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(1 hr_plpsmdpu jahr 276005; 2 igkb_pfkftpu ig 210097;
3 igon
^_pfkftpu ig 210044)VR�V1Y�k<7W1 Neumann ���
>`o — `.KL>+�
4�





ut = ∇ · (D(u)∇u) − χ∇ · (
u

(1 + u)α
∇v) − ξ∇ · (

u

(1 + u)β
∇w) + u(a − µuk−1 − λw),

vt = △v − v + uγ , x ∈ Ω, t > 0,

wt = −vw, x ∈ Ω, t > 0,V� Ω ⊂ R
3 ,n�s� χ, ξ, µ, λ, γ > 0, k > 1, a ∈ R, \ D(u) ≥ CD(u + 1)m−1, V�

CD > 0, m ∈ R. �℄��k<
(i) : 0 < γ ≤ 2

3
|�n α > γ − k + 1 �\ β > 1 − k, t�KL3{��n�>^C��

(ii) : 2

3
< γ ≤ 1 |�n α > γ − k + 1

e
+ 1 �\

β > max{
(3γ − 2)(3γ + 2k − 2)

6
− k + 1,

(3γ − 2)(γ + 1

e
)

3
− k + 1},u� α > γ − k + 1 �\

β > max{
(3γ − 2)(3γ + 2k − 2)

6
− k + 1,

(3γ − 2)(α + k − 1)

3
− k + 1},t�KL3{��n�>^C��/4&���3{P
n�P
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1 �7�0X�j;_n - _-JK




ut = ∇ · (D(u)∇u) −∇ · (H(u)∇v) −∇ · (S(u)∇w) + u(a− µuk−1 − λw),

vt = △v − v + g(u), x ∈ Ω, t > 0,

wt = −vw, x ∈ Ω, t > 0,

D(u)
∂u

∂ν
−H(u)

∂v

∂ν
− S(u)

∂w

∂ν
=
∂v

∂ν
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x), w(x, 0) = w0(x), x ∈ Ω

(1.1)

℄B�=��2zOim�O�UÆ Ω ⊂ R
3 �6am��=m�r�g	 u, v, w T�8��:ÆEJ�v
Æ�BQJi:Æ(v
QJ�D(u), H(u), S(u), g(u)T�8��=:Æ e:Æ(v
=EJ`-OwG�_nGWF�_-GWFiRAOJh!xF�z�0Æ�w D,H, S ∈ C2([0,∞)) A�j;�	

D(s) ≥ CD(s+ 1)m−1, ∀ s ≥ 0, (1.2)

0 ≤ H(s) ≤ χs(s+ 1)−α, ∀ s ≥ 0�[ H(0) = 0, (1.3)

0 ≤ S(s) ≤ ξs(s+ 1)−β, ∀ s ≥ 0�[ S(0) = 0, (1.4)UÆ CD, χ, ξ > 0 [ m,α, β ∈ R. g	 g ∈ C1([0,∞)) A�
0 ≤ g(s) ≤ Cgs

γ , ∀ s ≥ 0, (1.5)UÆ Cg, γ > 0. ;(��w*	A�




u0 ∈W 1,∞(Ω), u0 ≥ 0, x ∈ Ω,

v0 ∈ W 1,∞(Ω), v0 ≥ 0, x ∈ Ω,

w0 ∈ C2,θ(Ω)UÆ θ ∈ (0, 1), w0 ≥ 0z Ω s, ∂w0

∂ν
= 0z ∂Ω s. (1.6)9 w ≡ 0 {�3� (1.1) n�+j;�B= Keller–Segel JK





ut = ∇ · (D(u)∇u) −∇ · (H(u)∇v) + f(u), x ∈ Ω, t > 0,

vt = △v − v + g(u), x ∈ Ω, t > 0,
∂u

∂ν
=
∂v

∂ν
= 0, x ∈ ∂Ω, t > 0,

u(x, 0) = u0(x), v(x, 0) = v0(x), x ∈ Ω.

(1.7)ze
=�zP0�JK (1.7) b��RL��bPX��`pUJK��=�\3���=��2zOz�SO
 (�0? [1–19]). m3� (1.7) Æ=Jh!xF+AO�� ({
g(u) = u) {�mj;�d�9 f(u) = 0 �[Kge= u > 1 
z α > 2

N
, �	 H(u)

D(u) ≥ cuα%2�|3� (1.7) z^Mars!m�{�t6�{��S=am�	mKge= u > 1
z α < 2
N

, �	 H(u)
D(u) ≤ cuα %2�Tao i Winkler [2] �<3� (1.7) z$ars2z��m������U�?o� Ishida ? [3] [';R$Oar��l� Cieślak i Stinner[4] }



1384 	 U 7 / U � Vol.41A;_Y8�	 m∗, ~<93� (1.7) =*�
6Hp8�	 m∗ {���m�=�M9*�
6#e m∗ {���6�=�9 f(u) = au− µuk �[ D(u), H(u) A� (1.2), (1.3) �{�m 0 < 2−α−m < max{k−m, 2
N
} t� 2− α = k �[ µ )T4� Zheng [5] �<3� (1.7)2z��m�=℄B��m3� (1.7) Æ=Jh!xF+RAO�� ( { g(u) = uγ), |mj;�d�9 1 + γ − α < k t� 1 + γ − α = k �[ µ )T4{� Tao ? [6] �H73�

(1.7) 2z��m�=℄B���l� Ding ? [7] <;9 1−α−m+ γ < 2
N
{�℄B���2z�[m��yM�Dp<;�9 logistic �O�\Z{�U℄B�r���4;"	2���;(� Zeng [20] i Ren ? [21] X�76RAO*qFiJhx%F=8h – R(_n9#℄B�=��m�Oi��N+�
z Winkler [22] zp-(�s�?76RAO*qFi_�:GJ=_n – �&'�9#�=_�m�Oi4{�N+�9 χ = 0 {�3� (1.1) �$+_-JK�`pUJK�=��2zOi4{�N+�d&
 $0? [23–24]. q_-JKC��_n – _-JK=�dCK�u�Mz>}℄)Æ�v
Æ�B=*q�>vv4p�:Æ=*q�>� Chaplain i Lolas [25] �,��=:Æ=wG`-p�x*q�_-wGiv
Æ�B=*q�J��hl7;F=_n - _-JK





ut = △u− χ∇ · (u∇v) − ξ∇ · (u∇w) + u(a− µuk−1 − λw), x ∈ Ω, t > 0,

vt = △v − v + u, x ∈ Ω, t > 0,

wt = −vw, x ∈ Ω, t > 0.

(1.8)9 k = 2, a = λ = µ {� Tao, Wang[26] i Tao[27] X�7 N = 1, 2 {℄B�=��2EO�
z Tao[28] X�7N-(�s�=_�m�O�MKp N = 3 =℄M�m µ
χ
)T4{�&�����2z�[_�m�= [26,29], M9 µ

χ
��H{�pCmC`�d���� Zhengi Ke[30] �H79 k > 2 t� k = 2, �[ µ )T4{�3� (1.8) 2z��m�=℄B��;(�9 µ )T4{�3� (1.8) =���	
�;"	2�� (( a

µ
)

1
k−1 , ( a

µ
)

1
k−1 , 0).��|P�RLU�#�X�6RAO*qF=_n - _-JK�j;





ut = ∇ · (D(u)∇u) − χ∇ · (u∇v) − ξ∇ · (u∇w) + µu(1 − u− w), x ∈ Ω, t > 0,

vt = △v − v + u, x ∈ Ω, t > 0,

wt = −vw, x ∈ Ω, t > 0,

(1.9)UÆ D(u) A�Kge= u > 0, D(u) ≥ CD(u + 1)m−1 %2� Tao i Winkler[31] <;9
N ≤ 8 �[ m > 2N2+4N−4

N(N+4) t� N ≥ 9 �[ m >
2N2+3N+2−

√
8N(N+1)

N(N+2) {�3� (1.9) 2z����l,� Li, Wang ? [32−33] X�7 m > 2− 2
N
{�=��m�O��l�Wang ?

[34,35] 
z Liu ? [36] kn70? [32–33] Æ=�d�;(� Jin[37] zK χ
µ
�sH=�wO�	l�<;Kge= m > 0, 3� (1.9) "2z��m����;,�?3� (1.1)=��℄M (g(u) = u, k = 2, a = λ = µ)=C`�d�Liu? [38] �<9 N = 2[ max{1−α, 1−β} < m+ 2

N
−1t� N ≥ 3�[ max{1−α, 1−β} < m+ 2

N
−1,UÆ m > 2 − 2

N
t m ≤ 1 {�����2z�[_�m�=	�l� Xu ? [39] zp-(�sX��H�9 m > 0, α > 0, β ≥ 0 {�o����m�=	�l��Dp�?7�=4{�N+�Kp6RAOJh!xF ({ g(u) = uγ) =3� (1.1), Dai i Liu[40] <;9 max{1 − α + γ, 1 − β + γ} − m < 2

N
, t� max{1 − α + γ, 1 − β + γ} < k, t�

max{1− α+ γ, 1 − β + γ} = k �[ µ > 0 ��4{�3� (1.1) 2z��m�=℄B��/(��Dz0?Æp�?7�=��N+�
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3 �!am��=m�r�[*	 (u0, v0, w0) A��	 (1.6). �w

D,H, S i g A��	 (1.2)–(1.5), |
(i) 9 0 < γ ≤ 2

3 {�m α > γ − k+ 1 �[ β > 1− k, 3� (1.1) 2z��m�=℄B�
(u, v, w).

(ii)9 2
3 < γ ≤ 1{�m α > γ−k+ 1

e
+1�[ β > max{ (3γ−2)(3γ+2k−2)

6 −k+1,
(3γ−2)(γ+1

e
)

3 −
k + 1}, t� α > γ − k + 1 �[ β > max{ (3γ−2)(3γ+2k−2)

6 − k + 1, (3γ−2)(α+k−1)
3 − k + 1}, 3� (1.1) 2z��m�=℄B� (u, v, w).

2 U [E�=�5DZ,℄B�= �2zO�d�S; 2.1[31,38] � Ω ⊂ R
N (N ≥ 1)�!am��=m�r��wE/ 1.1=�	%2�|2z"	 Tmax ∈ (0,∞] 
z �℄B� (u, v, w) A�





u ∈ C0(Ω × [0, Tmax)) ∩ C2,1(Ω × [0, Tmax)),

v ∈ C0(Ω × [0, Tmax)) ∩ C2,1(Ω × [0, Tmax)),

w ∈ C2,1(Ω × [0, Tmax)),

(2.1)UÆ u, v ≥ 0 z Ω × (0, Tmax) s��[ 0 ≤ w ≤ ‖w‖L∞(Ω). ;(�m Tmax <∞, |
lim

t→Tmax

sup(‖u(·, t)‖L∞(Ω) + ‖v(·, t)‖W 1,∞(Ω) + ‖w(·, t)‖W 1,∞(Ω)) = ∞.�;,5D�SZ,_Yh/�& $0? [41–42].S; 2.2 �w z0 ∈ W 2,p(Ω) �[ f ∈ Lp(0, T ;Lp(Ω)), |;F=3�




zt = △z − z + f,

∂z

∂ν
= 0,

v(x, 0) = v0(x),

(2.2)2z*_� z ∈ L
p
loc((0,+∞);W 2,p(Ω)) A� zt ∈ L

p
loc((0,+∞);Lp(Ω)), �[Kp t0 ∈ (0, T ),Im ∫ T

t0

∫

Ω

ept|△z|pdxdt ≤ Cp

∫ T

t0

∫

Ω

ept|f |pdxdt+ Cp‖z(·, t0)‖p

W 2,p(Ω), (2.3)UÆ Cp ��`-p t0 ="	�;F=h/�v73� (1.1) �=_Iv�O
�U�\DO,�p0? [32].S; 2.3 �w (u, v, w) �3� (1.1) =���[ D,H, S i g A��	 (1.2)–(1.5), UÆ 0 < γ ≤ 1, |;F�?%2
(i) 2z"	 C > 0 ~<

‖u(·, t)‖L1(Ω) ≤ Cµ− 1
k−1 , ∀ t ∈ (0, Tmax). (2.4)
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(ii) Kge s ∈ [1, N
(Nγ−2)+

), I2z"	 Cs > 0 ~<
‖v(·, t)‖Ls(Ω) ≤ Cs, ∀ t ∈ (0, Tmax), (2.5)UÆ (Nγ − 2)+ := max{Nγ − 2, 0}.

(iii) �w p > max{Nγ
2 , γ} �[ ‖u(·, t)‖Lp(Ω) ≤ C, |2z"	 Cp > 0 ~<

‖v(·, t)‖L∞(Ω) ≤ Cp, ∀ t ∈ (0, Tmax). (2.6)

(iv) �w q > Nr �[ ‖u(·, t)‖Lq(Ω) ≤ C, |2z"	 Cq > 0 ~<
‖∇v(·, t)‖L∞(Ω) ≤ Cq, ∀ t ∈ (0, Tmax). (2.7)Y K3� (1.1) =A_YQ'z Ω s�NyT�&<

d

dt

∫

Ω

u(x, t)dx ≤ a

∫

Ω

u(x, t)dx− µ

∫

Ω

uk(x, t)dx. (2.8)

Young �?��H
d

dt

∫

Ω

u(x, t)dx+

∫

Ω

u(x, t)dx ≤ (|a| + 1)
k

k−1 |Ω|µ− 1
k−1 , (2.9)�xf� (2.4) �%2�1j Neumann f
d=3SO
�y�k (1.1)2 �i (1.5) �&<

v = et(△−1)v0 +

∫ t

0

et(△−1)g(u)ds ≤ et(△−1)v0 + Cg

∫ t

0

et(△−1)uγds. (2.10)< s ∈ [1, N
(Nγ−2)+

), l (2.10) �
z [42, h/ 1.3(i)] &�Kge= t ∈ (0, Tmax),

‖v(·, t)‖Ls(Ω) ≤ ‖et(△−1)v0‖Ls(Ω) + Cg

∫ t

0

‖e(t−τ)(△−1)(uγ − uγ + uγ)(·, τ)‖Ls(Ω)dτ

≤ C1‖v0‖L∞(Ω) + C1

∫ t

0

e−(t−τ)‖uγ(·, τ)‖Ls(Ω)dτ

+C1

∫ t

0

(1 + (t− τ)−
N
2 (γ− 1

s
))‖uγ(·, τ) − uγ(·, τ)‖

L
1
γ (Ω)

e−λ1(t−τ)dτ, (2.11)UÆ C1 > 0 �_Y"	� uγ(τ) = 1
|Ω|

∫
Ω
uγ(x, τ)dx. l 0 < γ ≤ 1 <

(uγ − uγ)
1
γ ≤ (uγ + uγ)

1
γ ≤ C2(u+ 1), (2.12)UÆ C2 > 0. g/� e (2.12) �i (2.4) �&�

‖uγ(·, τ) − uγ(·, τ)‖
L

1
γ (Ω)

≤ C3, (2.13)UÆ C3 �_Y�"	�� (2.13) �8l (2.11) ��&<
‖v(·, t)‖Ls(Ω) ≤ C4, ∀ t ∈ (0, Tmax), (2.14)��H (2.5) �%2�1j.
=QO^&
<; (2.6) �i (2.7) �����S; 2.4[28] �w (u, v, w) �3� (1.1) =��|Kge= (x, t) ∈ Ω × (0, Tmax), %2
−△w(x, t) ≤ ‖w0‖L∞(Ω)v(x, t) +M, (2.15)UÆ

M := ‖w0‖L∞(Ω) + 4‖∇√
w0‖2

L∞(Ω) +
‖w0‖L∞(Ω)

e
. (2.16)
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3 ,< 1.1 *Z?+�H3� (1.1) 2z��m�=℄B���=Z,;F=h/�+Q�X��� T :=

Tmax.S; 3.1 �w D,H, S 
z g A��	 (1.2)–(1.5), UÆ β > 1 − k, |mj;�d
(i) < α > γ − k + 1

e
+ 1 [ p > max{1, β, 3γ

2 + 1 − k, γ − k + 1
e

+ 1}. m2z"	 Cp > 0A�
‖v(·, t)‖

L
p+k−1
β+k−1 (Ω)

≤ Cp, ∀ t ∈ (0, T ), (3.1)|
‖u(·, t)‖Lp(Ω) ≤ C, ∀ t ∈ (0, T ), (3.2)UÆ C > 0 q"	 Cp, µ m`�

(ii) < α > γ − k + 1 [ p > max{1, α, β}. m2z"	 Cp > 0 A�
‖v(·, t)‖

L
p+k−1
β+k−1 (Ω)

≤ Cp, ∀ t ∈ (0, T ), (3.3)|
‖u(·, t)‖Lp(Ω) ≤ C, ∀ t ∈ (0, T ), (3.4)UÆ C > 0 q{� T 6`�Y z3� (1.1) =A_YQ'5�"& (1 + u)p−1, �[z Ω syT�|m

1

p

d

dt

∫

Ω

(u + 1)pdx

≤ −(p− 1)CD

∫

Ω

(u+ 1)m+p−3|∇u|2dx+ (p− 1)

∫

Ω

(u + 1)p−2H(u)∇u · ∇vdx

+(p− 1)

∫

Ω

(u+ 1)p−2S(u)∇u · ∇wdx +

∫

Ω

(u+ 1)p−1u(a− µuk−1 − λw)dx. (3.5)g+ (u+ 1)k ≤ 2k−1(uk + 1), �

∫

Ω

(u+ 1)p−1u(a− µuk−1 − λw)dx

≤ |a|
∫

Ω

(u+ 1)pdx− µ

2k−1

∫

Ω

(u+ 1)k+p−1dx+ µ

∫

Ω

(u+ 1)p−1dx

≤ − 5µ

6 · 2k−1

∫

Ω

(1 + u)p+k−1dx+ C0, (3.6)UÆ C0 = (3 · 2k+1)
p

k−1 a
p+k−1

k−1 |Ω|µ− p
k−1 + (3 · 2k+1)

p−1
k |Ω|µ. �k (3.5) �i (3.6) �&�

1

p

d

dt

∫

Ω

(u + 1)pdx

≤ (p− 1)

∫

Ω

(u+ 1)p−2H(u)∇u · ∇vdx+ (p− 1)

∫

Ω

(u+ 1)p−2S(u)∇u · ∇wdx

− 5µ

6 · 2k−1

∫

Ω

(1 + u)p+k−1dx+ C0. (3.7)Ef
ϕ(z) :=

∫ z

0

(1 + σ)p−2H(σ)dσ, z ≥ 0.
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(1.3) ��H
0 ≤ ϕ(z) ≤ χ

∫ z

0

(1 + σ)p−α−1dσ,�e/�Kge= z ≥ 0, Im
ϕ(z) ≤





2χ

|p− α| , m p < α,

χ ln(1 + z), m p = α,

χ

p− α
(1 + z)p−α, m p > α.

(3.8) eT�yT&�
(p− 1)

∫

Ω

(1 + u)p−2H(u)∇u · ∇vdx = (p− 1)

∫

Ω

∇ϕ(u) · ∇vdx

≤ (p− 1)

∫

Ω

ϕ(u)|△v|dx. (3.9)℄M (i) �k (3.8) �i (3.9) ��9 γ − k + 1
e

+ 1 < p < α {�m
(p− 1)

∫

Ω

(1 + u)p−2H(u)∇u · ∇vdx ≤ 2χ(p− 1)

|p− α|

∫

Ω

|△v|

≤ 2χ(p− 1)

|p− α|

∫

Ω

|△v| 32 + C1, (3.10)UÆ C1 = 2χ(p−1)|Ω|
|p−α| . 9 p > α {�m

(p− 1)

∫

Ω

(1 + u)p−2H(u)∇u · ∇vdx ≤ χ(p− 1)

p− α

∫

Ω

(1 + u)p−α|△v|dx

≤ µ

3 · 2k

∫

Ω

(1 + u)p+k−1 + C2

∫

Ω

|△v| p+k−1
k+α−1 , (3.11)UÆ C2 = (3 · 2k)

p−α
α+k−1 (χ(p−1)

p−α
)

p+k−1
α+k−1µ− p−α

α+k−1 . 9 p = α {�m
(p− 1)

∫

Ω

(1 + u)p−2H(u)∇u · ∇vdx

≤ (p− 1)χ

∫

Ω

ln(1 + u)|△v|dx

≤ (p− 1)χ

∫

Ω

(1 + u)
1
e |△v|dx

≤ µ

3 · 2k

∫

Ω

(1 + u)p+k−1 + C̃2

∫

Ω

|△v|
e(p+k−1)

e(p+k−1)−1 , (3.12)UÆ C̃2 = (3 · 2k)
1

e(p+k−1)−1 (χ(p− 1))
e(p+k−1)

e(p+k−1)−1µ
− 1

e(p+k−1)−1 .Kge= z ≥ 0, Efg	 ψ(z) =
∫ z

0 (1 + σ)p−2S(σ)dσ. �k (1.4) �i p > β &�
0 ≤ ψ(z) ≤ ξ

p− β
(1 + z)p−β, ∀ z ≥ 0.
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z β > 1 − k, |m
(p− 1)

∫

Ω

(1 + u)p−2S(u)∇u · ∇wdx

= −(p− 1)

∫

Ω

ψ(u) · △wdx

≤ (p− 1)‖w0‖L∞(Ω)

∫

Ω

ψ(u)vdx+ (p− 1)M

∫

Ω

ψ(u)dx

≤ ξ(p− 1)

p− β
‖w0‖L∞(Ω)

∫

Ω

(1 + u)p−βvdx+
ξM(p− 1)

p− β

∫

Ω

(1 + u)p−βdx

≤ µ

3 · 2k−1

∫

Ω

(1 + u)p+k−1dx+ C3

∫

Ω

v
p+k−1
β+k−1 dx+ C4, (3.13)UÆ

C3 = (3 · 2k)
p−β

β+k−1 (
ξ(p− 1)

p− β
‖w0‖L∞(Ω))

p+k−1
β+k−1µ− p−β

β+k−1 ,

C4 = (3 · 2k)
p−β

β+k−1 (
ξk(p− 1)

p− β
)

p+k−1
β+k−1 |Ω|µ− p−β

β+k−1 .

(3.14)9 γ − k + 1
e

+ 1 < p < α {�l (3.1), (3.7), (3.10) �
z (3.13) �&%,
1

p

d

dt

∫

Ω

(1 + u)p ≤ − µ

2k

∫

Ω

(1 + u)p+k−1dx+
2χ(p− 1)

|p− α|

∫

Ω

|△v| 32 dx+ C5, (3.15)UÆ C5 = C3C
p+k−1
β+k−1

0 + C4 + C0 + C1. og+
3

2p

∫

Ω

(1 + u)pdx ≤ µ

3 · 2k−1

∫

Ω

(1 + u)p+k−1dx+ C6, (3.16)UÆ C6 = ( 1
p
)

p+k−1
k−1 (3 · 2k−1)

p
k−1 |Ω|µ− p

k−1 . �
�k (3.15) �i (3.16) ��m
1

p

d

dt

∫

Ω

(1 + u)pdx+
3

2p

∫

Ω

(1 + u)pdx

≤ − µ

3 · 2k

∫

Ω

(1 + u)p+k−1dx+
2χ(p− 1)

|p− α|

∫

Ω

|△v| 32 dx+ C7, (3.17)UÆ C7 = C5 + C6. "	�n[��H
1

p

∫

Ω

(1 + u)pdx ≤ − µ

3 · 2k

∫ t

t0

∫

Ω

e−
3
2 (t−s)(1 + u)p+k−1dxds

+
2χ(p− 1)

|p− α|

∫ t

t0

∫

Ω

e−
3
2 (t−s)|△v| 32 dxds

+
e−

3
2 (t−t0)

p

∫

Ω

(1 + u(·, t0))pdx+ C7

∫ t

t0

e−
3
2 (t−s)ds

≤ − µ

3 · 2k

∫ t

t0

∫ t

t0

∫

Ω

e−
3
2 (t−s)(1 + u)p+k−1dxds

+
2χ(p− 1)

|p− α|

∫ t

t0

∫

Ω

e−
3
2 (t−s)|△v| 32 dxds+

M0

p
+ C7, (3.18)
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∫
Ω
(1 + u(·, t0))pdx. g+ p > 3γ

2 + 1 − k,  eh/ 2.2, Young �?�i (1.5) �&<
2χ(p− 1)

|p− α|

∫ t

t0

∫

Ω

e−
3
2 (t−s)|△v| 32 dxds

≤ 2χ(p− 1)C

|p− α|

∫ t

t0

∫

Ω

e−
3
2 (t−s)u

3γ
2 dxds+

2χ(p− 1)C

|p− α| ‖v(·, t0)‖
3
2

W
2, 3

2 (Ω)

≤ µ

3 · 2k

∫ t

t0

∫

Ω

e−
3
2 (t−s)(u+ 1)p+k−1dxds+ C8, (3.19)UÆ C8 �_Y�"	��k (3.18) �&<

1

p

∫

Ω

(1 + u(·, t))pdx ≤ C9, ∀ t ∈ (0, T ), (3.20)UÆ C9 = M0

p
+ C7 + C8.9 p > α {��e; (3.1), (3.7), (3.11) i (3.13) ��|m

1

p

d

dt

∫

Ω

(1 + u)pdx ≤ − µ

3 · 2k−1

∫

Ω

(1 + u)p+k−1dx+ C2

∫

Ω

|△v|
p+k−1
α+k−1 dx+ C5, (3.21)UÆ C5 = C3C

p+k−1
β+k−1

0 + C4 + C0. Ef
m :=

p+ k − 1

α+ k − 1
,5Dl (3.21) �<;

1

p

d

dt

∫

Ω

(1 + u)pdx+
m

p

∫

Ω

(1 + u)pdx

≤ − µ

3 · 2k

∫

Ω

(1 + u)p+k−1dx+ C2

∫

Ω

|△v|mdx+ C10, (3.22)UÆ C10 = C5 + (3 · 2k)
p

k−1 (m
p

)
p+k−1

k−1 |Ω|µ− p
k−1 . q_h/ 2.2, y�k (3.22) �&<

1

p

∫

Ω

(1 + u)pdx ≤ − µ

3 · 2k

∫ t

t0

∫

Ω

e−m(t−s)(1 + u)p+k−1dxds

+C2

∫ t

t0

∫

Ω

e−m(t−s)|△v|mdxds+
e−m(t−t0)

p

∫

Ω

(1 + u(·, t0))pdx

+C10

∫ t

t0

e−m(t−s)ds

≤ − µ

3 · 2k

∫ t

t0

∫

Ω

e−m(t−s)(1 + u)p+k−1dxds

+C2Cm

∫ t

t0

∫

Ω

e−m(t−s)(1 + u)mγdxds

+C2Cm‖v(·, t0)‖m
W 2,m(Ω) +

M0

p
+ C10. (3.23)g+ α > γ − k + 1

e
+ 1, �
 mγ < p+ k − 1. 1j Young �?�~�&<

C2Cm

∫ t

t0

∫

Ω

e−m(t−s)(1 + u)mγdxds ≤ µ

3 · 2k

∫ t

t0

∫

Ω

e−m(t−s)(1 + u)p+k−1dxds+ C11, (3.24)
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m

(3 · 2k)
mγ

p+k−1−mγ (C2Cm)
p+k−1

p+k−1−mγ |Ω|µ− mγ
p+k−1−mγ . � (3.24) �8l (3.23) ��&�

1

p

∫

Ω

(1 + u(·, t))pdx ≤ C12, ∀ t ∈ (0, T ), (3.25)UÆ C12 = C2Cm‖v(·, t0)‖m
W 2,m(Ω) + M0

p
+ C10 + C11.9 p = α {��k (3.1) �� (3.7) �� (3.12) �i (3.13) �&<

1

p

d

dt

∫

Ω

(1 + u)pdx ≤ − µ

3 · 2k−1

∫

Ω

(1 + u)p+k−1dx + C̃2

∫

Ω

|△v|
e(p+k−1)

e(p+k−1)−1 dx+ C5. (3.26)Ef
m̃ :=

e(p+ k − 1)

e(p+ k − 1) − 1
,.
 (3.23) �� e~�id�H

1

p

∫

Ω

(1 + u)pdx ≤ − µ

3 · 2k

∫ t

t0

∫

Ω

e−m̃(t−s)(1 + u)p+k−1dxds

+C̃2Cm̃

∫ t

t0

∫

Ω

e−m̃(t−s)(1 + u)m̃γdxds

+C̃2Cm̃‖v(·, t0)‖m̃
W 2,m̃(Ω) +

M0

p
+ C̃10, (3.27)UÆ C̃10 = C5+(3 ·2k)

p
k−1 ( m̃

p
)

p+k−1
k−1 |Ω|µ− p

k−1 . lp α = p > γ−k+ 1
e
+1,|m m̃γ < p+k−1.

Young �?��H
C̃2Cm̃

∫ t

t0

∫

Ω

e−m̃(t−s)(1 + u)m̃γdxds

≤ µ

3 · 2k

∫ t

t0

∫

Ω

e−m̃(t−s)(1 + u)p+k−1dxds+ C̃11, (3.28)UÆ C̃11 = 1
m̃

(3 · 2k)
m̃γ

p+k−1−m̃γ (C̃2Cm̃)
p+k−1

p+k−1−m̃γ |Ω|µ− m̃γ
p+k−1−m̃γ . � (3.28) �8l (3.27) ��&<

1

p

∫

Ω

(1 + u(·, t))pdx ≤ C̃12, ∀ t ∈ (0, T ), (3.29)UÆ C̃12 = C̃2Cm̃‖v(·, t0)‖m̃
W 2,m̃(Ω)

+ M0

p
+ C̃10 + C̃11.℄M (ii) 9 p > α �[ α > γ − k + 1 {�Ef

m :=
p+ k − 1

α+ k − 1
, (3.30).
 (3.23) ��id�H

1

p

∫

Ω

(1 + u)pdx ≤ − µ

3 · 2k

∫ t

t0

∫

Ω

e−m(t−s)(1 + u)p+k−1dxds

+C2Cm

∫ t

t0

∫

Ω

e−m(t−s)(1 + u)mγdxds

+C2Cm‖v(·, t0)‖m
W 2,m(Ω) +

M0

p
+ C10. (3.31)
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1

p

∫

Ω

(1 + u(·, t))pdx ≤ C13, ∀ t ∈ (0, T ), (3.32)UÆ C13 > 0 �_Y"	����S; 3.2 �w D,H, S i g A��	 (1.2)–(1.5). |;F�?%2
(I) m 0 < γ ≤ 2

3 , α > γ−k+1�[ β > 1−k,|2z"	 C > 0,~<Kge t ∈ (0, T ),Im ‖v(·, t)‖W 1,∞(Ω) ≤ C.

(II) m 2
3 < γ ≤ 1, α > γ− k+ 1

e
+ 1 �[ β > max{ (3γ−2)(3γ+2k−2)

6 − k+ 1,
(3γ−2)(γ+ 1

e
)

3 −
k + 1}, t� α > γ − k + 1 �[ β > max{ (3γ−2)(3γ+2k−2)

6 − k + 1, (3γ−2)(α+k−1)
3 − k + 1}, |2z"	 C > 0, ~<Kge t ∈ (0, T ), Im ‖v(·, t)‖W 1,∞(Ω) ≤ C.Y Kp 0 < γ ≤ 2

3 =℄M�lh/ 2.3(i), (ii) &<Kge= s ≥ 1, m
‖v(·, t)‖Ls(Ω) ≤ C14, ∀ t ∈ (0, T ). (3.33)b p1 > max{ 3γ

2 , 1, α, β}, �e/� p1+k−1
β+k−1 > 1, g/l (3.33) �&<

‖v(·, t)‖
L

p1+k−1
β+k−1 (Ω)

≤ C15, ∀ t ∈ (0, T ). (3.34)y�kh/ 3.1(ii), &�
‖u(·, t)‖Lp1(Ω) ≤ C16, ∀ t ∈ (0, T ). (3.35)lp p1 >

3γ
2 , g/&
 eh/ 2.4(iii) <;

‖v(·, t)‖L∞(Ω) ≤ C17, ∀ t ∈ (0, T ). (3.36)y01jh/ 3.1(ii) �[< p2 > max{3γ, 1, α, β}, &<
‖u(·, t)‖Lp2(Ω) ≤ C18, ∀ t ∈ (0, T ). (3.37)h/ 2.3(iv) �H
‖∇v(·, t)‖L∞(Ω) ≤ C19, ∀ t ∈ (0, T ), (3.38)�xf7℄M (I) %2�Kp 2

3 < γ ≤ 1 =℄M�lp β >
(3γ−2)(3γ+2k−2)

6 − k + 1 �[ β >
(3γ−2)(γ+1

e
)

3 − k + 1,&�
3γ

2
<

3

3r − 2
(β + k − 1) + 1 − k,

γ − k +
1

e
+ 1 <

3

3γ − 2
(β + k − 1) + 1 − k,

β <
3

3r − 2
(β + k − 1) + 1 − k.

(3.39)b max{ 3γ
2 , γ − k + 1

e
+ 1, β} < p3 <

3
3r−2(β + k − 1) + 1 − k, |m

p3 + k − 1

β + k − 1
∈ (1,

3

3γ − 2
). (3.40)
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<;
‖v(·, t)‖

L
p3+k−1
β+k−1 (Ω)

≤ C20, ∀ t ∈ (0, T ). (3.41)�kh/ 3.1(i) 
z k > 1, &�
‖u(·, t)‖Lp3(Ω) ≤ C21, ∀ t ∈ (0, T ). (3.42)lp p3 >

3γ
2 , 1jh/ 2.4(iii), &
<;

‖v(·, t)‖L∞(Ω) ≤ C22, ∀ t ∈ (0, T ). (3.43)y0~jh/ 3.1(i) �[< p4 > max{3γ, γ − k + 1
e

+ 1, β}, �N�H
‖u(·, t)‖Lp4(Ω) ≤ C23, ∀ t ∈ (0, T ). (3.44)�kh/ 2.3(iv), &�
‖∇v(·, t)‖L∞(Ω) ≤ C24, ∀ t ∈ (0, T ). (3.45).
��m β > max{ (3γ−2)(3γ+2k−2)

6 − k + 1, (3γ−2)(α+k−1)
3 − k + 1}, Tb p5 A��	

max{3γ

2
, α, β} < p5 <

3

3r − 2
(β + k − 1) + 1 − k, (3.46)|m p5+k−1

β+k−1 ∈ (1, 3
3γ−2). h/ 2.3(iii)ih/ 3.1(ii)�H ‖u‖Lp5(Ω) ≤ C25 i ‖v‖L∞(Ω) ≤ C26.y01jh/ 3.1(ii) �[< p6 > max{3γ, α, β}, &� ‖u(·, t)‖Lp6(Ω) ≤ C27. yM� eh/

2.3(iv) &< ‖∇v(·, t)‖L∞(Ω) ≤ C28, �xf7℄M (II) %2����+; 1.1 (Y> 1jh/ 3.2, y�k�I= Moser-Alikakos D8}� [32−33,39] &�
‖u‖L∞(Ω) =_�m�O�y�kh/ 2.1, �&)%E/ 1.1 =�H�# 8 I K

[1] Winkler M. Does a ‘volume-filling effect’ always prevent chemotactic collapse? Math Methods Appl Sci,

2010, 33: 12–24

[2] Tao Y, Winkler M. Boundedness in a quasilinear parabolic-parabolic Keller-Segel system with subcritical

sensitivity. J Differential Equations, 2012, 252: 692–715

[3] Ishida S, Seki K, Yokota T. Boundedness in quasilinear Keller-Segel systems of parabolic-parabolic type

on non-convex bounded domains. J Differential Equations, 2014, 256: 2993–3010
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Global Boundedness in a Chemotaxis-Haptotaxis Model with

Nonlinear Diffusion and Signal Production

1Jia Zhe 2,3Yang Zuodong
(1School of Mathematics and Statistics, Linyi University, Shandong Linyi 276005;

2School of Teacher Education, Nanjing Normal University, Nanjing 210097;
3School of Teacher Education, Nanjing University of Information Science and Technology, Nanjing 210044)

Abstract: This paper is concerned with an initial–boundary value problem for the following

chemotaxis-haptotaxis model





ut = ∇ · (D(u)∇u) − χ∇ · ( u

(1 + u)α
∇v) − ξ∇ · ( u

(1 + u)β
∇w) + u(a− µuk−1 − λw),

vt = △v − v + uγ , x ∈ Ω, t > 0,

wt = −vw, x ∈ Ω, t > 0,

under homogenous Neumann boundary condition in a bounded domain Ω ⊂ R
3, with χ, ξ, µ, λ,

γ > 0, k > 1, a ∈ R, and D(u) ≥ CD(u+ 1)m−1 for CD > 0,m ∈ R. It is shown that

(i) For 0 < γ ≤ 2
3 , if α > γ − k + 1 and β > 1 − k, there is a classical solution (u, v, w)

which is globally bounded to the above problem.

(ii) For 2
3 < γ ≤ 1, if α > γ − k + 1

e
+ 1 and

β > max{ (3γ − 2)(3γ + 2k − 2)

6
− k + 1,

(3γ − 2)(γ + 1
e
)

3
− k + 1},

or α > γ − k + 1 and

β > max{ (3γ − 2)(3γ + 2k − 2)

6
− k + 1,

(3γ − 2)(α+ k − 1)

3
− k + 1},

there is a classical solution (u, v, w) which is globally bounded to the above problem.
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