363–382

[11] Sare H. On the stability of Mindlin-Timoshenko plates. Quarterly of Applied Mathematics, 2009, 67(2):

249–263

[12] Dalsen G V. Exponential stabilization of magnetoelastic waves in a Mindlin-Timoshenko plate by localized

internal damping. Z Angew Math Phys, 2015, 66(4): 1751–1776

[13] Nicaise S. Internal stabilization of a Mindlin-Timoshenko model by interior feedbacks. Mathematical

Control and Related Fields, 2013, 1 (3): 331–352

[14] Rivera J E M, Qin Y. Polynomial decay for the energy with an acoustic boundary condition. Applied

Mathematics Letters, 2003, 16(2): 249–256

[15] Avalos G, Toundykov D. Boundary stabilization of structural acoustic interactions with interface on a

Reissner-Mindlin plate. Nonlinear Analysis Real World Applications, 2011, 12(6): 2985–3013

[16] Pokojovy M. On stability of hyperbolic thermoelastic Reissner-Mindlin-Timoshenko plates. Mathematical

Methods in the Applied Sciences, 2015, 38(7): 1225–1246

[17] Komornik V. Rapid boundary stabilization of linear distributed systems. SIAM Journal on Control and

Optimization, 1997, 35(5): 1591–1613

[18] Azmi B, Kunisch K. On the stabilizability of the Burgers equation by receding Horizon control. SIAM

Journal on Control and Optimization, 2016, 54(3): 1378–1405

[19] Azmi B, Kunisch K. Receding horizon control for the stabilization of the wave equation. Discrete and

Continuous Dynamical Systems, 2017, 38(2): 449–484

[20] Adams R A. Sobolev Spaces. New York: Acadamic Press, 1975

[21] Lions J L. s)�gRS*�e��7^�XZ��M��#6�3��R
zUAI<�9� 2012
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Stability and Optimality of 2-D Mindlin-Timoshenko Plate System

Zhang Chunguo Fu Yuzhi Liu Yubiao
(Department of Mathematics, College of Science, Hangzhou Dianzi University, Hangzhou 310018)

Abstract: In this paper, 2-D Mindlin Timoshenko plate system with local boundary control

is studied. By using the receding horizon control method, the infinite time domain optimality

problem is transformed into the finite time domain optimality problem. With the help of the

multiplier technique, a priori estimation is made for any finite time domain system, and the

observability inequality is obtained, which proves that the energy of the system is uniformly

exponentially decay. Furthermore, with the aid of dual system, by means of the variational

principle and Bellman optimality principle, the suboptimal conditions of the system in infinite

time domain are obtained, and it is proved that the optimal trajectory is also exponential decay.

Key words: 2-D Mindlin Timoshenko plate; Receding horizon control method; Optimality;

Exponential decay.
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