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1148 G � � : � � Vol.41Al��;�#�l5�.�^��rDIly�{L�pQ�xl�J��e�.'J��"	�z�=℄y�l:x�?�℄W?+G=, drawdown%Y�nrDIly���g	�z��=℄�l:x�?W�l%Y�=��~� [13–14] E�G����xul=, drawdown %Y�_�*'k"C drawdown ,�+�=,�?%Yl=j8[O�
drawdown%Y=,[�Wr�~� [15]OE�G%+l5�_���=,[ drawdown�+l�������+l)���l=j8[K!_l�?�_t
�k�,i�~� [16]E�Gw��{K���{��2Nll5���_�jOw��{l=, drawdown%Y�B&E~�����~W=, drawdown%YzE�q&�E�mVI��l=jQ�l5K�����e_h=j0!:℄�"=j�_�jg=jQ�l5K���8[l����Wl!_Q��7�l=, drawdown%Y��~l�r0��{"���r

�(m5Kj[�_
r$
-M:,Oj[�_lK�x:��mVI�j[�_�8��
rQ
\℄���l�X9"
r�
>ho*G�?8��,i6G�=, drawdown%YK}Ty�le$
=S:�℄K�u�
2 |��T
2.1 G�k��NPz�h�x)^}Tl Brown ~{�Y�.

dCt = adt− bdWt, (2.1)�# a K b z�BG� Wt z^P%Y/{ (Ω,F , {Ft}t≥0, P ) l&2.8~{�rDI
Ut z







dUt = cdt− dCt = aθdt+ bdWt,

U0 = u,
(2.2)�# c = (1 + θ)a z��Y�x)��;�Z�Q*���5?KQ*��5?Æ���5?ly)DIz

dPt = rPtdt, r > 0,�# r z���>Y���5?ly)DI St `<
dSt = µStdt+ σStdB

S
t , (2.3)�# σ > 0, µ > r, {BSt } z {Ft}t≥0 �l&2 Brown ~{Æt {Wt} }A� πt z t 2-��2Nl5q��5?l���M}=��2N5_�?���� qt '8 t 2-l����OJ��x)���l���Gz η, η > θ, Æ qt ∈ [0, 1].) πt z t 2-l5q��5?l5�GF� qt z t 2-����OJ����2N^�l5���lrDIz







dUπ,qt = [rUπ,qt + (µ− r)πt + (qtη − η + θ)a]dt+ σπtdB
S
t + qtbdWt,

U
π,q
0 = u.

(2.4)
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(πt, qt) :,!=l��i�e,O,!=8[lxZ�S( 2.1 ) (Ω,F , P ) :s�l%Y/{��# Ft :m Uπ,qs (0 ≤ s ≤ t) +Hl σ- _G�"C8[ (πt, qt) `<
(1) πt, qt : (Ft)t≥0 ,/,;l

(2) qt ∈ [0, 1];

(3) (2.4) 7<q U
π,q
t nyQl����G (πt, qt) :,!=l��,!=8[ksz D.

2.2 Drawdown \rxZ t 2-l=℄r� Mt z
Mt = max

{

sup
0≤s≤t

Uπ,qs ,M0

}

, (2.5)�# M0 = m > 0. /Y�e}=rDI�nD�l3
13�*Æ m ,,qxZ#lN6r�n m ≥ u. �=l drawdownQV:�rDIly�\g�=℄� Mt l α ∈ [0, 1]��xZ!_lf#2
τα = inf{t ≥ 0 : Uπ,q(t) ≤ αMt}. (2.6)n��2Nlr�Xw�epq αMt l2-�,t�� τ0 nz:x�?J�z 0 2l�?2-�Wr�9R~� [13] xZ��J�

us =
(η − θ)a

r
. (2.7)"Cry�,pq us, ��2N,W0TXn��*Æ,�8��l5�.ry��gy,~'�℄W��&�3� drawdown ,�+�

2.3 G�k��NPze�.}Ja�%Y;~ P :m��2NlQ/G�KpD7qO6l�℄W,,"hqZ�Q/|>��~x) P <q��;�K��;�$,�x�z.w2�qAO"8���2N_")V�Yl%Y;~�℄WG P z6);~e6)m5��Y;~O�:_%Y;~�mq P �B�n6)y��8�)Vl_;~!<`<t P oy�xZ`<d�l_%Y;~lkO
Q := {Q|Q ∼ P}. (2.8)s h(Q ‖ P ) = EQ[ln dQ

dP ] z!�DGG�'8�;~ P lJ��mq Q ∈ Q t P oy�_h Girsanov x:� Q _`<
dQ[0.T ]

dP[0.T ]
= Λ1(T ) · Λ2(T ), (2.9)�#

Λ1(t) = exp

{
∫ t

0

βs dBSs −
1

2

∫ t

0

β2
s ds

}

,

Λ2(t) = exp

{
∫ t

0

γs dWs −
1

2

∫ t

0

γ2
s ds

}
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EP

[

exp

(

1

2

∫ T

0

[β(s)]2ds

)]

<∞, (2.10)

EP

[

exp

(

1

2

∫ T

0

[γ(s)]2ds

)]

<∞. (2.11)-� Girsanov x:�;~ P �l&2.8~{ BSt , Wt ,W'8z
dBSt = β(t)dt+ dBQt , (2.12)

dWt = γ(t)dt+ dWQ
t , (2.13)�# B

Q
t , WQ

t z Q �l&2.8~{��e� (2.12)–(2.13) 7_#g (2.4) 7jg;~ Q ���2NlrDI














dUπ,q,Qt = [rUπ,q,Qt + (µ+ σβ(t) − r)πt + (qtη − η + θ)a+ qtγ(t)b]dt

+σπtdB
Q
t + qtbdW

Q
t ,

Uπ,q,Q(0) = u.

(2.14)zG)V_%Y;~ Q, �eh!�D6~F_m5K6)m5�{l> �Q K
P �{l!�Dz

h[0,t](Q ‖ P ) = E
Q

[0,t]

[

ln
dQ

dP

]

= EQ
[
∫ t

0

βs dBSs −
1

2

∫ t

0

β2
s ds

]

+ EQ
[
∫ t

0

γs dWs −
1

2

∫ t

0

γ2
s ds

]

= EQ
[
∫ t

0

βs dBQs +
1

2

∫ t

0

β2
s ds

]

+ EQ
[
∫ t

0

γs dWQ
s +

1

2

∫ t

0

γ2
s ds

]

.mq B
Q
t , WQ

t � Q �z&2.8~{��n
h[0.t](Q ‖ P ) = EQ

[
∫ t

0

1

2
β2
s ds+

∫ t

0

1

2
γ2
s ds

]

:= EQ
[
∫ t

0

[Z1(s) + Z2(s)] ds

]

,�# Z1(s) = 1
2β

2
s , Z2(s) = 1

2γ
2
s . XW Z1(t), Z2(t) ~FG h[0.t](Q ‖ P ). "C��2N�#G

P �5h Q, sbJ���+��:mq P U�Z�,�x9�d:�B�n6)y��XW,5h P ?+J��9�q� h[0.t](Q ‖ P ) {℄�J�{℄��~lql:�Q�YZ�5��2Nlrw�epq αM(t) l%Y�g=p�Q�j[�_z
ψ(u,m, ε) = inf

π,q∈D
sup
Q∈Q

{

Qu(τα <∞) −
1

ε
h(Q ‖ P )

}

. (2.15)�& u '8d� U
π,q
0 = u. 6G ε QF��2N�mV9 (m5,�x9) lI�I~e�Q�9l|I� ε ↓ 0 �_q�ul�Q��3�℄zQ P �rlXn;~|�,O��l�u��℄W�qu0=℄[�_,:=jl� sup '8��2N�m5,�x9lI��YM:e��2Ni�m5,�x2���2N:�Al�)V=>l�7l� ε{
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ε→ +∞ �_q=℄�3l��n��2N�XnR?;~�n!il4x�*�Xj[=℄�3l�3�� h[0,t](Q ‖ P )l'\7_# (2.15)7�*� ταl�.�jgmVI��=, drawdown%Yl�GG�S( 2.2 (Q��GG)

ψ(u,m, ε) = inf
π,q∈D

sup
Q∈Q

EQ
[

1{τα<∞} −
1

ε

∫ τα

0

(

1

2
β2
s +

1

2
γ2
s

)

ds

]

.

3 |g$X�R?� Drawdown ^temVI�J� ε = 0 2� ψ(u,m, 0) zn�Q��GG��b���6�~� [16]; e
ε %℄2 ψ :�~l
e ε = ∞ 2�n

ψ(u,m,∞) = inf
π,q∈D

sup
Q∈Q

Qu(τα <∞).W2J�&s�+/��Lm Girsanov x:jOl (2.12) 7K (2.13) 7#l}T&�G
β(t), γ(t) �℄��|,W�J�&l+/5j�
� β(t) lzF+/�x" β(t) z��== (2.14) 7��l5&�Gz��nl5n\g>\lqlÆ�5j3 �%'�i:
γ(t) z�2,el���8[O�H3 V/�℄W=jl58[:-�,l5��=j����OJ�z 0, n0T�0���W2rDI%z

dÛt = [rÛt − (η − θ)a]dt, Û0 = u.�D}bqT�jg τα = 1
r

ln (η−θ)a−rαm
(η−θ)a−ru , � u ∈ (αm,min{m,us}) K ∀Q ∈ Q n Q (τα <

∞) = 1. XW
ψ(u,m,∞) = 1, u ∈ (αm,min{m,us}).Q�;M�v ε lS79��~�r0��,\℄ ε, 8�Q��GGsz ψ(u,m). smVI�J� ε = 0 2l�GGz ψ0(u,m), n ψ0(u,m) = ψ(u,m, 0), i:s ψ∞(u,m) =

ψ(u,m,∞). �n
0 ≤ ψ0 ≤ ψ ≤ 1.r
*,o7 ψ0 ≤ ψ HA:℄z P ∈ Q; ,o7 ψ ≤ 1 HA:℄z�e�j[4u%Y~���J���Y|4�e,WÆ��l�=j�GG(B�Al�?%Y�J�&���?%Y�HP,ly��*Ægy,5ZHz���℄z�n!�D�,l~F2nYZ�n�6);~.>�

3.1 %4SnbgQ��7� ψ(u,m) <q u :s~l�℄z��2NlN6r��{�{I�e
u < αm 2� τα = 0 *Æ ψ(u,m) = 1. tWi2�℄z us ,OGQ* “�� ” l3 J��Y|4 u ≥ us n ψ(u,m) = 0. }T,�x9��=:�<�Ml�℄z��2N6%,WfD,l5��5?��8��ll5�vjg ψ � u = us SlC>9�MQ�i�
m ≥ us 2� Mt = m. W2"h drawdown oq"h�?J� αm l�?�� m ≤ us 2
M(t) ,v℄q m, n�?J�,Qx::xl�℄W�;M)Vw O &lGG�

O = {(u,m) ∈ (R+)2 : αm ≤ u ≤ min(m,us)}.
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Γ : R × O → R z`<W�d�l,;GG��# O = {(u,m) ∈ (R+)2 : αm ≤ u ≤

min(m,us)}

(1) h(·,m) ∈ C1[αm,min{us,m}]
⋂

C2[αm,min{us,m}), h(u, ·) Q us trC>,v

(2) h(u,m) zW��Il�

0 = inf
π,q

sup
Q

{

−
1

2ε
β2 −

1

2ε
γ2[ru + (µ+ σβ − r)π

+(qη − η + θ)a+ qγb]hu +
1

2
(q2b2 + σ2π2)huu

}

; (3.1)

(3) h(αm,m) = 1, h(us,m) = 0 � m ≥ us, hm(m,m) = 0 � m < us;

(4) Π(u,m), Q(u,m)��Y u ∈ (αm,min{us,m})5j (3.1)7�j��Æ�B(π, u,m)��Y π ∈ R, u ∈ (αm,min{us,m}) 5j (3.1) 7�j&�Æ� Γ(q, u,m) ��Y q ∈ R,

u ∈ (αm,min{us,m}) 5j (3.1) 7�j&�Æ

(5) Π(u,m) = Q(u,m) = B(π, u,m) = Γ(q, u,m) = 0, "C u 6∈ (αm,min{us,m});

(6) Π, Q ��{ O &nÆÆ Lipschitz C>
 B, Γ � O &nÆ����{ O & ψ = h, *Æ Π, Q, B, Γ z=j^	,�0!�4 �!U B.

3.2 ze"V�P=� Drawdown \r�
�e�(�� m ≥ us K m < us E&�3�l=jQ��GG�m#Æ��_Kx: 3.1 jgmVI��l=, drawdown %Y�e αm ≤ u ≤ us ≤ m 2


























inf
π,q∈D

sup
Q∈Q

{

−
1

2ε
β2 −

1

2ε
γ2 + [ru + (µ+ σβ − r)π + (qη − η + θ)a

+qγb]ψu +
1

2
(q2b2 + σ2π2)ψuu

}

= 0.

ψ(αm,m) = 1, ψ(us,m) = 0.

(3.2)e αm ≤ u ≤ m < us 2






































inf
π,q∈D

sup
Q∈Q

{

−
1

2ε
β2 −

1

2ε
γ2 + [ru + (µ+ σβ − r)π + (qη − η + θ)a

+qγb]ψu +
1

2
(q2b2 + σ2π2)ψuu

}

= 0.

ψ(αm,m) = 1, ψ(us, us) = 0.

ψm(m,m) = 0.

(3.3)

== (3.2) K (3.3) 7���E7n!il HJB �I��#Æ�d�,i�/YX5Ju'\7#� β2, γ2 �Gz��-�Q	d�=j β K γ �(m π, q ,O�n β = εψuσπ,

γ = εψubq. ��_# HJB �Ijg
inf

π,q∈D

{

1

2
σ2(εψ2

u+ψuu)π
2+(µ−r)ψuπ+ruψu+

1

2
b2(εψ2

u+ψuu)q
2+(qη−η+θ)aψu

}

= 0. (3.4)
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⋂

C2[αm, us), *Æ`<��{ [αm, us) & ψu < 0, εψ2
u +

ψuu > 0.4 ^:�ki~� [9], WS,[�m&E^:�-�
	d�g=j8[ π∗ K q∗, n
π∗ = −

µ− r

σ2
·

ψu

εψ2
u + ψuu

, (3.5)

q∗ = −
aη

b2
·

ψu

εψ2
u + ψuu

. (3.6)Y�
β∗ = −

µ− r

σ
·

εψ2
u

εψ2
u + ψuu

, (3.7)

γ∗ = −
aη

b
·

εψ2
u

εψ2
u + ψuu

. (3.8)m^: 3.1 ,� π∗(u) > 0 K q∗(u) > 0. "C 0 ≤ q∗(u) ≤ 1, �&E (3.5) K (3.6) 7_#g
HJB �I (3.4) jg

(R+G) ·
ψ2
u

εψ2
u + ψuu

− (ru − aη + aθ)ψu = 0, (3.9)�#
R =

(µ− r)2

2σ2
> 0, G =

a2η2

2b2
> 0.�q&E�I�e ε = 0 2��ejg~� [16] # ρ = 0 2,Ol�Q��GG ψ0; ε = ∞2�jg=℄�3�l�GG ψ∞.; 3.1 nm56Gl�Q/�!�Isaacad�,v`<�el���_�x) ψuu <

0, d εψ2
u + ψuu > 0. � (3.2)–(3.3) 7# HJB �I�=℄[ β, γ �=,[ π, q �?+n�Ff�F�d:�=,[ π, q �=℄[ β, γ �?+�ÆlFf�F�YMQ*�~6(��eÆud*:x;~ drawdown �_l�GG:ol���Ff�F����=℄[�/oGG�?+Q*oGG�MQ�i��el���GG�p/�{:GG��e�i

ψ∞(u,m) = 1. mqe ε→ ∞ 2�ψ(u,m, ε) 
wg ψ∞(u,m). XW� ε <6℄�ψ(u,m, ε),,v��Nq�|:oGG�<q�GGo~"N�"q r K ε "��C�l_ 4.1.B 9%a ϕ = eεψ n
(R +G)

ϕ2
u

ϕuu
− (ru − aη + aθ)ϕu = 0. (3.10)Y�jg

1

ξ1(u)
=

ϕu

ϕuu
=

R+G

ru − aη + aθ
. (3.11)=jQ�l58[K=jQ����8[�(z















π̂(u) = −
µ− r

σ2
·
ru− aη + aθ

R+G
,

q̂(u) = −
aη

b2
·
ru − aη + aθ

R+G
.

(3.12)
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u1 =

1

r

[

aη − aθ − (R +G) ·
b2

aη

]

, (3.13)�n q̂(u1) = 1, ,t�� u1 < us. i2m (3.12) 7jg π̂ K q̂ <q u s~�℄W�e
max{αm, u1} ≤ u ≤ us 2n 0 ≤ q̂(u) ≤ 1 K π̂(u) ≥ 0, Y� π∗(u) = π̂(u), q∗(u) = q̂(u). �
u < u1 2�e?� q∗(u) = 1, *Æ!_jg

π̃(u) = −
(ru + aθ) −

√

(ru + θa)2 + 2b2R

µ− r
. (3.14)℄W�"C π̃ ≥ 0, � (π∗(u), q∗(u)) = (π̃(u), 1) _# (3.4) 7jg

R ·
ψ2
u

εψ2
u + ψuu

− (ru + θa)ψu −
1

2
b2(εψ2

u + ψuu) = 0.B 9%a ϕ = eεψ n
R ·

ϕ2
u

ϕ2
uu

− (ru + θa)
ϕu

ϕuu
−

1

2
b2 = 0. (3.15)Y�jg

1

ξ2(u)
=

ϕu

ϕuu
=

(ru + θa) −
√

(ru + θa)2 + 2b2R

2R
. (3.16);O&E���C��e��,OmVI��l=, drawdown %Y�Wl!_l=jQ�l58[K=j���8[�Sn 3.2 ) ξ1(u), ξ2(u) �(m (3.11) 7K (3.16) 7,O� u1 m (3.13) 7,O�ÆGG gi K fi(i = 1, 2) m!U A ,O�

(1) "C us ≤ m, �rDI (2.14) lmVI��=, drawdown %Yz
ψ(u,m) =















1

ε
ln

[

(1 − eε)
g1(u,m)

g2(us,m)
+ eε

]

, αm ≤ u < max{αm, u1},

1

ε
ln

[

(1 − eε)
g2(u,m)

g2(us,m)
+ eε

]

,max{αm, u1} ≤ u ≤ us ≤ m.

(3.17)

(2) m < us 2�"C max{αm, u1} ≤ m < us, �rDI (2.14) lmVI��=,
drawdown %Yz

ψ(u,m) =















1

ε
ln

[

(1 − eε)k1(m)
g1(u,m)

g2(us, us)
+ eε

]

, αm ≤ u < max{αm, u1},

1

ε
ln

[

(1 − eε)k1(m)
g2(u,m)

g2(us, us)
+ eε

]

,max{αm, u1} ≤ u ≤ m ≤ us,

(3.18)�#
k1(m) = exp

{
∫ u1

m

−f2(y)dy

}

,"C αm < m < max{αm, u1}, �rDI (2.14) lmVI��=, drawdown %Yz
ψ(u,m) =

1

ε
ln

[

(1 − eε)k2(m)
g1(u,m)

g2(us, us)

]

, (3.19)
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k2(m) = exp

{(

−

∫ u1

m

f1(y) −

∫ us

u1

f2(y)

)

dy

}

.mVI��l=jQ�l58[K=jQ����8[z
(π∗(u), q∗(u)) =







(π̃(u), 1), αm ≤ u < max{αm, u1},

(π̂(u), q̂(u)), max{αm, u1} ≤ u ≤ min{m,us}.
(3.20)=jy�}T�(z

β∗ =























−
(ru+ aθ) −

√

(ru + aθ)2 + 2b2R

µ− r
· εψuσ, αm ≤ u < M,

−
(µ− r)(eε − 1)(R+G+ r)(ru − aη + aθ)

R+G+r
r

σ(R +G)
[

(rαm − aη + aθ)
R+G+r

r + (eε − 1)(ru − aη + aθ)
R+G+r

r

] , M ≤ u ≤M.

(3.21)

γ∗ =



















εψub, αm ≤ u < M,

−
aη(eε − 1)(R+G+ r)(ru − aη + aθ)

R+G+r
r

b(R+G)
[

(rαm− aη + aθ)
R+G+r

r + (eε − 1)(ru− aη + aθ)
R+G+r

r

] , M ≤ u ≤M.

(3.22)�#��es M = max{αm, u1}, M = min{m,us}.4 (1) ��� us ≤ m 2l=j��8�k�z�$qT�
~�e��GG ψ `<l HJB �I�8 9%ajg (3.11) 7K (3.16) 7��# 9%aSl#Æ�d�z
ϕ(αm,m) = eε, ϕ(us,m) = 1.��1� ϕ nW�77

ϕ =















ϕ1(u,m) = c11

∫ u

αm

exp

{
∫ y

αm

ξ1(w)dw

}

dy + c12, αm ≤ u < max{αm, u1},

ϕ2(u,m) = c13

∫ u

u1

exp

{
∫ y

αm

ξ2(w)dw

}

dy + c14, max{αm, u1} ≤ u ≤ us,�# c1i (i = 1, 2, 3, 4) -�#Æ�d�Wl�E>Y9d�jO
ϕ1(u1,m) = ϕ2(u1,m),

∂ϕ1(u1,m)

∂u
=
∂ϕ2(u1,m)

∂u
.�DqTjg



































c11 =
1 − eε

g2(us,m)
, c12 = eε,

c13 =
1 − eε

g2(us,m)
exp

{
∫ u1

αm

ξ1(w)dw

}

,

c14 = eε + (1 − eε)
g1(u1,m)

g2(us,m)
.=S�-� ψ = lnϕ

ε
n,jOmVI��l=, drawdown %Y�
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(2) ��6� m > us 2l�7�k�W2 9%aSl#Æ�d�z






ϕ(αm,m) = eε, ϕ(us, us) = 1.

ϕm(m,m) = 0.�e,O m ∈ [max{αm, u1}, us] 2l�k�� m ∈ [αm,max{αm, u1}] 2l�k,9RjO�z}[DI��ex) αm < u1(αm ≥ u1 2l�C,9RjO).��1� ϕ nW�77
ϕ =















ϕ3(u,m) = c21

∫ u

αm

exp

{
∫ y

αm

ξ1(w)dw

}

dy + c22, αm ≤ u < u1,

ϕ4(u,m) = c23

∫ u

u1

exp

{
∫ y

u1

ξ2(w)dw

}

dy + c24, u1 ≤ u ≤ m < us,�# c2i (i = 1, 2, 3, 4) -�#Æ�d�Wl�E>Y9d�jO














ϕ3(u1,m) = ϕ4(u1,m),
∂ϕ4(m,m)

∂m
= 0,

∂ϕ3(u,m)

∂u
=
∂ϕ4(u,m)

∂u
.�DqTjg



































c21 =
1 − eε

g2(us, us)
· k1(m), c22 = eε,

c23 =
1 − eε

g2(us, us)
· k1(m) exp

{
∫ u1

αm

ξ1(w)dw

}

,

c24 = eε + (1 − eε)k1(m)
g1(u1,m)

g2(us, us)
.=S�-� ψ = lnϕ

ε
n,jOmVI��l=, drawdown %Y�� �; 3.2 �e,O℄C�7�l=jQ��GG�e u1 < αm ≤ u ≤ us 2�mVI��l=, drawdown %Yz

ψ(u,m) =
lnϕ

ε
=

1

ε
ln

[

1 + (eε − 1)

(

ru − aη + aθ

rαm − aη + aθ

)

R+G+r
r

]

. (3.23)e u1 < αm ≤ u ≤ m ≤ us 2�mVI��l=, drawdown %Yz
ψ(u,m) =

1

ε
ln

{

eε + (eε − 1)
rαm− aη + aθ

rαus − aη + aθ

[

(

ru− aη + aθ

rαm − aη + aθ

)
R+G+r

r

− 1

]}

. (3.24); 3.3 K� Novikov d���O (2.10), (2.11) 7K (3.5), (3.6) 7n
EP

[

exp

(

1

2

∫ T

0

[β(s)]2ds

)]

= EP

[

exp

{

1

2

∫ T

0

(

−
µ− r

σ
·

εψ2
u

εψ2
u + ψuu

)2

ds

}]

<∞,

EP

[

exp

(

1

2

∫ T

0

[γ(s)]2ds

)]

= EP

[

exp

{

1

2

∫ T

0

(

−
aη

b
·

εψ2
u

εψ2
u + ψuu

)2

ds

}]

<∞.,o7HA:mq T <∞.
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4 `qd 7�,
�e�MLkÆ477lQ/9"�== (3.12), (3.14) K (3.20) 7,t���
π∗, q∗ ��{ (αm,min{m,us}) &nÆÆ Lipschitz C>���6\℄�Y9"�Sn 4.1 m (3.20) 7l q∗ 5j (3.2)–(3.3) 7l HJB �I�g��Æ�4 -� (3.2) 7l HJB �I�)

g(q) =
1

2
σ2[εψ2

u + ψuu] + (µ− r)ψuπ + ruψu +
1

2
b2[ε(ψu)

2 + ψuu]q
2 + (qη − η + θ)aψu,XW

∂g

∂q
= b2[ε(ψu)

2 + ψuu]q + ηaψu,*Æ
∂2g

∂q2
= b2[εψ2

u + ψuu].XWn g(q) zoGG�-�^: 3.1 x:j��� �; 4.1 ℄z π∗, q∗ n����,t���GGnÆ9K Lipschitz C>9�d:�q=j����OJ� q∗, �e_"��Z� [0, 1]�{u�i2mqK�x:M� q∗ l=j9�XWn&Ex:�y
 4.1 ψ(u,m) <q u ��{ [αm,min{us,m}] &��$%QXo9�
(1) e αm ≤ u ≤ us ≤ m 2�"C 0 ≤ ε ≤ − (R+G)g2(us,m)

rαm−aη+aθ , � ψ(·,m) ��{
[αm,min{us,m}] &zD)oGG
e max{αm, u1} ≤ m ≤ us 2�"C 0 ≤ ε ≤ − (R+G)·g2(us,us)

(rαm−aη+aθ)·k2(m) , � ψ(·,m) ��{
[αm,min{us,m}] &zD)oGG
e αm ≤ m < max{αm, u1} 2�"C 0 ≤ ε ≤ − (R+G)·g2(us,us)

(rαm−aη+aθ)·k1(m) , � ψ(·,m) ��{
[αm,min{us,m}] &zD)oGG�

(2) "C ε > R+G
r

, ψ(·,m) o9�+%[� ψ ��{ [αm, u0] &D)o�� (u0,

min{us,m})&D)��# u0 :�{ [αm,min{us,m}]&`< (ru0−aη+aθ)ψu(u0) = R+G
εlyQt�4 e ε = 0 2� ψ(·,m) zD)oGG�8�x) ε > 0.N y(u,m) = (ru − aη + aθ)ψu. m^: 1 ,� ψu < 0, XW��{ [αm,min{us,m}] &n y ≥ 0. p℄z ψ `<

(R +G)
ψ2
u

εψ2
u + ψuu

= y.� ψuu TgoJ�:��Y&TgoJo:�jg
(

R +G

y
− ε

)

ψ2
u = ψuu. (4.1)� (4.1) 7'8��N�3���℄ ε l℄,"N� ψ(·,m) |�� u = us !�D)��:℄z y(us,m) = 0, ℄W us Jwn R+G

y
− ε > 0. ℄z ψ(·,m) ∈ C2[αm,min{us,m}), � y<q u �fjg

yu = rψu + (ru − aη − aθ)ψuu < (ru − aη − aθ)ψuu.



1158 G � � : � � Vol.41Ax) ψ(·,m) � u = u0 S$%o9��n ψuu(u0) = 0. �&E,o7n yu(u0) < 0. ℄W�M ψ(·,m) $%o9 y <q u �D)~,�== (4.1) 7��e��"C ψ(·,m) o9�+%[��vYoGGgGG�t��eV�jO�℄ ψ(·,m) � us lLw:D)l�,WjOW��℄�"C ψ(·,m) ,:��Nq�|GG�sbGGlo9�v�+QX$%�n�5j y(u0,m) = R+G
ε
HAl u0 t�
l�{& ψ(·,m) D)o�� u0 t�Sl�{& ψ(·,m) D)��e_/Yg�mq y <q u �vWs~l�7\geTD R+G

ε
SlJ� �℄W�

u ∈ [αm, u0) n y(u,m) > R+G
ε

, � u ∈ (u0,min{us,m}) n y(u,m) < R+G
ε

.��6�e�x ψ(·,m) :�$%o9�)Vg y t R+G
ε
!�l�7�|< y(αm) >

R+G
ε
:�HAn,��en

y(αm,m) = (rαm − aη + aθ)ψu(αm).

(1) ψ(·,m) o9,�+%[��3 1 e αm ≤ u ≤ us ≤ m, "C 0 ≤ ε ≤ − (R+G)g2(us,m)
rαm−aη+aθ , �

y(αm,m) ≤ (rαm− aη + aθ)
∂ψ0

∂u
(αm) = −

rαm− aη + aθ

g2(us,m)
≤
R+G

ε
,*Æ ψ(·,m) lo9,�+%[��3 2 e max{αm, u1} ≤ m ≤ us 2�"C 0 ≤ ε ≤ − (R+G)·g2(us,us)

(rαm−aη+aθ)·k2(m) , �
y(αm,m) ≤ (rαm − aη + aθ)

∂ψ0

∂u
(αm) = −

(rαm− aη + aθ) · k2(m)

g2(us, us)
≤
R+G

ε
,*Æ ψ(·,m) lo9,�+%[��3 3 e αm ≤ m < max{αm, u1} 2�"C 0 ≤ ε ≤ − (R+G)·g2(us,us)

(rαm−aη+aθ)·k1(m) , �
y(αm,m) ≤ (rαm − aη + aθ)

∂ψ0

∂u
(αm) = −

(rαm− aη + aθ) · k1(m)

g2(us, us)
≤
R+G

ε
,*Æ ψ(·,m) lo9,�+%[�

(2) ψ(·,m) o9�+%[�"C ε > R+G
r

, �M)VW�E&�3��3 1 "C ψu(αm) > 1
αm−us

= r
ru−aη+aθ , � ψ(·,m) ,,vgS|:l�"CZ��Nq�|:l�� m =BV�2Z�eO�fDt (αm, 1) l &��d:t (us, 0)}q" W���Y|4,`<o#Æ�d���3 2 "C ψu(αm) ≤ r

rαm−aη+aθ . � y(αm,m) > r > R+G
r

. �E&�7 ψ(·,m) |�$%o9�� �; 4.2 -�Æ477 (3.7), e ψ <q u zo2 β∗ l�Æz −µ−r
σ

. "C ψ(·,m) ,:ol���;t: β∗ = −µ−r
σ
lyQt�a!\L�ey�l���Y µ−r

σ
+ β∗ zK2�

ψ(·,m) $%o9�Wr�mq ψ(·,m) Yo%�℄Wy�l���Y�;t�:z��o:z��
5 �6Z��eV��"G#Æ��_ (3.2)–(3.3) 5hm56G a = 1, b = 0.3, r = 0.04, µ = 0.08,

σ = 0.2, η = 0.15, θ = 0.1, α = 0.1, W ε = 1, 10 z?)V m > us 2,imVI��"6G�Q��GGle$�
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(a) ε = 1 (b) ε = 10q 1 -jnWJ�K��R��HH==p 1 ���E*,imVI��"6G�lQ��GG ψ(u,m) $:<qN6r� u �
GG�:<qD�r=℄� m l�~GG��,imV�"6G�Q��GGle$-M'�zGG ψ(·,m) lo9�nQ�=, drawdown %Y<qN6r u 
~l1a� ε = 1 2 ψ(u,m) ~,S~�1� ε = 10 2 ψ(u,m) ~,S~�aS1�<q ε �
u o9e$�e��p 2 #,O�b���z��,imVI��"6G��GGWl+*0!l�be$��e�&Em56GlgR&)V m = 2 2� ε = 0, 1, 5, 10, 50� ψ(·, 2) Wl+*=j0!le$�==qT�C���Q�=jl58[t�Q�=jl58[!i�tmVI��"6G εWl��2N drawdownJ� αm �<�Q�=j���8[t�Q�=j���8[O:"W�mqZe$:Q*}bl)��1l 9GG�*t ε �<�℄W�e,[G π∗ K q∗ lp(�
5.1 ze"V	�UpF=� drawdown \rP+�==p 2, �e(gQ�=j�GG<q ε s
� ψ(·, 2) lo9�"qmVI�lI~�e ε �,2 ψ(·, 2) zoGG
e ε �℄2 ψ(·, 2) YoGG%zGG�*Æ ε {℄�;t{����J�����?X?6G α,m l℄,�l_ 4.1 'k ψ(·,m) zoGGlM�d�: 0 ≤ ε ≤ 1.0317. ψ(·, 2) $%o9lM�d�: ε > 1.625, ε = 5, 10, 50 |`<"d�*�8Oo9l%[�fD/ 4.2 �i ψ(·,m) l;t�_q=jy����YzKlt��*�*,==p 3 �.���

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

surplus(u)

0

0.2

0.4

0.6

0.8

1

1.2

* (
,m

)

q 2 -jnWJ�K��m>- drawdown &Z



1160 G � � : � � Vol.41A

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

surplus(u)

-0.15

-0.1

-0.05

0

0.05

0.1

0.15

0.2

0.25

(
-r

)/
+

*

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2

surplus(u)

-0.9

-0.8

-0.7

-0.6

-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

* (u
)

(a) µ−r

σ
+ β∗ (b) γ∗(u)q 3 -jnWJ�K��z����ZLz�~U�e���NmVI�J��l=, drawdown %Y|:<q u l~GG��t4u�3l
~��!��i2nmVI�J�{'�Q�=j�GGl~,l{`a�W�*l4uYZO,t���n��2NmVI�J�{'e�L�V�6)m54�~{p2���2N{�)q.w��ll58[K���8[���2N�+ drawdownl,v9{,�

5.2 ze"V	�U=,�'~�P+��e�i=jy�}T β∗(u) :��Æ<qr� u bvs
�z.Il��=j}Ty�l9"d!GmVI�J� ε = 0, 0.5, 1, 5, 10, 50 �ly����YGGp(��Ol_ 4.1 K/ 4.2, ,imVI�J��y����YGGp(t u *l�tnzp 2 #�GGo9�+$%l;t�=jy�}T β∗(u) K γ∗(u) |:��Æ<qr� u bvs
�� ε �,��K2=jy�}Tl�Æ�(z −0.2 K −0.5, �g\��J�2-
|S
C� 0, �_lmVI�=, drawdown %Y�GGzoGG
 ε �℄2=jy�}Tl�Æ�(z −0.123K −0.808, 
CS~�aS1��:mq� ε → ∞ 2� β∗ j�z −µ−r
σ

· R+G+r
R+G , γ∗ j�z −aη

b
R+G+r
R+G . �� us !�=jy�}TCS
z 0, �t��2N���J�2-4��All58[K���8[n<�==E*=jy�}T β∗(u) K γ∗(u) l℄,��� γ∗(u) l#��℄q β∗(u) l#����O!�Dl%x��z��;�,�x9���;�,�x9�HlJ�.℄�XW��2N�~b2_"�l��;�4�.w��l"86�p���

6 jv/2Æ�~#��ex)��2N5_�?���*Æ�rl5t��5?K���5?�jOmVI�2z�l=, drawdown%YK!_lQ�=jl5K���8[�mVI���~#�b'�z��;�K��;�lm5,�x9�fD{[�Zx:��OGQ�=j8[K�GGl�����~lU2tK�℄-Mb��W�o*�i���Y=, drawdown%Yl�~6E�mVI����2Nl=j"8�_�q
<qm5,�x9lE�℄0�W.hGGzE��~��eY��0!:℄O��B���2N4u~b�3�E�m5,�x��
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w�℄W��2N_"<3�℄ ε lQ�9��X��~x)��;�K��;�$,�x�*U29lE���;�,�xK��;�,�x���2N~ble$��(��,imVI��"6G���;�K��;�=jy�}Tle$�,WjO��;�,�x9���;�,�x�HlJ�.℄�XW��2N�</��;�li2_���;�9*lP
��'#�'�,_9W/��M4�.w����l��P
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g1(u,m) =

∫ u

αm

exp

{
∫ y

αm

ξ2(w)dw

}

dy,

g2(u,m) =

∫ αm∨u1

αm

exp

{
∫ y

αm

ξ2(w)dw

}

dy

+

∫ u

αm∨u1

exp

{
∫ αm∨u1

αm

ξ2(w)dw +

∫ y

αm∨u1

ξ1(w)dw

}

dyK
fi(y) =















α

[

1

gi(y, y)
+ ξ1(αy)

]

, u1 < αm,

α

[

1

gi(y, y)
+ ξ2(αy)

]

, αm < u1.

i = 1, 2.

B To 3.1 5x4 �K�x:�e� 3 /sH�/+ 1 ) π∗
t := Π(UΠ,Q

t ), q∗
t := Q(UΠ,Q

t ), *Æ U
π∗,q∗

t := U
Π,Q
t . xZ

τ∗α := inf{t ≥ 0 : U
π∗,q∗

t ≤ αm}, τ∗ := inf{t ≥ 0 : U
π∗,q∗

t ≥ us}.) Q ∈ Q z!_}Ty�DI β K γ l�YR?;~�-� Girsanov x:� U
π∗,q∗

t`<
dU

π∗,q∗

t = [rU
π∗,q∗

t + (µ+ σβ − r)π∗
t + (q∗

t η − η + θ)a+ q∗
tγb]dt

+σπ∗
t dB

Q
t + q∗

t bdW
Q
t , U0 = u.� h(u,m) _h Itô ^:n

h(U
π∗,q∗

τ∗

α∧τ∗ ,M
π∗,q∗

τ∗

α∧τ∗ )

= h(u,m) +

∫ τ∗

α∧τ∗

0

{

[rUπ∗,q∗

s + (µ+ σβ − r)π∗
s + (q∗

sη − η + θ)a+ q∗
sbγ]hu

}

ds

+

∫ τ∗

α∧τ∗

0

[

1

2
σ2(π∗

s)
2huu +

1

2
b2(q∗

s)
2huu

]

ds

+

∫ τ∗

α∧τ∗

0

hu(U
π∗,q∗

s ,Mπ∗,q∗

s )[σπ∗
sdB

Q
s + bq∗

sdW
Q
s ]

+

∫ τ∗

α∧τ∗

0

hm(Uπ∗,q∗

s ,Mπ∗,q∗

s )dMπ∗,q∗

s .
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rQ*i�� us ≤ m 2 M
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t = U
π∗,q∗

t , �� m < us 2 hm(m,m) = 0. XWo7E#<q Q ��uz
EQ[h(U

π∗,q∗

τ∗

α∧τ∗ ,M
π∗,q∗

τ∗

α∧τ∗ )]

= h(u,m) + EQ

[
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α∧τ∗

0
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rUπ∗,q∗

s + (µ+ σβ − r)π∗
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sbγ
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hu

}

ds

]

+EQ
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α∧τ∗

0

(

1

2
σ2(π∗

s)
2huu +

1

2
b2(q∗

s)
2huu

)

ds

]

.-�K�x:d� (2), (4) n
0 = inf

π,q
sup
β,γ

{

−
1

2ε
β2 −

1

2ε
γ2 + [rUπ∗,q∗

s + (µ+ σβ − r)π∗
s

+(q∗
sη − η + θ)a]hu +

1

2
σ2(π∗
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2huu +

1

2
b2(q∗

s)
2huu

}

= sup
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{
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1

2ε
β2 −

1

2ε
γ2 + [rUπ∗,q∗

s + (µ+ σβ − r)π∗
s

+(q∗
sη − η + θ)a]hu +

1

2
σ2(π∗

s)
2huu +

1

2
b2(q∗

s)
2huu

}

≥ −
1

2ε
β2
s −

1

2ε
γ2
s + [rUπ∗,q∗

s + (µ+ σβ − r)π∗
s

+(q∗
sη − η + θ)a]hu +

1

2
σ2(π∗

s)
2huu +

1

2
b2(q∗

s)
2huu.XWn

EQ[h(U
π∗,q∗

τ∗

α∧τ∗ ,M
π∗,q∗
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α∧τ∗

0

(

1

2ε
β2
s +

1

2ε
γ2
s

)

ds

]
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h(u,m) ≥ EQ

[

h(U
π∗,q∗

τ∗

α∧τ∗ ,M
π∗,q∗

τ∗

α∧τ∗ ) −

∫ τ∗

α∧τ∗

0

(

1

2ε
β2
s +

1

2ε
γ2
s

)

ds

]

.-�d� (5), Q3 DIDD��J� Uπ∗,q∗ �zBG��Y|4"C��2N3 \g��J����2N�gy,�+ drawdown. XW�en {τ∗α < τ∗} = {τ∗α < ∞}. ℄z h(U
π∗,q∗

τ∗

α∧τ∗ ) = 1{τ∗

α<τ
∗} = 1{τ∗

α<∞} *Æ τ∗α ∧ τ∗ ≤ τ∗α, XWjg
h(u,m) ≥ sup

Q∈Q
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1{τ∗

α<∞} −
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0

(

1

2ε
β2
s +

1

2ε
γ2
s

)

ds

]

≥ inf
π,q∈A

sup
Q∈Q
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1{τu,π,q
α <∞} −

1

ε

∫ τα

0

(

1

2
β2
s +

1

2
γ2
s

)

ds

]

= ψ(u,m)./+ 2 ) β∗
t := B(πt, U

π,q
t ), γ∗

t := Γ(qt, U
π,q
t ), β∗

t ,γ
∗
t :,/,;l�mq πt, qt, U

π,q
t$,;�Y� B,Γ z,;GG�mq πt, qt <q t oUSSQ nÆ�d� (6) �� β∗

t ,γ
∗
t
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h(Uπ,qτα∧τ∧t,M
π,q
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= h(u,m) +

∫ τα∧τ∧t

0

{[rUπ,qs + (µ+ σβ∗
s − r)πs + (qsη − η + θ)a+ qsγ

∗
sb]hu} ds

+
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0
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1

2
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+
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τα∧τ∧t)]

= h(u,m) + EQ
∗

[
∫ τα∧τ∧t

0

{[rUπ,qs + (µ+ σβ∗
s − r)πs + (qsη − η + θ)a+ qsγ

∗
sb]hu}ds

]

+EQ
∗

[
∫ τα∧τ∧t
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,�# Itô i�+/�-�d� (2), (4) K β∗
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t xZn
0 = inf

π,q
sup
β,γ
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1

2ε
β2 −

1

2ε
γ2 + [rUπ,qs + (µ+ σβ − r)πs

+(qsη − η + θ)a]hu +
1
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σ2π2

shuu +
1
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b2q2shuu
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≤ sup
β,γ

{
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1
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β2 −
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1

2
σ2π2

shuu +
1

2
b2q2shuu
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2 −
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+(qsη − η + θ)a]hu +
1

2
σ2π2

shuu +
1

2
b2q2shuu. (B.1)XWn

EQ
∗

[h(Uπ,qτα∧τ∧t,M
π,q
τα∧τ∧t)] ≥ h(u,m) + EQ

∗
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∫ τα∧τ∧t
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(

1

2ε
(β∗

s)
2 +
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2ε
(γ∗
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)
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[h(Uπ,qτα∧t,M
π,q
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(β∗
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2 +
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(γ∗
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. (B.3)℄z h(Uπ,qτα∧τ ,M
π,q
τα∧τ ) = 1{τα≤τ} ≤ 1{τα<∞}, �ejg
h(u,m) ≤ EQ

∗
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1

ε
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2 +
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ε
(γ∗
s)

2

)
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]

. (B.4)�x) π K q z,!=8[�5jQ�+ drawdown e�3 \g��J�n π = 0,

q = 0, s D0 z�/8[lkO�-�d� (5), � τα ∧ τ < s < τα n β
∗
s = 0,γ∗

s = 0. ℄z��Y π, q ∈ D0 n
h(u,m) ≤ EQ

∗

[

1{τα<∞} −
1

ε

∫ τα∧τ

0

(
1

2
(β∗

s)
2 +

1

2
(γ∗
s)

2)ds

]

≤ sup
Q∈Q
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∗

[

1{τα<∞} −
1

ε
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0
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1

2
(β∗

s)
2 +

1

2
(γ∗
s)

2

)

ds
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,XWn h(u,m) ≤ inf
π,q∈D0

sup
Q∈Q
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∗
[

1{τα<∞} −
1
ε

∫ τα

0

(

1
2 (β∗

s)
2 + 1
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2
)
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]

. �=�e;M/Yl:� D\D0 #l0!,?+�,l4�℄z drawdown Q�+��%H�.$l�4
Q\g��J��,4��N8[:=Il?��℄W4u&�en
h(u,m) ≤ inf

π,q∈D
sup
Q∈Q
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∗
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1{τα<∞} −
1

ε

∫ τα

0
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1

2
(β∗

s)
2 +

1

2
(γ∗
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2

)

ds

]

= ψ(u,m)./+ 3 ) π∗ := Π(UΠ,Q), q∗ := Q(UΠ,Q), *Æ β∗ := B(Π(UΠ,Q), UΠ,Q), γ∗ :=

Γ(Q(UΠ,Q), UΠ,Q), h0! π∗, q∗, β∗, γ∗ '�/+
l��� (B.1)–(B.3) ��!o��q
(B.4) 7�mq π∗, q∗, β∗, γ∗ |�z 0, n {τ∗α < τ∗} = {τ∗α <∞}. ,Wjg
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∗
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1

ε
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s)
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(γ∗
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2
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ds

]
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Abstract: In this paper, we consider the optimal investment and reinsurance control problem

for insurers with ambiguity, and we obtain the minimum drawdown probability, optimal robust

investment-reinsurance strategies and the associated drift distortion. Moreover, some numerical

examples are presented to show the impact of model parameters on the optimal results.
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