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(S) ���Q� (I) 0kmQ� (V ) 7�&d'1��}i SIVS 8LS���{12~d�S�[J�D�-�d[�"
^
g�%s� �A1�dS"O�Q;|[�_Da�!�B^k8L��w�XhKy=[q
,-�E^p [13] kO[[^	�0
H�S^�y(f��A1���3�q
�f[8L�}i SIRI S���A1p[8L3r
�8L;|
0S";ÆME[pgn(�so8�3Dt�	vC[hKYW1�"d`�,0W3�ME[=�Da�#���.uS"E'[�yH�+u3�,[
H� (�m�>iIkX3-[8L*:�G30,�Bf$(��V-�"),B3�mqkPT-0�[3�H��76Xb��.H� [14−15]. Eo��Hk�4qS"[E'*Um�p6�Yi	^*4[��.ujP�
 Covid-19, SARS, 8�^�T��*4[�>iIk,-+X3-�+℄SH_0,�Bf�N,m8L
�*I�~�QEE�"dS*:kB0MarkovrCN,m8L
�
^p [16–17]^��^^B0 MarkovrCN,3�H��d'�3�q
8L�fQ=�km1A[E�"S��%G* �ga	,-� Chebyshev’s+^!�Has’minskii�B�qP-d�^�z�{S�[;|
�O�
0�"
^
g�
2 8O�'3;	X [18] ^	�A1vCLd (�yy=^℄[vCG3%eX'[�j�KrCF6�℄�La-�,) j�3�q
w">[8L SIVS E�"S�






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













dS = [(1 − qr(t))Ar(t) − βr(t)f(S(t)g(I(t)) − (µr(t) + pr(t))S(t) + γr(t)I(t)

+εr(t)V (t)]dt + σ1r(t)S(t)dB1(t),

dI = [βr(t)f(S(t)g(I(t)) − (µr(t) + γr(t) + αr(t))I(t)]dt + σ2r(t)I(t)dB2(t),

dV = [qr(t)Ar(t) + pr(t)S(t) − (µr(t) + εr(t))V (t)]dt + σ3r(t)V (t)dB3(t),

(2.1)mk S(t), I(t), V (t) � X t ��#�	����	�Qkm$M7IYK$	�[-0�
qr(t) X��s[km>�Ar(t) X	��+Æ>�βr(t) XS"E'>�µr(t) X}�1R>�
pr(t) X#�Q[kmK$>� αr(t) X*S"J7[1R>� γr(t) XFQ[

>� εr(t)X

Q[K$�|>� r(t) XQ��>�℄ (Ω,F , {Ft}t≥0, P) �[6+ÆDt�	-�<[y=�℄X ~ = {1, 2, 3 · · · , N}. d(Dt�	-[�7> Γ = (γij)N×N X

P{r(t + △) = j|r(t) = i} =







γij△ + ◦(△), i 6= j,

1 + γij△ + ◦(△), i = j,mk △ > 0, γij ≥ 0(i 6= j) %L i W j [v �>� γii = − ∑

i6=j

γij . �QG*o,- f 0 g���
[\��>B1S� (1.1) p[�"d`�,
gQO�
0d�;|
�+[�Z�U g(I(t)) = Im �� g(I)
I

= Im−1, � m > 1,L g(I)
I
"8 I S
�^��Q\oIv�v�>B�J8I��^^Æ;�3vCLd[�q
w"> β(r(t))SIm(m > 1)Q�q
8L�fw

S(σ11(r(t)) + σ12(r(t))S)dB1(t), I(σ21(r(t)) + σ22(r(t))I)dB2(t),

V (σ31(r(t)) + σ32(r(t))V )dB3(t).



1220 - � f � � � Vol.41Ad'
j SIVS S�















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


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





















dS = [(1 − q(r(t)))A(r(t)) − β(r(t))SIm − (µ(r(t)) + p(r(t)))S

+γ(r(t))I + ε(r(t))V ]dt + S(σ11(r(t)) + σ12(r(t))S)dB1(t),

dI = [β(r(t))SIm − (µ(r(t)) + γ(r(t)) + α(r(t)))I]dt

+I(σ21(r(t)) + σ22(r(t))I)dB2(t),

dV = [q(r(t))A(r(t)) + p(r(t))S − (µ(r(t)) + ε(r(t)))V ]dt

+V (σ31(r(t)) + σ32(r(t))V )dB3(t),

(2.2)

mk Bi(t) (i = 1, 2, 3) X�z,�Bf� σij(i = 1, 2, 3, j = 1, 2) X
H�qk�m:0-;S� (2.1) k[%(tJ�s\�,�Bf Bi(t) j'8Dt�	- r(t), v�.\� r(t) +���T�QDt�	- r(t)3W�[d`�, π = {π1, π2, · · · , πN}.d`�,E N
∑

h=1

πh = 10 πh > 0 [v�j2 πΓ ~d�mk h ∈ ~. �^\� i 6= j, γij > 0.X1>B���\� A(r(t)), β(r(t)), µ(r(t)), γ(r(t)) XW3-�m:0-X�Æ3-�s q(r(t)) < 1, X R
n
+ = {(x1, x2, · · · , xn) ∈ R

n : xi > 0, i = 1, 2, · · · , n}. o8
%[y0
g = {g(1), g(2), · · · g(N)}, d( ĝ = min

k∈~

{g(k)} 0 ǧ = max
k∈~

{g(k)}. o [0, +∞] �[�O,- f,d(
〈f〉t =

1

t

∫ t

0

f(s)ds, fu = sup
t∈[0,∞]

f(t), f l = inf
t∈[0,∞]

f(t).C1�m�yH�P�Eo�k��y[pj�>�%.uE�"E'[��n�*4�J8hK (2.2), :A3�H��
Hd'
j�3pjh-[�}iE�"S�


























dS = [(1 − q(t))A(t) − β(t)SIm − (µ(t) + p(t))S + γ(t)I + ε(t)V ]dt

+S(σ11(t) + σ12(t)S)dB1(t),

dI = [β(t)SIm − (µ(t) + γ(t) + α(t))I]dt + I(σ21(t) + σ22(t)I)dB2(t),

dV = [q(t)A(t) + p(t)S − (µ(t) + ε(t))V ]dt + V (σ31(t) + σ32(t)V )dB3(t),

(2.3)mk;3h-�XW T - pj+Æ,-�X1>BS� (2.2)–(2.3) [
g�
H,Æ
jnB�)mÆ;8LU��:






dx(t) = f(x(t), t)dt + g(x(t), t)dB(t),

x(0) = x0.
(2.4)X1 2.1[19] \�hK (2.4) [h-E t �% T - pj[�sF�q
M4Da0EG��y< Dl × [0,∞), l > 0 F� Lipschitz Da�v�.\�ME��,- V = V (t, x) E

Rn × [0,∞) �o x %vK+Æ�U[�o t %�K+Æ�U[�E t �% T - pj[sF�j3Da
i) inf

‖x‖>l
V (t, x) → ∞, U l → ∞,

ii) LV (t, x) ≤ −1, ‖x‖ > l,LhK (2.4) ME T - pjp�U�6| L 2j!d(
L = Vt + Vxf(x, t) +

1

2
Trace[gT (t)Vxxg(x, t)],
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Vt =

∂V

∂t
, Vx = (

∂V

∂x1
, Vx =

∂V

∂x2
, · · · , Vx =

∂V

∂xN

), Vxx(
∂2V

∂xi∂xj

)n×n.X1�Ay=vCjU��:[n(�d(
j�:






dX(t) = f(X(t), r(t))dt + g(X(t), r(t))dB(t),

x(0) = x0, r(0) = r0,
(2.5)mk f : R

n×~ → R
n, g : R

n×~ → R
n×l.� A(x, k) = g(x, k)gT (x, k) = (Aij)n×n, V : R×~ →

R
n �Xvl+Æ�U,-�d(6|

L =
n

∑

i=1

fi(x, k)
∂

∂xi

+
1

2

n
∑

i,j=1

Aij

∂2

∂xixj

+
∑

i6=k∈~

γki[V (x, i) − V (x, k)].X1 2.2[20] �F�!jDa
i) o
%[ i 6= j, γij > 0,

ii) o8
%[ k ∈ ~, D(x, k) = (dij(x, k)) %o6[�so8
%[ x, ξ ∈ R
n F�

σ|ξ|2 ≤ 〈D(x, k)ξ, ξ〉 ≤ σ−1|ξ|2, mk3- σ ∈ [0, 1],

iii) ME����[�P D, o8
%[ k ∈ ~, MEvl+Æ�U[�Æ,- V (·, k) :

Dc → R, U α > 0 ��o
%[ (x, k) ∈ Dc × ~, 3 LV (·, k) ≤ −α,LhK (2.5) %�"0W3�[��~%03W�[d`�, µ(·, ·), o
% Borel �2,-
f : R × ~ → R

n F� N
∑

k=1

∫

Rn |f(x, k)|µ(dk, k) < +∞, 3
P

{

lim
t→∞

1

t

∫ t

0

f(X(s), r(s))ds =

N
∑

k=1

∫

Rn

|f(x, k)|µ(dk, k)

}

= 1.

3 HB (2.3) �A$[*Q��+QT%�:�_d;)��\Q�V 1[13] �o8
%[ δ ∈ (0, 1) MEW3- ς = ς(δ), �Yo8
%? _ X(0) =

X0 ∈ R
3
+, hK (2.3) [p X(t) �3!j
g

lim inf
t→∞

P[|X(t)| > ς] < δ,L6 X(t) %8L�l3r[��V 2[21] �o8
%[ δ ∈ (0, 1) ME�oW3- ς = ς(δ), χ = χ(δ), �Yo8
%? _ X(0) = X0 ∈ R
3
+, hK (2.3) [p X(t) �3!j
g

lim inf
t→∞

P[|X(t)| ≤ ς] ≥ 1 − δ, lim inf
t→∞

P[|X(t)| > χ] ≥ 1 − δ,L6 X(t) %8L;|[�d(0-
λ1 = µl − (σ2u

12 ∨ σ2u
22 ∨ σ2u

32 ),

C = Au + 2(σu
11σ

u
12 ∨ σu

21σ
u
22 ∨ σu

31σ
u
32) +

1

4Al
(µl + µu + αu + (σ2u

11 ∨ σ2u
21 ∨ σ2u

31 )

−(σ2u
12 ∨ σ2u

22 ∨ σ2u
32 ))2.
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%[?_ (S(0), I(0), V (0)) ∈ R
3
+, hK (2.3) [p8L�l3rs8L;|�` d( V = N + 1

N
, N = S+I+V,o8X(t) ∈ R

3
+,U |X(t)| → ∞��L V (X(t)) → ∞.�� Itô �!�Y

LV = A(t) − µ(t)N − α(t)I − 1

N2
(A(t) − µ(t)N − α(t)I) +

1

N3
[S2(σ11(t) + σ12(t)S)2

+I2(σ21(t) + σ22(t)I)2 + V 2(σ31(t) + σ32(t)V )2]

≤ Au − µlN − Al

N2
+

µu

N
+

αu(S + I + V )

N2
+

1

N3

[

(σ2u
11 ∨ σ2u

21 ∨ σ2u
31 )N2

+(2σu
11σ

u
12S

2 + 2σu
21σ

u
22I

3 + 2σu
31σ

u
32V

3)N3 + (σ2u
12 ∨ σ2u

22 ∨ σ2u
32 )N4

]

≤ Au − µlN − Al

N2
+

µu

N
+

αu

N
+

1

N3

[

(σ2u
11 ∨ σ2u

21 ∨ σ2u
31 )N2

+2(σu
11σ

u
12 ∨ σu

21σ
u
22 ∨ σu

31σ
u
32)N

3 + (σ2u
12 ∨ σ2u

22 ∨ σ2u
32 )N4

]

≤ Au − µlN − Al

N2
+

µu

N
+

αu

N
+

(σ2u
11 ∨ σ2u

21 ∨ σ2u
31 )

N
+ 2(σu

11σ
u
12 ∨ σu

21σ
u
22 ∨ σu

31σ
u
32)

+(σ2u
12 ∨ σ2u

22 ∨ σ2u
32 )N

≤ −[µl − (σ2u
12 ∨ σ2u

22 ∨ σ2u
32 )](N +

1

N
) + Au + 2(σu

11σ
u
12 ∨ σu

21σ
u
22 ∨ σu

31σ
u
32) −

Al

N2

+
1

N

(

µl + µu + αu + (σ2u
11 ∨ σ2u

21 ∨ σ2u
31 ) − (σ2u

12 ∨ σ2u
22 ∨ σ2u

32 )
)

≤ −λ1V + Au + 2(σu
11σ

u
12 ∨ σu

21σ
u
22 ∨ σu

31σ
u
32) − Al

(

l

N2
− E

NAl
+

E2

4A2l

)

+
E2

4Al

≤ −λ1V + Au + 2(σu
11σ

u
12 ∨ σu

21σ
u
22 ∨ σu

31σ
u
32) − Al

(

l

N
− E

2Al

)2

+
E2

4Al

≤ −λ1V + C,mk E = (µl + µu + αu + (σ2u
11 ∨ σ2u

21 ∨ σ2u
31 ) − (σ2u

12 ∨ σ2u
22 ∨ σ2u

32 )).%℄{
E

[

eλ1tV (t)
]

= E[V (0)] + E

[ ∫ t

0

eλ1s[λ1V (s) + LV (s)]ds

]

≤ E[V (0)] + CE

[ ∫ t

0

eλ1sds

]

≤ E[V (0)] +
C

λ1

[

eλ1t − 1
]

.*I
E[V (t)] ≤ e−λ1t

E[V (0)] +
C

λ1

[

1 − eλ1t
]

≤ E[V (0)] +
C

λ1
=: H.�{��P[3- ς, �Y C

λ1ς
< 1, B0 Chebyshev’s +^!Y

P

{

N +
1

N
> ς

}

≤ 1

ς
E

[

N +
1

N

]

≤ 1

ς

[

e−λ1t
E[V (0)] +

C

λ1

[

1 − eλ1t
]

]

≤ H

ς
.%℄{

lim sup
t→∞

P

{

N +
1

N
> ς

}

≤ 1

ς
lim sup

t→∞
E

[

N +
1

N

]

≤ C

λ1ς
=: δ.
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lim sup

t→∞
P{N > ς} ≤ lim sup

t→∞
P

[

N +
1

N
> ς

]

≤ δ.o8 |X | ≤ N, 3
lim sup

t→∞
P[|X | ≤ ς] < δ.�2_

lim inf
t→∞

P{N > ς} ≤ δ, lim inf
t→∞

P

{

1

N
> ς

}

≤ δ.;!
lim inf
t→∞

P{N ≤ ς} ≥ 1 − δ, lim inf
t→∞

P

{

N√
3
≥ 1√

3ς

}

≥ 1 − δ.u%W N ≥ |X | ≥ N√
3
, L3

lim inf
t→∞

P{|X | ≤ ς} ≥ 1 − δ, lim inf
t→∞

P

{

|X | ≥ 1√
3ς

}

≥ 1 − δ.d� 3.1 Z��jL�{hK (2.3) pjp[ME
�d(0-
Rs

0 =

〈

√

(1 − q(t))A(t)β(t)
〉2

T
〈

µ(t) + p(t) + σ2
11(t) +

2σ2u

12
(A(t)+(γ(t)+ε(t))λ2)

σl

11
σl

12

〉

T

〈

µ(t) + γ(t) + α(t) + 1
2σ2

21(t)
〉

T

.�1 3.2 U Rs
0 > 1 ��hK (2.3) b�ME���d|W T - pjp�` ��d� 3.1 [ZQ�℄�o8
%[ 0 < δ < 1, ME Ωδ ∈ Ω, F� P{Ωδ} ≥ 1− δ,%so8;3[ ω ∈ Ωδ i3 N < H

δ
=: λ2, d(,-

V = K(V1 + ω(t)) + V2 + V3,mk V1 = −k1 lnS − k2 ln I + k3(σ
l
11 + σl

12S)n, V2 = − lnS − lnV, V3 = 1
θ
(S + I + V )θ,

k1 =
〈(1 − q)A〉T

〈

µ(t) + p(t) + σ2
11(t) +

2σ2u

12
(A(t)+(γ(t)+ε(t))λ2)

σl

11
σl

12

〉

T

,

k2 =
〈(1 − q)A〉T

〈

µ(t) + γ(t) + α(t) + 1
2σ2

21(t)
〉

T

, k3 =
2k1σ

2u
12

n(1 − n)σ2l
12(σ

l
11)

n
, K, n, θ�XW3-�s n < 1, θ < 1. B0 Itô �!�Y

LV1 = −k1

S

(

(1 − q(t))A(t) − β(t)SIm − (µ(t) + p(t))S + γ(t)I + ε(t)V
)

−k2

I

(

β(t)SIm − (µ(t) + γ(t) + α(t))I
)

+
k1

2
(σ11(t) + σ12(t)S)2

+
k2

2
(σ21(t) + σ22(t)I)2 + k3nσl

12

[

A(t)(σl
11 + σl

12S)n−1 − q(t)A(t)(σl
11 + σl

12S)n−1

−β(t)SIm(σl
11 + σl

12S)n−1 − (µ(t) + p(t))S(σl
11 + σl

12S)n−1 + γ(t)I(σl
11 + σl

12S)n−1

+ε(t)V (σl
11 + σl

12S)n−1
]

− k3

2
n(1 − n)σ2l

12S
2(σl

11 + σl
12S)n−2(σ11(t) + σ12(t)S)2
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≤ −k1

S
((1 − q(t))A(t) + k1

(

µ(t) + p(t) + σ2
11(t) +

2σ2u
12 A(t)

(1 − n)σl
11σ

l
12

)

+
2k1σ

2u
12

(1 − n)σl
11σ

l
12

(γ(t)I + ε(t)V ) + k2

(

µ(t) + γ(t) + α(t) +
1

2
σ2

21(t)
)

−k2β(t)SIm−1 +
k2

2
σ2

22(t)I
2 + k2σ21(t)σ22(t)I + k1β(t)Im

≤ −2
√

k1k2(1 − q(t))A(t)β(t) + k2β(t)S + k1

(

µ(t) + p(t) + σ2
11(t)

+
2σ2u

12 (A(t) + (γ(t) + ε(t))λ2)

(1 − n)σl
11σ

l
12

)

+ k2

(

µ(t) + γ(t) + α(t) +
1

2
σ2

21(t)
)

−k2β(t)SIm−1 +
k2

2
σ2

22(t)I
2 + k2σ21(t)σ22(t)I + k1β(t)Im

= : −R0(n, t) + k2β(t)S − k2β(t)SIm−1 +
k2

2
σ2

22(t)I
2 + k2σ21(t)σ22(t)I + k1β(t)Im,mk

R0(n, t) = 2
√

k1k2(1 − q(t))A(t)β(t) − k1

(

µ(t) + p(t) + σ2
11(t)

+
2σ2u

12 (A(t) + (γ(t) + ε(t))λ2)

(1 − n)σl
11σ

l
12

)

− k2

(

µ(t) + γ(t) + α(t) +
1

2
σ2

21(t)
)

.Lr3
L(V1 + ω(t)) ≤ −R0(n, t) + k2β(t)S − k2β(t)SIm−1 +

k2

2
σ2

22(t)I
2

+k2σ21(t)σ22(t)I + k1β(t)Im + ω′(t).� ω(t) % T - pj,-%sF� ω′(t) = R0(t)−〈R0〉T ,�{��|[ n� R0(n, t) > 0,U n → 0 ���Y
L(V1 + ω(t)) ≤ −〈R0〉T + k2β

uS − k2β
lSIm−1 +

k2

2
σ2u

22 I2 + k2σ21(t)σ22(t)I + k1β
uIm

= −2〈(1 − q(t))A〉T
(

(Rs
0)

1

2 − 1
)

+ k2β
uS − k2β

lSIm−1 +
k2

2
σ2u

22 I2

+k2σ21(t)σ22(t)I + k1β
uIm.�2_

LV2 = − 1

S

[

(1 − q(t))A(t) − β(t)SIm − (µ(t) + p(t))S + γ(t)I + ε(t)V
]

− 1

V

[

q(t)A(t) + p(t)S − (µ(t) + ε(t))V
]

+
1

2
(σ11(t) + σ12(t)S)2

+
1

2
(σ31(t) + σ32(t)V )2

≤ − (1 − q)A

S
+ βIm − p

S

V
+ σ2u

12 S2 + σ2u
32 V 2 + 2µu + pu + εu + σ2u

11 + σ2u
31 ,

LV3 = (S + I + V )θ−1(A(t) − µ(t)(S + I + V ) − α(t)I) − 1

2
(1 − θ)(S + I + V )θ−2

×
[

S2(σ11(t) + σ12(t)S)2 + I2(σ21(t) + σ22(t)I)2 + V 2(σ31(t) + σ32(t)V )2
]

≤ (S + I + V )θ−1(A(t) − µ(t)(S + I + V ) − α(t)I)
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−1

2
(1 − θ)(S + I + V )θ−2

(

σ2
12S

4 + σ2
22I

4 + σ2
32V

4
)

≤ − 1

54
(1 − θ)Θ2(S + I + V )θ+2 − µl(S + I + V )θ +

Au

S1−θ
,mk Θ2 = σ2l

12 ∧ σ2l
22 ∧ σ2l

32. J8�,�g��Y
LV ≤ −2K〈(1 − q)A〉T

(

(Rs
0)

1

2 − 1
)

+ Kk2β
uS − Kk2β

lSIm−1 +
Kk2

2
σ2u

22 I2

+Kk2σ21σ22I + Kk1β
uIm − (1 − q)A

S
+ βIm − p

S

V
+ σ2u

12 S2 + σ2u
32 V 2 + 2µu + pu

+εu + σ2u
11 + σ2u

31 − 1

54
(1 − θ)Θ2(S + I + V )θ+2 − µl(S + I + V )θ +

Au

S1−θ

= −2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+ F + Kk2β
uS − Kk2β

lSIm−1 +
Kk2

2
σ2u

22 I2

+Kk2σ21σ22I + Kk1β
uIm − p

S

V
− (1 − q)A

S
+ βIm + σ2u

12 S2 + σ2u
32 V 2

− 1

54
(1 − θ)Θ2(S + I + V )θ+2 − µl(S + I + V )θ +

Au

S1−θ

≤ −2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+
Kk2

2
σ2u

22 I2 + Kk2β
uλ2 + Kk2σ

u
21σ

u
22I

−Kk2β
lSIm−1 + Kk1β

uIm + F − (1 − qu)Al

S
+ βuIm + σ2u

12 S2 + σ2u
32 V 2

− 1

54
(1 − θ)Θ2S

θ+2 − 1

54
(1 − θ)Θ2I

θ+2 − 1

54
(1 − θ)Θ2V

θ+2 − pl S

V

−µl(S + I + V )θ +
Au

S1−θ

≤ −2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+
Kk2

2
σ2u

22 I2 + Kk2β
uλ2 + Kk2σ

u
21σ

u
22I

−Kk2β
lSIm−1 + Kk1β

uλm−1
2 I + F − (1 − qu)Al

S
+ βuλm−1

2 I + σ2u
12 S2 + σ2u

32 V 2

− 1

54
(1 − θ)Θ2S

θ+2 − 1

54
(1 − θ)Θ2I

θ+2 − 1

54
(1 − θ)Θ2V

θ+2

−pl S

V
− µl(S + I + V )θ +

Au

S1−θ

= : −2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+ F + f1(I) + f2(S) + f3(V ) + g(S)

−µl(S + I + V )θ − Kk2β
lSIm−1 − pl S

V
,mk

f1(I) = −1 − θ

54
Θ2I

θ+2 +
Kk2

2
σ2u

22 I2 + K(k2σ
u
21σ

u
22 + k1β

uλm−1
2 )I + Kk2β

uλ2 + βuλm−1
2 I,

f2(S) = −1 − θ

54
Θ2S

θ+2 + σ2u
12 S2, f3(V ) = −1 − θ

54
Θ2V

θ+2 + σ2u
32 V 2,

g(S) = − (1 − qu)Al

S
+

Au

S1−θ
=

Au

S1−θ

(

− (1 − qu)Al

AuSθ
+ 1

)

, F = 2µu + pu + εu + σ2u
11 + σ2u

31 .�{��P[W3- K �Y
−2K〈(1 − q)A〉T ((Rs

0)
1

2 − 1) + F + fu
2 + fu

3 + gu ≤ −2.
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D =

{

(S, I, V ) ∈ R
3
+, ε1 ≤ S ≤ 1

ε1
, ε1 ≤ I ≤ 1

ε1
, ε2 ≤ V ≤ 1

ε2

}

.�K��|[W3- ε1 0 ε2, ε2 = ε2
1, %sF�
j+^!

−2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+ F + gu + f1(ε1) + fu
2 + fu

3 ≤ −1,

−2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+ F + gu + fu
1 + fu

2 + fu
3 − (1 − qu)Al

ε1
+

Au

ε1−θ
1

≤ −1,

−2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+ F + gu + fu
1 + fu

2 + fu
3 − pl 1

ε1
≤ −1,

−2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+ F + gu + f1

( 1

ε1

)

+ fu
2 + fu

3 ≤ −1,

−2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+ F + fu
1 + f2

( 1

ε1

)

+ fu
3 + gu ≤ −1,

−2K〈(1 − q)A〉T
(

(Rs
0)

1

2 − 1
)

+ F + fu
1 + fu

2 + f3

( 1

ε1

)

+ gu ≤ −1.X1>B���f R
3
+ \ D �7!j 6 �y<

D1 = {(S, I, V ) ∈ R
3
+ : 0 < I < ε1}, D2 = {(S, I, V ) ∈ R

3
+ : 0 < S < ε1},

D3 = {(S, I, V ) ∈ R
3
+ : ε1 < S, ε1 < I, 0 < V < ε2}, D4 =

{

(S, I, V ) ∈ R
3
+ :

1

ε1
< I

}

,

D5 =

{

(S, I, V ) ∈ R
3
+ :

1

ε1
< S

}

, D6 =

{

(S, I, V ) ∈ R
3
+ :

1

ε2
< V

}

.n�� Dc =
6
⋃

i=1

Di. jLf� 6 mv�E Dc ZQ LV ≤ −1.

1) U (S, I, V ) ∈ [0,∞) × D1, 3
LV ≤ −2K

〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + f1(I) + f2(S) + f3(V ) + g(S)

≤ −2K
〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + gu + f1(ε1) + fu
2 + fu

3 .

2) U (S, I, V ) ∈ [0,∞) × D2, 3
LV ≤ −2K

〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + f1(I) + f2(S) + f3(V ) + g(S)

≤ −2K
〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + gu + fu
1 + fu

2 + fu
3 − (1 − qu)Al

ε1
+

Au

ε1−θ
1

.

3) U (S, I, V ) ∈ [0,∞) × D3, 3
LV ≤ −2K

〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + f1(I) + f2(S) + f3(V ) + g(S)

≤ −2K
〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + gu + fu
1 + fu

2 + fu
3 − pl 1

ε1
.

4) U (S, I, V ) ∈ [0,∞) × D4, 3
LV ≤ −2K

〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + f1(I) + f2(S) + f3(V ) + g(S)

≤ −2K
〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + gu + f1(
1

ε1
) + fu

2 + fu
3 .
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5) U (S, I, V ) ∈ [0,∞) × D5, 3
LV ≤ −2K

〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + f1(I) + f2(S) + f3(V ) + g(S)

≤ −2K
〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + fu
1 + f2(

1

ε1
) + fu

3 + gu.

6) U (S, I, V ) ∈ [0,∞) × D6, 3
LV ≤ −2K

〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + f1(I) + f2(S) + f3(V ) + g(S)

≤ −2K
〈

(1 − q)A
〉

T

(

(Rs
0)

1

2 − 1
)

+ F + fu
1 + fu

2 + f3(
1

ε1
) + gu.���o
%[ (S, I, V ) ∈ [0,∞) × Dc, 3 LV ≤ −1.

4 :.UWJ��+Q�1 4.1 U R⋆
1 = β̂(1−q̌)Â

λ2(µ̌+p̌)(µ̌+γ̌+α̌+ 1

2
σ̌2

21
+ 1

2
σ̌2

22
λ2

2
)

> 1, k ∈ ~ ��hK (2.2) [�"QEd�%(j�3;|
�` ��d� 3.1 �℄�o8
%[ 0 < δ < 1, ME Ωδ ∈ Ω, F� P{Ωδ} ≥ 1 − δ, %so8;3[ ω ∈ Ωδ i3 N < H
δ

=: λ2. $0 Itô �!�Y
d(S + I) ≥ (1 − q̌)Â − (µ̌ + p̌)S − (µ̌ + α̌)I + S(σ11(k) + σ12(k)S)dB1(s)

+I(σ21(k) + σ22(k)I)dB2(s).f�!/mL 0 W t O�Y
φ(t) = :

S(t) − S(0)

t
+

I(t) − I(0)

t

≥ (1 − q̌)Â − (µ̌ + p̌)〈S〉t − (µ̌ + α̌)〈I〉t +
N1

t
+

N2

t
,mk N1 =

∫ t

0
S(σ11(k) + σ12(k)S)dB1(s), N2 =

∫ t

0
I(σ21(k) + σ22(k)I)dB2(s).2 lim

t→∞
φ(t) = 0 �Y

〈S〉t ≥
1

µ̌ + p̌

[

(1 − q̌)Â − φ(t) − (µ̌ + α̌)〈I〉t +
N1

t
+

N2

t

]

,B0 Itô �!�Y
d ln I ≥

[

β̂S

λ2
− (µ̌ + γ̌ + α̌) − 1

2
σ̌2

12 − σ̌21σ̌22I − 1

2
σ̌2

22λ
2
2

]

dt + (σ21(k) + σ22(k)I)dB2(t).f�!L 0 W t O�Y
ln I(t) − ln I(0)

t
≥ β̂

λ2
〈S〉t − (µ̌ + γ̌ + α̌) − 1

2
σ̌2

21 − σ̌21σ̌22〈I〉t +
N3

t
− 1

2
σ̌2

22λ
2
2

≥ β̂

(µ̌ + p̌)λ2

[

(1 − q̌)Â − φ(t) − (µ̌ + α̌)〈I〉t +
N1

t
+

N2

t

]

+
N3

t
− (µ̌ + γ̌ + α̌) − 1

2
σ̌2

21 − σ̌21σ̌22〈I〉t −
1

2
σ̌2

22λ
2
2,
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∫ t

0
(σ21(k) + σ22(k)I)dB2(s). 2qP-d��℄

lim
t→∞

N1

t
= lim

t→∞
N2

t
= lim

t→∞
N3

t
= 0, lim

t→∞
ln I(t) − ln I(0)

t
≤ 0.LrY

lim inf
t→∞

〈I〉t ≥
1

β̂(µ̌+α̌)
(µ̌+p̌)λ2

+ σ̌21σ̌22

(

β̂λm−1
2 (1 − q̌)Â(k)

(µ̌ + p̌)λ2
− (µ̌ + γ̌ + α̌) − 1

2
σ̌2

21 −
1

2
σ̌2

22λ
2
2

)

=
1

β̂(µ̌+α̌)
(µ̌+p̌)λ2

+ σ̌21σ̌22

(

µ̌ + γ̌ + α̌ +
1

2
σ̌2

21 +
1

2
σ̌2

22λ
2
2

)

·
(

β̂(1 − q̌)Â

λ2(µ̌ + p̌)(µ̌ + γ̌ + α̌ + 1
2 σ̌2

21 + 1
2 σ̌2

22λ
2
2)

− 1

)

= :
1

β̂(µ̌+α̌)
(µ̌+p̌)λ2

+ σ̌21σ̌22

(

µ̌ + γ̌ + α̌ +
1

2
σ̌2

21 +
1

2
σ̌2

22λ
2
2

)

(R⋆
1 − 1) > 0.LhK (2.2) [�"QEd�%(j�3;|
�

5 �2:F���m>BhK (2.2) [�"d`�,[ME
�XI�d(0-
R⋆

0 =
{(

N
∑

k=1

πk

√

(1 − q(k))A(k)β(k)
)2}

/
{

N
∑

k=1

πk

(

µ(k) + p(k) + σ2
11(k)

+
2σ̌2

12(A(k) + (γ(k) + ε(k))λ2)

σ̂11σ̂12

)

N
∑

k=1

πk

(

µ(k) + γ(k) + α(k) +
1

2
σ2

21(k)
)}

.�1 5.1 U R⋆
0 > 1 ��o8
%?_ (S(0), I(0), V (0), r(0)) ∈ R

3
+ × ~, hK (2.2) [p (S(t), I(t), V (t), r(t)) MEW�[�"d`�,�` o i 6= j, γij > 0 7'�m�f�UX

A = (aij(S, I, V, K))

=









(S(σ11(k) + σ12(k)S))2 0 0

0 (I(σ21(k) + σ22(k)I))2 0

0 0 (V (σ31(k) + σ32(k)V ))2









.X1�,� 2.2 k[Da iii) 7'�Æ;3r�P D = [ε, 1
ε
] × [ε, 1

ε
] × [ε, 1

ε
], mk ε > 0%=�|[W3-�o
% (S, I, V, k) ∈ Dc(Dc = R

3
+ \ D) × ~, ξ = (ξ1, ξ2, ξ3) ∈ R

3
+, 3

3
∑

i,j=1

aij(S, I, V, k)ξiξj = (σ11(k)S + σ12(k)S2)2ξ2
1 + (σ21(k)I + σ22(k)I2)2ξ2

2

+(σ31(k)V + σ32(k)V 2)2ξ2
3

≥ M1‖ξ‖2,
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M1 = min

(S,I,V,k)∈Dc×~

{

(σ11(k)S + σ12(k)S2)2, (σ21(k)I + σ22(k)I2)2, (σ31(k)V + σ32(k)V 2)2
}

.n�,� 2.2 k[Da ii) 7'�E R
3
+ × ~ �d(,-

V = M(V1 + ω(k)) + V2 + V3,mk
V1 = −c1 lnS − c2 ln I + c3(σ̂11(k) + σ̂12(k)S)n, V2 = − lnS − lnV, V3 =

1

θ
(S + I + V )θ,

c1 =

N
∑

k=1

πk(1 − q(k))A(k)

N
∑

k=1

πk

(

µ(k) + p(k) + σ2
11(k) +

2σ̌2

12
(A(k)+(γ(k)+ε(k))λ2)

(1−n)σ̂11σ̂12

)

,

c2 =

N
∑

k=1

πk(1 − q(k))A(k)

N
∑

k=1

πk

(

µ(k) + γ(k) + α(k) + 1
2σ2

21(k)
)

, c3 =
2c1σ̌

2
12

n(1 − n)σ̂2
12σ̂

n
11

,

0 < n < 1, 0 < θ < 1, M XW3-��� Itô �!Y
L(V1 + ω(k)) ≤ −c1

S
(1 − q(k))A(k)

+c1

(

µ(k) + p(k) + σ2
11(k) +

2σ̌2
12(A(k) + (γ(k) + ε(k))λ2)

(1 − n)σ̂11σ̂12

)

+c2

(

µ(k) + γ(k) + α(k) +
1

2
σ2

21(k)
)

− c2β(k)SIm−1 +
c2

2
σ2

22(k)I2

+c1β(k)Im + c2σ21(k)σ22(k)I +
∑

l∈~

γklω(l)

≤ −2
√

c1c2(1 − q(k))A(k)β(k) + c2β(k)S + c1

(

µ(k) + p(k) + σ2
11(k)

+
2σ̌2

12(A(k) + (γ(k) + ε(k))λ2)

(1 − n)σ̂11σ̂12

)

+ c2

(

µ(k) + γ(k) + α(k) +
1

2
σ2

21(k)
)

−c2β(k)SIm−1 +
c2

2
σ2

22(k)I2 + c2σ21(k)σ22(k)I + c1β(k)Im +
∑

l∈~

γklω(l)

= : −R̄0(n, k) +
c2

2
σ2

22(k)I2 + c2β(k)S + c2σ21(k)σ22(k)I − c2β(k)SIm−1

+c1β(k)Im +
∑

l∈~

γklω(l),mk
R̄0(n, k) = 2

√

c1c2(1 − q(k))A(k)β(k) − c2

(

µ(k) + γ(k) + α(k) +
1

2
σ2

21(k)
)

−c1

(

µ(k) + p(k) + σ2
11(k) +

2σ̌2
12(A(k) + (γ(k) + ε(k))λ2)

(1 − n)σ̂11σ̂12

)

.
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L(V1 + ω(k)) ≤ −R̄0(n, k) +

c2

2
σ̌2

22I
2 + c2β̌S + c2σ̌21σ̌22I − c2β̂SIm−1 + c1β̌Im +

∑

l∈~

γ̌klω(l)

→ −R̄0(k) +
c2

2
σ̌2

22I
2 + c2β̌S + c2σ̌21σ̌22I − c2β̂SIm−1 + c1β̌Im +

∑

l∈~

γ̌klω(l).X1�A ω(l), d(y0 R̄0 = (R̄0(1), R̄0(2), · · · , R̄0(N)). 28�7�U Γ +���o8
%[ R̄0(k), MEP3 ω = (ω(1), ω(2), · · · , ω(N)), F�*3hK [16]: Γω − R̄0(k) =

−
N
∑

h=1

πhR̄0(h). t-_�Y
∑

l∈~

γklω(l) − R̄0(k) = −
N

∑

h=1

πhR̄0(h).���Y
L(V1 + ω(k)) ≤ −2

N
∑

k=1

πk(1 − q̌)Â
[

(R⋆
0)

1

2 − 1
]

+ c2β̌S +
c2

2
σ̌2

22I
2 − c2β̂SIm−1

+c2σ̌21σ̌22I + c1β̌Im.B0�2d� 3.2 [�z�Y LV ≤ −1. 2,� 2.2 �℄�hK (2.2) [p�3W�[�"�,�
6 HB�6-QE�mk��A8LhK (2.2) [�"QO�[Da�d(0-

Rs
1 =

β̌λm−1
2

(µ̂ + γ̂ + α̂ + 1
2 σ̂2

21)
.�1 6.1 U Rs

1 < 1 ��o8
%[?_ (S(0), I(0), V (0), r(0)) ∈ R
3
+ × ~,hK (2.2) [�"Q%O�[�` �� Itô �!3

d[ln I(t)] =

[

β(k)SIm − (µ(k) + γ(k) + α(k))I

I
− 1

2
(σ21(k) + σ22(k)I)2

]

dt

+(σ21(k) + σ22(k)I)dB2(t)

≤
[

β̌SIm−1 − (µ̂ + γ̂ + α̂) − 1

2
(σ2

21(k) + σ2
22(k)I2)

]

dt

+(σ21(k) + σ22(k)I)dB2(t)./�L 0 W t O���Y
ln I ≤ β̌

∫ t

0

Sλm−1
2 ds −

∫ t

0

(µ̂ + γ̂ + α̂)ds − 1

2

∫ t

0

(σ2
21(k) + σ2

22(k)I2)ds

+

∫ t

0

σ21(k)dB2(s) +

∫ t

0

σ22(k)IdB2(s) + ln(I(0))

= : β̌

∫ t

0

Sλm−1
2 ds −

∫ t

0

(µ̂ + γ̂ + α̂)ds − 1

2

∫ t

0

(σ2
21(k) + σ2

22(k)I2)ds

+M1(t) + M2(t) + ln(I(0)),
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�g 1231mk M1(t) =
∫ t

0
σ22(k)IdB2(s), M2(t) =

∫ t

0
σ21(k)dB2(s).G*a-
+^!�o8
2W3- T, ϑ, υ, 3

P

{

sup
0<t≤T

[M1(t) −
ϑ

2
〈M1, M1〉t] > υ

}

≤ e−ϑυ,mk 〈M1, M1〉t =
∫ t

0
σ2

22(k)I2ds, 5 T = Q, ϑ = 1, υ = 2 lnQ. �Y
P

{

sup
0<t≤T

[M1(t) −
1

2
〈M1, M1〉t] > 2 lnQ

}

≤ 1

Q2
.*Io8T9;3[ ω ∈ Ω ME8LV- Q0 ∈ Q0(ω), �Yo8 Q ≥ Q0 + M (mk MX��P[W3-), 3

sup
0<t≤T

[

M1 −
1

2
〈M1, M1〉t

]

≤ 2 lnQ.o8;3[ 0 ≤ t ≤ Q, Q ≥ Q0, a.s. 3
M1(t) ≤ 2 lnQ +

1

2
〈M1, M1〉t = 2 lnQ +

1

2

∫ t

0

σ2
22I

2ds.+[�A�o8 0 ≤ Q − 1 ≤ t ≤ Q, 3
ln I

t
≤ β̌

t

∫ t

0

Sλm−1
2 ds − 1

t

∫ t

0

(

µ̂ + γ̂ + α̂ +
1

2
σ2

21(k)
)

ds − 1

2t

∫ t

0

σ2
22(k)I2ds

+
ln(I(0))

t
+

2 lnQ

t
+

1

2t

∫ t

0

σ2
22(k)I2ds +

M2(t)

t

≤ β̌

t

∫ t

0

Sλm−1
2 ds − 1

t

∫ t

0

(

µ̂ + γ̂ + α̂ +
1

2
σ2

21(k)
)

ds +
ln(I(0))

t
+

2 lnQ

t
+

M2(t)

t
,��qP-d�Y lim

t→∞
M2(t)

t
= 0. *I

lim
t→∞

ln I

t
≤ β̌λm−1

2 − (µ̂ + γ̂ + α̂ +
1

2
σ̂2

21) < 0.Lr3 lim
t→∞

ln I(t) = 0. d�YZ�
7 ?a89�mv�-_S^�XI
H�0
j���:



























Sn+1 = Sn +
(

(1 − qn)An − βnSnIm
n − (µn + pn)Sn + γnIn + εnVn

)

∆t

+Sn(σ11,n + σ12,nSn)∆B1,n,

In+1 = In + (βnSnIm
n − (µn + γn + αn)In)∆t + In(σ21,n + σ22,nIn)∆B2,n,

Vn+1 = Vn + (qnAn + pnSn − (µn + εn)Vn)∆t + Vn(σ31,n + σ32,nVn)∆B3,n.�{!j0-_
A = 1.5 + 0.5 sin t, β = 5.7 + 0.2 sin t, µ = 0.2 + 0.1 sin t, γ = 0.4 + 0.3 sin t,

p = 0.6 + 0.1 sin t, q = 0.2 + 0.01 sin t, ε = 0.35 + 0.02 sin t, α = 0.3 + 0.2 sin t,

σ11 = 0.5 + 0.1 sin t, σ12 = 0.4 + 0.1 sin t, σ21 = 0.2 + 0.01 sin t,

σ22 = 0.1 + 0.02 sin t, σ31 = 0.05 + 0.01 sin t, σ32 = 0.06 + 0.01 sin t.



1232 - � f � � � Vol.41AxW6�Y Rs
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N 1 iL (2.3) \�`Y (0.8, 0.9, 1.5) \qzr� S(t), I(t), V (t) 9qk�)gEhK (2.2) k�
HÆ;6+Æ[Dt�	- r(t) %{_E ~ = {1, 2} �[� r(t) [`=�,X π = (π1, π2) = (5
7 , 2

7 ). �{!j0-_�
(1) U r(t) = 1 �� A = 2, β = 3, µ = 0.65, γ = 0.2, p = 0.5, q = 0.2, ε = 0.25,

α = 0.45, σ11 = 0.1, σ12 = 0.01, σ21 = 0.05, σ22 = 0.01, σ31 = 0.05, σ32 = 0.01.

(2) U r(t) = 2 �� A = 2, β = 4, µ = 0.5, γ = 0.35, p = 0.7, q = 0.15, ε = 0.35,

α = 0.5, σ11 = 0.1, σ12 = 0.01, σ21 = 0.05, σ22 = 0.02, σ31 = 0.05, σ32 = 0.02.xW6�Y R⋆
0 = 1.25 > 1, ��d� 5.1 �℄hK (2.2) MEW�[�"d`�, (`M 2).
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α = 0.3, σ11 = 0.7, σ12 = 0.7, σ21 = 0.7, σ22 = 0.7, σ31 = 0.7, σ32 = 0.7.

(2) U r(t) = 2 �� A = 0.81, β = 0.21, µ = 0.89, γ = 0.85, p = 0.36, q = 0.65, ε = 0.9,

α = 0.3, σ11 = 0.7, σ12 = 0.7, σ21 = 0.7, σ22 = 0.7, σ31 = 0.7, σ32 = 0.7.xW6�Y Rs
1 = 0.78 < 1,  ��d� 6.1 �℄hK[��Qx8O� (`M 3).
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8 (4�^Æ;�y^℄[8LrCd'1���3�q
8L�f�}i SIVS S��)m:A3�H�[.u�d(1S�[�_�ZQ18LWpjp[ME
�%v�-_S^�Z1�Bn(��Q#�	����	�Qkm$M7IYK$[	�[-028Um[�>�Cp[v�^*4[.u8pj
�>�E3�H�[.uj�
HZQ1S�[d�;|
��"
0�O
^�T~-�nB[�f%(
j�2d� 4.1 ℄U R⋆

1 > 1�hK (2.2) Ed�%(j%;|[��QE�"Em�\f4jME�2d� 5.1 ℄U R⋆
0 > 1 �hK (2.2) [8L*: (S(t), I(t), V (t), r(t)) %�"[s�3W�[d`�,��Q7�#�Q���QQkmQ[-08{�℄[O r(f�T<H[d�_',8!d_�2d� 6.1 ℄U Rs
1 < 1 �hK (2.2) %�O[��Q��Q[-08{�℄[O �lx8 0, S"{�� � / D K
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Qualitative Analysis of a Stochastic SIVS Epidemic Model with

Nonlinear Perturbations Under Regime Switching

Zhang Zhonghua Zhang Qian
(School of Sciences, Xi’an University of Science and Technology, Xi’an 710054)

Abstract: In this paper, we present a stochastic SIVS epidemic model with nonlinear pertur-

bations under regime switching. For the non-autonomous stochastic SIVS epidemic system with

white noise, we provide results regarding the stochastic boundedness, stochastic permanence in

mean, and we prove that the system has at least one nontrivial positive T-periodic solution by

using Lyapunov function and Hasminskii’s theory. For the system with Markov conversion, we

establish sufficient conditions for existence of ergodic stationary distribution, and the thresh-

olds for persistence in mean and the extinction of infected persons was obtained, respectively.

Finally, some numerical simulations are carried out to support the theoretical results.

Key words: Stochastic SIVS epidemic model; Nonlinear perturbation; Markov chain; Nonlin-

ear incidence.
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