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1406 	 F , 6 F � Vol.41Aw�����B α(0) = 0 m ∫ +∞

0
α

1
p−1 (s)ds =

∫ +∞

0
1

α(s)ds = +∞, &4 [2] xO�35�g�o α ≡ �	 > 0 b p = 2, ��	zmg b ≡ 0 m f ∈ L1(Ω), P��V43*�
(P) 5^�p� u ∈ W

1,2
0 (Ω) 5*lA�Kb0 b ≡ 0 y�}| f ∈ Lq(Ω) (q > N

2 ), #�43^�p�5*lA�vDM f L��0<5�����&4 [14]. $qUB5��mg
g(u) = u b b, f ∈ L1 ��L� (2.7) ~�&4 [15] xO�R�s*� (P) ~u*lP^p� u ∈ W

1,2
0 (Ω) ∩ L∞(Ω), sU%Æ1	 b(x)  f {�57r1I�5vnA^PB5Z8�� � Arcoya m Boccardo[16] J"�1	 b, f ∈ L1 {�a#P;7r1�}

|f(x)| ≤ Qb(x) + R(x), [� R(x) ∈ Lm(Ω). 7Y5Y,N �|*�5�g��&4 [17].a&P9Æ:m L1 	%5W5A�g*�+��5*lA�g���&4 [18]. j^9Æ:x�j9Æ:53*�5J"�g���&4 [19–21].�&4 [12, 15] 5^L�Y&�MJ"�s*� (P) 51	 b(x), f(x) ∈ L1(Ω) 5 L1 7r1I�5vnA5Z8z��}|�L��� f ∈ L1(Ω) y�xO*� (P) 5^�p�5*lA�PB Es�d�&4 [2, 12, 15, 19] 5�g (� 2.2).Y&pN5Ul�m3�X�l< 2��_$�w���M�g
�pl< 3 ���_$�M�g5xO�
2 ,7;.NXJ/(��
_$*�5�M�w����&�MJ"3CR5A�s�g>N 

(P)







−div(a(x, u,∇u)) + b(x)g(u) + B(x, u,∇u) = f(x), x ∈ Ω,

u = 0, x ∈ ∂Ω,[� Ω# R
N (N ≥ 2)�5^�({�1 < p ≤ N . �w a : Ω×R×R

N → R
N # Carathéodoryk	�|4IiU5 ξ, ζ(ξ 6= ζ) ∈ R

N , s ∈ R S|�q%%5 x ∈ Ω, ^
a(x, s, ξ) · ξ ≥ α(s)|ξ|p, (2.1)

|a(x, s, ξ)| ≤ Λα(s)[|ξ|p−1 + j(x)], (2.2)

[a(x, s, ξ) − a(x, s, ζ)] · [ξ − ζ] > 0, ∀s 6= 0, (2.3)[� Λ #v�	� j ∈ Lp′

(Ω), k	 α #BVl R s5RW=Ek	L� α(0) = 0, b0
s 6= 0 ^ α(s) > 0. �B B : Ω × R × R

N → R
N # Carathéodory k	�|4I�q%%5

x ∈ Ω S|iU5 (s, ξ) ∈ R × R
N ,

|̂B(x, s, ξ)| ≤ β(s)|ξ|p, (2.4)[� β #=ERWk	L�
β

α
∈ L1

loc(R). (2.5)EÆ:51	 b(x)  f(x) L�
f(x), b(x) ∈ L1(Ω), (2.6)b*l�	 M > 0 |4I�q%%5 x ∈ Ω, ^
|f(x)| ≤ Mb(x). (2.7)
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lim

s→−∞
g(s) = −∞ m lim

s→+∞
g(s) = +∞. (2.8)BV

A(s) =

∫ s

0

α
1

p−1 (σ)dσ,3N_$*� (P) 5p�5BV�!K 2.1 ,�k	 u �#*� (P) 5p��o A(u) ∈ W
1,p
0 (Ω), a(x, u,∇u) ∈ Lp′

(Ω),

B(x, u,∇u) ∈ L1(Ω) b b(x)g(u) ∈ L1(Ω) |4
∫

Ω

a(x, u,∇u) · ∇vdx +

∫

Ω

b(x)g(u)vdx +

∫

Ω

B(x, u,∇u)vdx =

∫

Ω

fvdx, (2.9)IiU v ∈ W
1,p
0 (Ω) ∩ L∞(Ω) D�;�3N_$�&5�M�g�!3 2.1 �w (2.1)–(2.8) ~�;�n*� (P) ~u*lP^p� u ∈ L∞(Ω).Y 2.1 0 u#T,y�L��� (2.1)–(2.3)5�Æ�O,V#R`�5�m a(x, u,∇u) =

|u|m

1+|u|r |∇u|p−2∇u. W'�Ia&^�sR`�5�g*� (P), B6 2.1 5�gjg�;�Y 2.2 I�&4 [2] 5�g�B6 2.1 �DM�B a L� p− 1 (5℄(���Kb�#43^�p�5*lA�9Æ: B �DML�Ul���&4 [2, 12, 19]5�g���}D�w f ∈ L1(Ω). �p�℄B6 2.1 5xOi ,z��&5�g�yOÆj�&4 [15]5�g�
3 XJ/( U6lxO�M�K{_�IP=�M�l�$�O�℄a α(0) = 0 2�*�l� u = 0 %�s�#-V'1T�3NBV?^lf>X 5�Hk	

T̃θ(s) = max{s, θ}, T̂θ(s) = min{s,−θ}, IiU_B θ > 0. (3.1)�y�BV�Hk	 Tθ(s) = max{−θ, min{θ, s}} S| Gθ(s) = s − Tθ(s).G!���vDM\33C� k	
φ̃θ(s) =

∫ s

0

β(T̃θ(Tn(σ)))

α(T̃θ(Tn(σ)))
dσ, φ̂θ(s) =

∫ s

0

β(T̂θ(Tn(σ)))

α(T̂θ(Tn(σ)))
dσ, (3.2)

fn(x) =
f(x)

1 + 1
n
|f(x)|

, bn(x) =
b(x)

1 + M
n
|b(x)|

, Bn(x, s, ξ) =
B(x, s, ξ)

1 + 1
n
|B(x, s, ξ)|

. (3.3)#xOB6 2.1, )J3C� *�
∫

Ω

a(x, Tn(un),∇un) · ∇vdx +
1

n

∫

Ω

|∇un|
p−2∇un · ∇vdx +

∫

Ω

bn(x)g(Tn(un))vdx

+

∫

Ω

Bn(x, Tn(un),∇un)vdx =

∫

Ω

fn(x)vdx, ∀v ∈ W
1,p
0 (Ω) ∩ L∞(Ω). (3.4)℄!?�K,z [23], *� (3.4) ~u*lP^p� un ∈ W

1,p
0 (Ω) ∩ L∞(Ω).
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��
 1 xO {un} l L∞(Ω) P�^��`% (2.8) ~,z*lvu	 l > 0 |4I |s| ≥ l ^
g(s)s ≥ 0 m |g(s)| ≥ M. (3.5)l (3.4) ~�e�Lk	 v = ṽθ = eφ̃θ(un)(eGl(u

+
n ) − 1). 9\ (2.1), (2.4) ~��l8~��f�P=RW:�,4

∫

{x∈Ω:un(x)≥l}

ṽθ

β(T̃θ(Tn(un)))

α(T̃θ(Tn(un)))
α(Tn(un))|∇un|

pdx

+
1

n

∫

Ω

ṽθ|∇Gl(u
+
n )|pdx +

∫

Ω

bn(x)g(Tn(un))ṽθdx

≤

∫

{x∈Ω:un(x)≥l}

β(Tn(un))|∇un|
pṽθdx +

∫

Ω

|fn(x)|ṽθdx. (3.6)) (2.7), (3.3) m (3.5) ~,S43I n > l ^
∫

Ω

bn(x)g(Tn(un))ṽθdx −

∫

Ω

|fn(x)|ṽθdx

≥

∫

{x∈Ω:un(x)≥l}

Mbn(x)ṽθdx −

∫

{un≥l}

Mb(x)

1 + M
n

b(x)
ṽθdx = 0. (3.7)U3I�q%%5 x ∈ {x ∈ Ω : un(x) ≥ l}, ^

T̃θ(Tn(un)) = Tn(un),k9\ (3.6)  (3.7) ~�,z0 n > l y3~�;
1

n

∫

Ω

ṽθ|∇Gl(u
+
n )|pdx ≤ 0. (3.8)3;�l (3.4) ~�e v = v̂θ = −e−φ̂θ(un)(e−Gl(u

−

n ) − 1) #�Lk	�,�2$ n > l y3Cb��;
1

n

∫

Ω

|v̂θ||∇Gl(u
−
n )|pdx ≤ 0.k�o (3.8) ~�,4IiU5vu	 n ^

‖un‖L∞(Ω) ≤ l0, (3.9)[� l0 = max{‖u1‖L∞(Ω), ‖u2‖L∞(Ω), · · · ‖ul‖L∞(Ω), l}.�
 2 	;a ∇A(un), ∇un m B(x, un,∇un) 5b��
∫

Ω |∇A(un)|pdx 5b��BV
φε(s) =

∫ s

0

β(σ)

α(σ) + ε
dσ, φ(s) =

∫ s

0

β(σ)

α(σ)
dσ,



No.5 �$D8�1	5 L1 7r1IR5A�s�gN �5vnA5Z8 1409�l (3.4) ~�e v = e|φε(un)|A(un) #�Lk	�) (2.1), (2.4), (2.7) m (3.9) ~,�$I
n > l0 ^

∫

Ω

e|φε(un)|β(un)

α(un) + ε
α(un)|∇un|

p|A(un)|dx +

∫

Ω

e|φε(un)|A′(un)α(un)|∇un|
pdx

+
1

n

∫

Ω

e|φε(un)|A′(un)|∇un|
pdx

≤

∫

Ω

e|φε(un)|β(un)|∇un|
p|A(un)|dx +

∫

Ω

e|φε(un)||A(un)|

[

b(x) sup
s∈[−l0, l0]

|g(s)| + |f(x)|

]

dx.s~�H ε → 0, ,4
∫

Ω

|∇A(un)|pdx

≤ max
{

A(l0)e
φ(l0),−A(−l0)e

−φ(−l0)
}

[

sup
s∈[−l0, l0]

|g(s)|‖b‖L1(Ω) + ‖f‖L1(Ω)

]

. (3.10)

1
n

∫

Ω |∇un|
pdx 5b��l (3.4) ~�e v = e|φε(un)|un #�Lk	�3a (3.10) ~5xO�,�$I n > l0 ^

1

n

∫

Ω

|∇un|
pdx ≤ l0max

{

eφ(l0), e−φ(−l0)
}

[

sup
s∈[−l0, l0]

|g(s)|‖b‖L1(Ω) + ‖f‖L1(Ω)

]

. (3.11)

∫

Ω |B(x, un,∇un)|dx 5b��l (3.4) ~�e v = e|φε(un)|(1 − e−|φε(un)|)sign un #�Lk	�9\ (2.1), (2.4), (2.7) m (3.9) ~��vf (3.4) ~�G5P=RW:,4I n > l0 ^
∫

Ω

β(un)

α(un) + ε
α(un)|∇un|

p|v̄ε|dx +

∫

Ω

β(un)

α(un) + ε
α(un)|∇un|

pdx

≤

∫

Ω

β(un)|∇un|
p|v̄ε|dx + C0,[�

C0 =
[

max{eφ(l0), e−φ(−l0)} − 1
]

[

sup
s∈[−l0, l0]

|g(s)|‖b‖L1(Ω) + ‖f‖L1(Ω)

]

.gpH ε → 0, ℄ (2.4) m (3.9) ~,�$
∫

Ω

|B(x, un,∇un)|dx ≤
∫

Ω β(un)|∇un|
pdx ≤ C0. (3.12)�
 3 `% (3.9) m (3.10) ~,z�*l {un} 5�C (jg�# {un}) S|k	

w ∈ W
1,p
0 (Ω) ∩ L∞(Ω), |4 A(un) �q%%�>a w, �bl W

1,p
0 (Ω) �p�>a w. U3 A #I℄/A=pk	�)K,z*l,�k	 u = A−1(w) ∈ L∞(Ω) |4

A(un) ⇀ A(u) l W
1,p
0 (Ω) �p�>� bl L∞(Ω) �p ∗�>, (3.13)�y^

un → u a.e. l Ω � b T̃θ(un) ⇀ T̃θ(u) l W
1,p
0 (Ω) �p�>. (3.14)
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(

T̃θ(un) − T̃θ(u)
)+ #�Lk	�9\ (2.1) m (2.4) ~��vfP=RW:�gpH ε → 0, ,�4I n > l0 ^

∫

Ω

eφ(un)a(x, un,∇un) · ∇
(

T̃θ(un) − T̃θ(u)
)+

dx

+
1

n

∫

Ω

eφ(un)|∇un|
p−2∇un · ∇

(

T̃θ(un) − T̃θ(u)
)+

dx

≤

∫

Ω

bn(x)g(un)eφ(un)
(

T̃θ(un) − T̃θ(u)
)+

dx +

∫

Ω

fn(x)eφ(un)
(

T̃θ(un) − T̃θ(u)
)+

dx. (3.15)32T. (3.15) ~5MP:�℄ (3.9), (3.11) m (3.14) ~��9\ Hölder �8~,4
lim

n→∞

1

n

∫

Ω

eφ(un)|∇un|
p−2∇un · ∇

(

T̃θ(un) − T̃θ(u)
)+

dx = 0. (3.16)9\ (2.7), (3.5), (3.9), (3.14) ~S| Lebesgue /��>B6�,4
lim

n→∞

∫

Ω

[

bn(x)g(un)eφ(un)
(

T̃θ(un) − T̃θ(u)
)+

+ fn(x)eφ(un)
(

T̃θ(un) − T̃θ(u)
)+

]

dx = 0. (3.17)
 (3.15) ~5<P:T�#
∫

Ω

eφ(un)a(x, un,∇un) · ∇
(

T̃θ(un) − T̃θ(u)
)+

dx

=

∫

Ωθ
n1

eφ(un)a(x, un,∇un) · ∇
(

un − T̃θ(u)
)+

dx

+

∫

Ωθ
n2

eφ(un)a(x, un,∇un) · ∇
(

θ − T̃θ(u)
)+

dx

= J̄11(n, θ) + J̄12(n, θ), (3.18)[� Ωθ
n1 = {x ∈ Ω : un(x) ≥ θ}, Ωθ

n2 = {x ∈ Ω : un(x) < θ}.32�T�b� J̄11(n, θ) m J̄12(n, θ). ℄al Ωθ
n1 �^ T̃θ(un) = un, bI�q%%5

x ∈ Ω ^ a(x, s, 0) = 0, ,43
J̄11(n, θ) =

∫

Ω

eφ(un)a(x, T̃θ(un),∇T̃θ(un)) · ∇
(

T̃θ(un) − T̃θ(u)
)+

dx

=

∫

Ω

eφ(un)
[

a(x, T̃θ(un),∇T̃θ(un)) − a(x, T̃θ(un),∇T̃θ(u))
]

· ∇
(

T̃θ(un) − T̃θ(u)
)+

dx

+

∫

Ω

eφ(un)a(x, T̃θ(un),∇T̃θ(u)) · ∇
(

T̃θ(un) − T̃θ(u)
)+

dx. (3.19)�o (3.9)  (3.12)–(3.14) m (2.2) ~�,4
lim

n→∞

∫

Ω

eφ(un)a(x, T̃θ(un),∇T̃θ(u)) · ∇
(

T̃θ(un) − T̃θ(u)
)+

dx = 0.s~ (3.19) ~U%Æ
lim

n→∞
J̄11(n, θ)

≥ lim
n→∞

∫

Ω

eφ(un)
[

a(x, T̃θ(un),∇T̃θ(un)) − a(x, T̃θ(un),∇T̃θ(u))
]

· ∇
(

T̃θ(un) − T̃θ(u)
)+

dx.



No.5 �$D8�1	5 L1 7r1IR5A�s�gN �5vnA5Z8 1411Ia J̄12(n, ε), Y\ (2.2), (3.9), (3.10) m (3.14) ~,�$
lim

n→∞
J̄12(n, θ) = 0.k�o J̄11 5�>�g�,43

lim
n→∞

∫

Ω

eφ(un)a(x, un,∇un) · ∇
(

T̃θ(un) − T̃θ(u)
)+

dx

≥ lim
n→∞

∫

Ω

eφ(un)
[

a(x, T̃θ(un),∇T̃θ(un)) − a(x, T̃θ(un),∇T̃θ(u))
]

· ∇
(

T̃θ(un) − T̃θ(u)
)+

dx.
s^�g (2.5), (3.9) m (3.16)–(3.17) ~.n (3.15) ~�,4
lim

n→∞

∫

Ω

[

a(x, T̃θ(un),∇T̃θ(un)) − a(x, T̃θ(un),∇T̃θ(u))
]

· ∇
(

T̃θ(un) − T̃θ(u)
)+

dx ≤ 0. (3.20)32�l (3.4) ~�e −eφε(un)
(

T̃θ(un) − T̃θ(u)
)− #�Lk	�3a (3.20) ~5xO,4

lim
n→∞

∫

Ω

−
[

a(x, T̃θ(un),∇T̃θ(un)) − a(x, T̃θ(un),∇T̃θ(u))
]

· ∇
(

T̃θ(un) − T̃θ(u)
)−

dx ≤ 0.

(3.21)) (3.20) m (3.21) ~�,�$
lim

n→∞

∫

Ω

[

a(x, T̃θ(un),∇T̃θ(un)) − a(x, T̃θ(un),∇T̃θ(u))
]

· ∇
(

T̃θ(un) − T̃θ(u)
)

dx ≤ 0. (3.22)gp9\ (3.1), (3.14) ~m&4 [24] �5X6 5, ,43
∇T̃θ(un) → ∇T̃θ(u) a.e. l Ω ��bl(Lp(Ω))N �`�>. (3.23)3;�T�e eφε(un)[T̂θ(un) − T̂θ(u)]+ m eφε(un)[T̂θ(un) − T̂θ(u)]− #�Lk	�,�4
∇T̂θ(un) → ∇T̂θ(u) a.e. l Ω ��bl(Lp(Ω))N �`�>. (3.24)℄ (3.23) m (3.24) ~�,�H0 n → ∞ y�^3C�K�;�

χ{x∈Ω:|un(x)|≥θ}∇un → χ{x∈Ω:|u(x)|≥θ}∇u a.e. l Ω ��bl(Lp(Ω))N �`�>. (3.25)�
 4 3NxO�>A�g�
a(x, un,∇un) ⇀ a(x, u,∇u) l(Lp′

(Ω))N �p�>. (3.26)�{s�IiU w ∈ (Lp(Ω))N ^
∫

Ω

a(x, un,∇un) · wdx =

∫

{x∈Ω:|un(x)|≥θ}

a(x, un,∇un) · wdx

+

∫

{x∈Ω:|un(x)|<θ}

a(x, un,∇un) · wdx. (3.27)℄ Vitali �>B6� (3.14) m (3.25) ~�,�$0 n → ∞ y^
a(x, un,∇un)χ{x∈Ω:|un(x)|≥θ} → a(x, u,∇u)χ{x∈Ω:|u(x)|≥θ} l(Lp(Ω))N �`�>.



1412 	 F , 6 F � Vol.41A�os~ (2.2) m (3.13) ~�,4
lim
θ→0

lim
n→∞

∫

{x∈Ω:|un(x)|≥θ}

a(x, un,∇un) · wdx =

∫

Ω

a(x, u,∇u) · wdx. (3.28)l (3.4) ~�e v = vε = e|φε(un)|A(Tθ(un)) #�Lk	�3a (3.10) ~5xO,43
∫

{x∈Ω:|un(x)|<θ}

|∇A(un)|pdx

≤ max{A(θ)eφ(θ),−A(−θ)e−φ(−θ)}

[

‖b‖L1(Ω) sup
s∈[−θ,θ]

|g(s)| + ‖f‖L1(Ω)

]

,sjjÆ
lim
θ→0

lim
n→∞

∫

{x∈Ω:|un(x)|<θ}

|∇A(un)|pdx ≤ 0. (3.29)9\ Hölder �8~m (2.2) ~�,4
∣

∣

∣

∣

∫

{x∈Ω:|un(x)|<θ}

a(x, un,∇un) · wdx

∣

∣

∣

∣

≤ C0

[

(
∫

Ω

|∇A(un)|pdx

)

p−1

p

+ sup
s∈[−θ,θ]

α(s)‖j‖Lp′(Ω)

]

(
∫

Ω

|w|pdx

)
1
p

.℄s~ (3.29) ~,z
lim
θ→0

lim
n→∞

∣

∣

∣

∣

∣

∫

{x∈Ω:|un(x)|<θ}

a(x, un,∇un) · wdx

∣

∣

∣

∣

∣

≤ 0. (3.30)W'�
 (3.28) m (3.30) ~.n (3.27) ~43
lim

n→∞

∫

Ω

a(x, un,∇un) · wdx =

∫

Ω

a(x, u,∇u) · wdx. (3.31)k�o (3.13) m (2.2) ~�,z (3.26) ~�;��
 5 32xO3C�>�g�;�
B(x, un,∇un) → B(x, u,∇u) lL1(Ω) �p�>. (3.32)�{s�IiU ϑ ∈ L∞(Ω)  θ > 0 ^�

∫

Ω

B(x, un,∇un)ϑdx

=

∫

{x∈Ω:|un(x)|≥θ}

B(x, un,∇un)ϑdx +

∫

{x∈Ω:|un(x)|<θ}

B(x, un,∇un)ϑdx. (3.33)9\ (3.12)–(3.14), (3.25) ~ Vitali �>B6�Qq (3.28) ~5xOi ,�4
lim
θ→0

lim
n→∞

∫

{x∈Ω:|un(x)|≥θ}

B(x, un,∇un)ϑdx =

∫

Ω

B(x, u,∇u)ϑdx. (3.34)



No.5 �$D8�1	5 L1 7r1IR5A�s�gN �5vnA5Z8 1413gpl (3.4) ~�e v = e|φε(un)|(1 − e−|φε(Tθ(un))|)sign un #�Lk	�Qq (3.12) ~5xO,43
∣

∣

∣

∣

∣

∫

{x∈Ω:|un(x)|<θ}

B(x, un,∇un)ϑdx

∣

∣

∣

∣

∣

≤ ‖ϑ‖L∞(Ω)

∫

{x∈Ω:|un(x)|<θ}

β(un)|∇un|
pdx

≤ ‖ϑ‖L∞(Ω)e
max{φ(l0),−φ(−l0)}[1 − e−max{φ(θ),−φ(−θ)}]

∫

Ω

[b(x) sup
s∈[−l0,l0]

|g(s)| + |f(x)|]dx.sU%Æ
lim
θ→0

lim
n→∞

∣

∣

∣

∣

∣

∫

{x∈Ω:|un(x)|<θ}

B(x, un,∇un)ϑdx

∣

∣

∣

∣

∣

≤ 0. (3.35))K�℄ (3.33)–(3.35) ~�P�,43
lim

n→∞

∫

Ω

B(x, un,∇un)ϑdx =

∫

Ω

B(x, u,∇u)ϑdx.<os~ (3.12) ~�,�4 (3.32) ~�;��
 6 ��xO 9\ (3.11) ~m Hölder �8~�,z
lim

n→∞

∣

∣

∣

∣

1

n

∫

Ω

|∇un|
p−2∇un · ∇vdx

∣

∣

∣

∣

≤ 0, ∀v ∈ W
1,p
0 (Ω). (3.36)gpl (3.4) ~�H n → ∞, <o (3.3), (3.9) (3.13), (3.14), (3.26), (3.32) m (3.36) ~�,�4 u #*� (P) 5p��W'�B6 2.1 x��� 1 ? B
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Regularizing Effect of L
1 Interplay Between Coefficients in

Nonlinear Degenerate Elliptic Equations

Zou Weilin Ren Yuanchun Xiao Meipin
(College of Mathematics and Information Science, Nanchang Hangkong University, Nanchang 330063)

Abstract: In this paper, we consider a class of nonlinear degenerate elliptic equations of the

form −div(a(x, u,∇u)) + b(x)g(u) + B(x, u,∇u) = f(x), where the principal part degenerates

on {u = 0}. Even if f only belongs to L1(Ω), the existence of bounded weak solutions are

proven. This generalizes, to some extent, previous results.

Key words: Degenerate elliptic equations; L1 coefficients; Bounded weak solutions; Regular-

izing effect.
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