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1 SM�E'3>��r���"El�L2}u$�w�`{r���$�w; YU)>��u σ(x) u τ(x) Y�"rLP/uM/L2}� λ ""��P*P�!YU)
σ(x)y′′(x) + τ(x)y′(x) + λy(x) = 0, (1.1)&"$�w;!YU)�ooK℄lk� n, [

λ = λn := −
n(n − 1)σ′′

2
− nτ ′,  λm 6= λn K m = 0, 1, · · · , n − 1,U) (1.1) [Me/�" n �>L2}� yn(x), �X Rodrigues h}�� [1−11]

yn(x) =
1
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876 � E ' 3 E � Vol.39Aj7�d=}:E�g��3Cu��Er�W"[X>��℄-�"E$�w;U)3C�zM�E	o Andrews, Askey[12−13], Wilson, Ismail[14−17]; Nikiforov, Suslov, Uvarov,

Atakishiyev[8−10,18−20]; George, Rahman[21]; Koornwinder[22] �225bRg	P�_�BLH$ho Álvarez-Nodarse, Cardoso, Area, Godoy, Ronveaux, Zarzo, Robin, Dreyfus, Kac,

Cheung, Jia, Cheng, Feng � [23−32].ooOoU) (1.1) >MeL2}��%,PXBLU}�8_U)/>I8>��7o"��QS [1], X Cauchy �Y��h} [4,9]. hN� Area �d#. [23] w�+f+>U) (1.1) BP1;�>�m> Rodrigues ;��h}�_�1}�
yn(x) =

C1

ρ(x)

dn

dxn
(ρ(x)σn(x)) +

C2

ρ(x)

dn

dxn

(
ρ(x)σn(x)

∫
dx

ρ(x)σn+1(x)

)
,j4 C1, C2 �lR"���!��#. [3] aR� Robin[24] f+>gM> Rodrigues h}

yn(x) =
1

ρ(x)

dn

dxn

[
ρ(x)σn(x)

(∫
Pn(x) + Dn

ρ(x)σn+1(x)
dx + Cn

)]
,j4 Pn(x) �MelR> n �L2}� Cn, Dn �MelR"��

1983 XP0�$�w;!YU)"E3CO"� Nikiforov, Suslov u Uvarov[8−10] ��E	�2A5b� ��I�0P*�m(|>��IX��#>WMs} ∇x(s) =

x(s) − x(s − 1) r> YU)�|U) (1.1)

σ̃[x(s)]
∆

∆x(s − 1/2)

[
∇y(s)

∇x(s)

]
+

1

2
τ̃ [x(s)]

[
∆y(s)

∆x(s)
+

∇y(s)

∇x(s)

]
+ λy(s) = 0, (1.2)j4 σ̃(x) u τ̃ (x) Y��l℄ x(s) >rLP�uM�L2}� λ �Me"��

∆y(s) = y(s + 1) − y(s), ∇y(s) = y(s) − y(s − 1),

x(s) F�
x(s + 1) + x(s)

2
= αx(s +

1

2
) + β (1.3)

(j4 α, β �"�) 
x2(s + 1) + x2(s) �l℄ x(s + 1

2 ) >rLP�L2}� (1.4)dWMs}r��p�!!YU) (1.1)<8> YU) (1.2)'[I8>yKRS��V+_�BLyK>$���>�zvr�m>_$�w!YU)>��_�v[yKI8RS��>M7�d=}:E�gCu��EwO"�#℄{X>�[lWMs}r$�w; YU) (1.2)>gL:(�Jh,P�a1l#.o Koekoek, Lesky, Swarttouw[7],

Nikiforov, Suslov,Uvarov, Atakishiyev, Rahman[8−10,18−20], Magnus[33], Foupouagnigni[34−35],

Witte[36].�Q 1.1 <1}r� x(s) �&"WMs}oo�IF��Æ (1.3) u (1.4)

x(s) = c1q
s + c2q

−s + c3, (1.5)

x(s) = c̃1s
2 + c̃2s + c̃3, (1.6)



No.4)�R��WMs}r>$�w; YU)�BP1�> Rodrigues;��h} 877j4 ci, c̃i �lR"� c1c2 6= 0, c̃1c̃2 6= 0.K℄U) (1.2) w λ >P7q��p Rodrigues h}> YOV�L[Mel℄ x(s) >L2}���hA�kI,P$�dWMs} YU)w�[[ Rodrigues h}>�m�&%I�o�dMs}o x(s) = s u x(s) = qs >d=�#. [28] O"�+[6>�m�hN�dWMs} (1.5) ~ (1.6) >d-*�j��xY℄u.T>�U-djxd-*��/#. [28] dU�� 2005 XP0H[+-plw_UK>1l gu�o��#>Q>��dWMs} (1.5) u (1.6) d=*�f+ Rodriguesh}><e�m��C�[�po*�B 2 �w�t>WMs}r> Y^uY��aY�>v�dB 3 �uB 4 ��}kWMs}r>"E Rodrigues h}��f+>M7�A>�tuM7V3�B 5 ��%IdWMs}r��8�{MeP�$�w$�w YU)>ÆÆ YU)�je9�oL[I8>yKRS�6XÆÆ YU)�B 6 ��%IdG3 6.2 wf+>D:4
h}>Mx�g�dB 7 �w�X��℄B 6 �>US��8�MegM>D:4
h}G3 7.1.

2 �PX#℄;��!.+!u x(s) �Me}�j4 s ∈ C. Klwk� k, xk(s) = x(s + k
2 ) L�Me}�fGr� f(s), GSl℄ xk(s) ><x Y}o*

∆kf(s) =
∆f(s)

∆xk(s)
, ∇kf(s) =

∇f(s)

∇xk(s)
. (2.1) M��KlwW^k� n, j

∆
(n)
k f(s) =






f(s), n = 0,

∆

∆xk+n−1(s)
· · ·

∆

∆xk+1(s)

∆

∆xk(s)
f(s), n ≥ 1.

∇
(n)
k f(s) =





f(s), n = 0,

∇

∇xk−n+1
· · ·

∇

∇xk−1(s)

∇

∇xk(s)
f(s), n ≥ 1.*Kj7>vnQJn�9B 2.1 fG'[℄�= s ><er� f(s), g(s) , f[

∆k(f(s)g(s)) = f(s + 1)∆kg(s) + g(s)∆kf(s) = g(s + 1)∆kf(s) + f(s)∆kg(s),

∆k

(
f(s)

g(s)

)
=

g(s + 1)∆kf(s) − f(s + 1)∆kg(s)

g(s)g(s + 1)
=

g(s)∆kf(s) − f(s)∆kg(s)

g(s)g(s + 1)
,

∇k(f(s)g(s)) = f(s − 1)∇kg(s) + g(s)∇kf(s) = g(s − 1)∇kf(s) + f(s)∇kg(s),

∇k

(
f(s)

g(s)

)
=

g(s − 1)∇kf(s) − f(s − 1)∇kg(s)

g(s)g(s − 1)
=

g(s)∇kf(s) − f(s)∇kg(s)

g(s)g(s − 1)
.">,3W} ∇k, ��MxuY�IC Bangerezakod#. [29]>�t�A ∇kf(t) =

g(t). SG
f(t) − f(t − 1) = g(t) [xk(t) − xk(t − 1)] .
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�[
f(s) − f(N − 1) =

t=s∑

t=N

g(t)∇xk(t).U-�%IGS
∫ s

N

g(t)d∇xk(t) =

t=s∑

t=N

g(t)∇xk(t). (2.2)nQJn9B 2.2 fG'[℄�= N, s ><er� f(s), g(s) , f[
(1) ∇k

[∫ s

N

g(t)d∇xk(t)

]
= g(s),

(2)

∫ s

N

∇kf(t)d∇xk(t) = f(s) − f(N).

3 Rodrigues '>bXBP�w>�t�$�w; (1.2) > YU),P8'
σ̃[x(s)]∆−1∇0y(s) +

τ̃ [x(s)]

2
[∆0y(s) + ∇0y(s)] + λy(s) = 0. (3.1)d*#w�%I�u} x(s) [ (1.5) }u (1.6) }<x=}�j

zk(s) = ∆
(k)
0 y(s) = ∆k−1∆k−2 · · ·∆0y(s).SGKW^k� k, zk(s) F�^U) (3.1) �;>U) [10]

σ̃k[xk(s)]∆k−1∇kzk(s) +
τ̃k[xk(s)]

2
[∆kzk(s) + ∇kzk(s)] + µkzk(s) = 0, (3.2)j4 σ̃k(xk) u τ̃k(xk) Y��l℄ xk >rLP�uM�L2}� µk �M"��

σ̃k[xk(s)] =
σ̃k−1[xk−1(s + 1)] + σ̃k−1[xk−1(s)]

2

+
1

4
∆k−1τ̃k−1(s)

∆xk(s) + ∇xk(s)

2∆xk−1(s)
[∆xk−1(s)]

2

+
τ̃k−1[xk−1(s + 1)] + τ̃k−1[xk−1(s)]

2

∆xk(s) −∇xk(s)

4
,

σ̃0[x0(s)] = σ̃[x(s)];

τ̃k[xk(s)] = ∆k−1σ̃k−1 [xk−1(s)] + ∆k−1τ̃k−1 [xk−1(s)]
∆xk(s) −∇xk(s)

4

+
τ̃k−1[xk−1(s + 1)] + τ̃k−1[xk−1(s)]

2

∆xk(s) + ∇xk(s)

2∆xk−1(s)
,

τ̃0[x0(s)] = τ̃ [x(s)];

µk = µk−1 + ∆k−1τ̃k−1 [xk−1(s)] , µ0 = λ.



No.4)�R��WMs}r>$�w; YU)�BP1�> Rodrigues;��h} 879">H$U) (3.2) �>gL>v�*K>U)�[X>
1

2
[∆kzk(s) + ∇kzk(s)] = ∆kzk(s) −

1

2
∆ [∇kzk(s)] .�U) (3.2) `8"��=}

σk(s)∆k−1∇kzk(s) + τk(s)∆kzk(s) + µkzk(s) = 0, (3.3)j4
σk(s) = σ̃k[xk(s)] −

1

2
τ̃k[xk(s)]∇xk+1(s), (3.4)

τk(s) = τ̃k[xk(s)]. (3.5)%IR-
τk(s) =

σ(s + k) − σ(s) + τ(s + k)∇x1(s + k)

∇xk+1(s)
, (3.6)

µk = λ +

k−1∑

j=0

∆jτj(s). (3.7)[ 3.1 6 k �M^k�y�%IL��} (3.6) \�" τk.�U) (3.3) `8'�1Æ=}
∆k−1 [σk(s)ρk(s)∇kzk(s)] + µkρk(s)zk(s) = 0,j4 ρk(s) F� Pearson ; YU)

∆k−1 [σk(s)ρk(s)] = τk(s)ρk(s).j ρ(s) = ρ0(s), %IR-
ρk(s) = ρ(s + k)

k∏

i=1

σ(s + i).ooKlk� n, [
λ = λn := −

n−1∑

j=0

∆jτj(s),  λm 6= λn K m = 0, 1, · · · , n − 1, (3.8)SGU) (3.1) [Mel℄ x(s) > n �L2}� yn[x(s)], �,P��' Rodriguez ;h}> YOV [8−10]

yn[x(s)] =
1

ρ(s)
∇(n)

n [ρn(s)] =
1

ρ(s)
∆

(n)
−n [ρn(s − n)] .

4 τk(s), µk + λn �I��-d�%IdWMs} (1.5) u (1.6) *�Y�f+ τk(s), µk u λn >,��1}�



880 � E ' 3 E � Vol.39A9B 4.1 fGlRk� k, oo x(s) = c1q
s + c2q

−s + c3, SG
τk(s) =

[
qk − q−k

q
1
2 − q−

1
2

σ̃′′

2
+

(
qk + q−k

) τ̃ ′

2

]
xk(s) + c(k)

= [ν(2k)
σ̃′′

2
+ α(2k)τ̃ ′]xk(s) + c(k) = κ2k+1xk(s) + c(k),j4

ν(µ) =






q
µ
2 − q−

µ
2

q
1
2 − q−

1
2

µ

, α(µ) =






q
µ
2 + q−

µ
2

2
1

,
κµ = α(µ − 1)τ̃ ′ + ν(µ − 1)

σ̃′′

2
.oo x(s) = c̃1s

2 + c̃2s + c̃3, SG
τk(s) = [kσ̃′′ + τ̃ ′]xk(s) + c̃(k) = κ2k+1xk(s) + c̃(k),j4 c(k), c̃(k) �l℄ k >r�

c(k) = c3(1 − q
k
2 )(q

k
2 − q−k) + c3

(2 − q
k
2 − q−

k
2 )(q

k
2 − q−

k
2 )

q
1
2 − q−

1
2

+τ̃(0)(q
k
2 + q−

k
2 ) + σ̃(0)

q
k
2 − q−

k
2

q
1
2 − q−

1
2

,

c̃(k) =
σ̃′′

4
c̃1k

3 +
3τ̃ ′

4
c̃1k

2 + σ̃(0)k + 2τ̃(0).V %I��nL x(s) = c1q
s + c2q

−s + c3 >d=�Y (3.4), (3.5) u (3.6) }�%I[
τk(s) =

σ̃[x(s + k)] − σ̃[x(s)] + 1
2 τ̃ [x(s + k)]∆x(s + k − 1

2 ) + 1
2 τ̃ [x(s)]∆x(s − 1

2 )

∆xk−1(s)
. (4.1)M75>�z�%I<8

x(s + k) − x(s) = (q
k
2 − q−

k
2 )(c1q

s+ k
2 − c2q

−s− k
2 ),

x(s + k) + x(s) = (q
k
2 + q−

k
2 )xk(s) + c3(2 − q

k
2 − q−

k
2 ),

∆xk−1(s) = (q
1
2 − q−

1
2 )(c1q

s+ k
2 − c2q

−s− k
2 ). M�� σ̃[x(s)] = σ̃′′

2 x2(s) + σ̃′(0)x(s) + σ̃(0). SG
σ̃[x(s + k)] − σ̃[x(s)]

∆xk−1(s)
=

σ̃′′

2

x2(s + k) − x2(s)

∆xk−1(s)
+ σ̃′(0)

x(s + k) − x(s)

∆xk−1(s)

=
σ̃′′

2

qk − q−k

q
1
2 − q−

1
2

xk(s) + σ̃′(0)
q

k
2 − q−

k
2

q
1
2 − q−

1
2

+c3
(2 − q

k
2 − q−

k
2 )(q

k
2 − q−

k
2 )

q
k
2 − q−

k
2

. (4.2)
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x(s + k)∆x(s + k −

1

2
) + x(s)∆x(s −

1

2
)

= (qk + q−k)(q
1
2 − q−

1
2 )(c1q

s+ k
2 − c2q

−s− k
2 )xk(s)

+c3(q
1
2 − q−

1
2 )(c1q

s+ k
2 − c2q

−s− k
2 )(1 − q

k
2 )(q

k
2 − q−k), (4.3)

∆x(s + k −
1

2
) + ∆x(s −

1

2
) = (q

1
2 − q−

1
2 )(q

k
2 + q−

k
2 )(c1q

s+ k
2 − c2q

−s− k
2 ), (4.4) τ [x(s)] = τ̃ ′x(s) + τ̃(0). U-

1

2

τ̃ [x(s + k)]∆x(s + k − 1
2 ) + τ̃ [x(s)]∆x(s − 1

2 )

∆xk−1(s)

=
τ̃ ′

2

x(s + k)∆x(s + k − 1
2 ) + x(s)∆x(s − 1

2 )

∆xk−1(s)
+

τ̃(0)

2

∆x(s + k − 1
2 ) + ∆x(s − 1

2 )

∆xk−1(s)

=
τ̃ ′

2
(qk + q−k)xk(s) + c3(1 − q

k
2 )(q

k
2 − q−k) + τ̃(0)(q

k
2 + q−

k
2 ). (4.5)� (4.2) u (4.5) }3p (3.5) }�%,<�C�R6 4.1[18] K α(µ), ν(µ), %I[

k−1∑

j=0

α(2j) = α(k − 1)ν(k),
k−1∑

j=0

ν(2j) = ν(k − 1)ν(k).0 (3.7) }� (3.8) }uV3 4.1, %I[9B 4.2 q x(s) = c1q
s + c2q

−s + c3 ~ x(s) = c̃1s
2 + c̃2s + c̃3, SG

µk = λ + κkν(k), (4.6)j4 κk = α(k − 1)τ̃ ′ + 1
2ν(k − 1)σ̃′′.V oo x(s) = c1q

s + c2q
−s + c3, SG

µk = λ +

k−1∑

j=0

[
qj − q−j

q
1
2 + q−

1
2

σ̃′′

2
− (qj + q−j)

τ̃ ′

2

]

= λ +

k−1∑

j=0

ν(2j)
σ̃′′

2
+

k−1∑

j=0

α(2j)τ̃ ′

= λ + ν(k − 1)ν(k)
σ̃′′

2
+ α(k − 1)ν(k)τ̃ ′

= λ + κkν(k),j4
κk = α(k − 1)τ̃ ′ +

1

2
ν(k − 1)σ̃′′. (4.7)oo x(s) = c̃1s

2 + c̃2s + c̃3, SG
µk = λ +

k−1∑

j=0

[jσ̃′′ + τ̃ ′] = λ +
(k − 1)k

2
σ̃′′ + kτ̃ ′ = λ + κkν(k).n��YN� 4.2 u (3.8) }�%I[

λn = −nκn. (4.8)
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5 �PX#℄;�0-�!���	A��j
L[y] = σ(s)∆−1∇0y(s) + τ(s)∆0y(s) + λy(s) = 0. (5.1)SGU) (5.1) [�1Æ=}

∆−1 [σ(s)ρ(s)∇0y(s)] + λρ(s)y(s) = 0, (5.2)j4 ρ(s) F� Pearson ;U)
∆−1 [σ(s)ρ(s)] = τ(s)ρ(s). (5.3)"><8WMs}r Rodriguez;h}>�m�owGSu�8WMs}r$�w YU)>ÆÆU)rlyK�j w(s) = ρ(s)y(s). SG

∇0y(s) = ∇0
w(s)

ρ(s)
=

ρ(s − 1)∇0w(s) − w(s − 1)∇0ρ(s)

ρ(s)ρ(s − 1)
. (5.4)� (5.4) }3p (5.2) }�%I<

∆−1

[
σ(s)(∇0w(s) − w(s − 1)

∇0ρ(s)

ρ(s − 1)
)

]
+ λw(s) = 0. (5.5)Y Pearson ;U) (5.3), [

∆[σ(s)ρ(s)]

∆x−1(s)
=

σ(s + 1)∆ρ(s) + ∆σ(s)ρ(s)

∆x−1(s)
= τ(s)ρ(s).SG

∇ρ(s)

ρ(s − 1)
=

τ(s − 1)∇−1(s) −∇σ(s)

σ(s)
. (5.6)� (5.6) }3p (5.5) }�,<

L∗[w] := σ∗(s)∆−1∇0w(s) + τ∗(s)∆0w(s) + λ∗w(s) = 0, (5.7)j4
σ∗(s) = σ(s − 1) + τ(s − 1)∇x−1(s), (5.8)

τ∗(s) =
σ(s + 1) − σ(s − 1)

∆x−1(s)
− τ(s − 1)

∇x−1(s)

∆x−1(s)
, (5.9)

λ∗ = λ − ∆−1

(
τ(s − 1)

∇x−1(s)

∇x(s)
−

∇σ(s)

∇x(s)

)
. (5.10)�Q 5.1 U) (5.7) �&"KW℄U) (5.1) >1ÆU)�YGS 5.1, nQ<89B 5.1 K y(s), %I[

L∗[ρy] = ρL[y]. (5.11)



No.4)�R��WMs}r>$�w; YU)�BP1�> Rodrigues;��h} 883R6 5.1[18] j x = x(s) �MeF� (1.5) u (1.6) }>WMs}�SGY*K�}�GS>r� σ̃ν(s) u τν(s)

σ̃ν(s) = σ(s) +
1

2
τν(s)∇xν+1(s), (5.12)

τν(s)∇xν+1(s) = σ(s + ν) − σ(s) + τ(s + ν)∇x1(s + ν), (5.13)Y��l℄�= xν = x(s + ν
2 ), ν ∈ R >rLP�~M�L2}�6XN� 4.1 uV3 5.1, �T<8E7 5.1 K (5.9) u (5.10) }�%I[

τ∗(s) = −τ−2(s + 1) = [γ(4)
σ̃′′

2
− α(4)τ̃ ′]x0(s) + c(−2), (5.14)

λ∗ = λ − ∆−1τ−1(s) = λ − γ(2)
σ̃′′

2
− α(2)τ̃ ′ = λ − κ−1. (5.15)V Y℄

σ(s − 1) − σ(s + 1) + τ(s − 1)∇x−1(s) = σ(s − 1) − σ(s + 1) + τ(s − 1)∇x1(s − 1).u s + 1 = z, fY (5.13) }�%I[
σ(s − 1) − σ(s + 1) + τ(s − 1)∇x1(s − 1)

= σ(z − 2) − σ(z) + τ(z − 2)∇x1(z − 2)

= τ−2(z)∇x−1(z) = τ−2(s + 1)∇x−1(s + 1)

= τ−2(s + 1)∆x−1(s),-dY (5.9) }uN� 4.1, ,<
τ∗(s) = −τ−2(s + 1) = −[γ(−4)

σ̃′′

2
+ α(−4)τ̃ ′]x−2(s + 1) + c(−2)

= [γ(4)
σ̃′′

2
− α(4)τ̃ ′]x0(s) + c(−2).�3�0 (5.10) u (5.13) }�%I<8

λ∗ = λ − ∆−1τ−1(s) = λ − ∆−1{[γ(−2)
σ̃′′

2
+ α(−2)τ̃ ]x−1(s)}

= λ + γ(2)
σ̃′′

2
− α(2)τ̃ ′ = λ − κ−1.n��l℄ÆÆU) (5.7), %IR-�'[*K[f>KZ>v�9B 5.2 K℄ÆÆU) (5.7), %I[

σ(s) = σ∗(s − 1) + τ∗(s − 1)∇x−1(s), (5.16)

τ(s) =
σ∗(s + 1) − σ∗(s − 1)

∆x−1(s)
− τ∗(s − 1)

∇x−1(s)

∆x−1(s)
, (5.17)
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λ = λ∗ − ∆−1

(
τ∗(s − 1)

∇x−1(s)

∇x(s)
−

∇σ∗(s)

∇x(s)

)
. (5.18)V 0 (5.9) }%I[

τ∗(s)∆x−1(s) = σ(s + 1) − σ(s − 1) − τ(s − 1)∇x−1(s), (5.19)0 (5.8) u (5.19) }�%I[
σ(s + 1) = σ∗(s) + τ∗(s)∆x−1(s),U-

σ(s) = σ∗(s − 1) + τ∗(s − 1)∇x−1(s).Y (5.8) }�%I<
τ(s − 1) =

σ∗(s) − σ(s − 1)

∇x−1(s)
=

σ∗(s) − σ∗(s − 2) − τ∗(s − 2)∇x−1(s − 1)

∇x−1(s)
,U-

τ(s) =
σ∗(s +1) − σ∗(s − 1) − τ∗(s − 1)∇x−1(s)

∆x−1(s)
. M�

τ(s − 1)∇x−1(s) −∇σ(s) = σ∗(s) − σ(s − 1) −∇σ(s)

= σ∗(s) − σ(s)

= σ∗(s) − [σ∗(s − 1) + τ∗(s − 1)∇x−1(s)]

= ∇σ∗(s) − τ∗(s − 1)∇x−1(s), (5.20)U-�Y (5.10) u (5.20) }�,<
λ = λ∗ + ∆−1

[
τ(s − 1)∇x−1(s) −∇σ(s)

∇x(s)

]
= λ∗ − ∆−1

[
τ∗(s − 1)∇x−1(s) −∇σ∗(s)

∇x(s)

]
.n��X^�C 5.1 1�>US�%I<8E7 5.2 KU) (5.17) u (5.18), %I[

τ(s) = −τ∗

−2(s + 1), (5.21)
λ = λ∗ − κ∗

−1. (5.22)9B 5.3 ÆÆU) (5.7) ,P`8"
σ(s + 1)∆−1∇0w(s) − τ−2(s + 1)∇0w(s) + (λ − κ−1)w(s) = 0. (5.23)V Y℄

∆0w(s) −∇0w(s) = ∆(
∇w(s)

∇x(s)
),
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τ∗(s)∆0w(s) = τ∗(s)∇0w(s) + τ∗(s)∆(

∇w(s)

∇x(s)
)

= τ∗(s)∇0w(s) + τ∗(s)∆x−1(s)
∆

∆x−1(s)
(
∇w(s)

∇x(s)
), (5.24)� (5.24) }3p (5.7) }�%I[

[σ∗(s) + τ∗(s)∆x−1(s)]
∆

∆x−1(s)
(
∇w(s)

∇x(s)
) + τ∗(s)∇0w(s) + λ∗w(s) = 0. (5.25)Y (5.16) }�,<

σ∗(s) + τ∗(s)∆x−1(s) = σ(s + 1). (5.26)� (5.26) }3p (5.25) }�Y (5.14) }�%I<
σ(s + 1)∆−1∇0w(s) − τ−2(s + 1)∇0w(s) + (λ − κ−1)w(s) = 0.n���*0%IKnLÆÆU) (5.7) ~ (5.23) L�WMs}r>$�w; YU)�j�AnL

σ̃∗(s) = σ∗(s) +
1

2
τ∗(s)∆x−1(s) = σ(s + 1) +

1

2
τ−2(s + 1)∆x−1(s)�l℄�= x0(s) >rLP�L2}��zr�YV3 5.1 u (5.12) }�,<

σ̃∗(s) = σ(s + 1) +
1

2
τ−2(s + 1)∇x−1(s + 1) = σ̃−2(s + 1)�l℄�= x−2(s + 1) = x0(s) >rLP�L2}�U-�%I<8�6 5.1 ÆÆU) (5.23) ~

σ̃−2(s + 1)∆−1∇0w(s) −
1

2
τ−2(s + 1)[∆0w(s) + ∇0w(s)] + (λ − κ−1)w(s) = 0 (5.27)L�WMs}r>$�w; YU)�

6 Rodrigues '>�P$F)j
Yn(s) = ρn(s − n) = ρ(s)

n−1∏

j=0

σ(s − i).-djeMe=o (3.3) }> YU)��[� Yn(s). `8" Yn(s) = ρ(s)σ(s)
n−1∏
j=1

σ(s − i).SG6XN� 2.1 u Pearson U) (5.3), %I[
∇−nYn(s) =

∇Yn(s)

∇x−n(s)
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=
1

∇x−n(s)



ρ(s)σ(s)
n−1∏

j=1

σ(s − i) − ρ(s − 1)σ(s − 1)
n−1∏

i=1

σ(s − 1 − i)





=
1

∇x−n(s)

{
[τ(s − 1)ρ(s − 1)∇x−1(s) + σ(s − 1)ρ(s − 1)]

n−1∏

i=1

σ(s − i)

−ρ(s − 1)σ(s − 1)

n−1∏

i=1

σ(s − 1 − i)

}
.SG%I<8Me� Yn(s) > YU)

σ(s − n)∇−nYn(s) =

(
σ(s − 1) − σ(s − n)

∇x−n(s)
+ τ(s − 1)

∇x−1(s)

∇x−n(s)

)
Yn(s − 1). (6.1)9B 6.1 oo u1(s) �P* YU)>MeW\T�

p1(s)∇ku(s) = p0(s)u(s − 1), (6.2)j4 p1(s) 6= 0, SG�F� YU)
(p1(s) − p0(s)∇xk(s))∆k−1∇ku(s)

+

(
∆k−1p1(s) − p0(s)

∇xk(s)

∆xk−1(s)

)
∆ku(s) − ∆k−1p0(s)u(s) = 0. (6.3) M�� YU) (6.3) >_���

u2(s) = Cu1(s)

∫ s

N

1

p1(t)u1(t)
d∇xk(t),j4 C �"��V �} ∆k−1 �X8U) (6.2) <��%I[

p1(s)∆k−1∇ku(s) + ∆k−1p1(s)∆ku(s) = u(s)∆k−1p0(s) + p0(s)∆k−1u(s − 1). (6.4)Y℄
∆k−1∇ku(s) =

1

∆xk−1(s)

(
∆ku(s) −

∇u(s)

∇xk(s)

)
,f[

∆k−1u(s − 1) =
∇xk(s)

∆xk−1(s)
(∆ku(s) − ∆k−1∇ku(s)∆xk−1(s)) . (6.5)� (6.5) }3p (6.4) }�%I<8l℄ u(s) >U) (6.3) . �U) (6.3) _��M�" u2(s),SG

∇k

(
u2(s)

u1(s)

)
=

u1(s − 1)∇ku2(s) − u2(s − 1)∇ku1(s)

u1(s)u1(s − 1)
. (6.6)YPr�7� u2(s) F�

∆k−1[p1(s)∇ku(s) − p0(s)u(s − 1)] = 0.
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p1(s)∇ku2(s) − p0(s)u2(s − 1) = C.SG�� (6.2) }3p (6.6) }�,<

∇k

(
u2(s)

u1(s)

)
=

C

p1(s)u1(s)
.YN� 2.2, [

u2(s) = Cu1(s)

∫ s

N

1

p1(t)u1(t)
d∇xk(t).n��YrKN��,<

σ̂(s)∆−(n+1)∇−nYn(s) + τ̂ (s)∆−nYn(s) + λ̂Yn(s) = 0, (6.7)j4
σ̂(s) = σ(s − 1) + τ(s − 1)∇x−1(s) = σ∗(s), (6.8)

τ̂ (s) =
σ(s − n + 1) − σ(s − 1)

∆x−(n+1)(s)
− τ(s − 1)

∇x−1(s)

∆x−(n+1)(s)
= −τ−(n+2)(s + 1), (6.9)

λ̂ = −∆−(n+1)

(
σ(s − 1) − σ(s − n)

∇x−n(s)
+ τ(s − 1)

∇x−1(s)

∇x−n(s)

)
= −∆−(n+1)τ−(n+1)(s). (6.10)Y^B&�1�>US�U) (6.7) ,�`8'

σ(s + 1)∆−(n+1)∇−nYn(s) − τ−(n+2)(s + 1)∇−nYn(s) + λ̂Yn(s) = 0. (6.11)�U) (6.7) � >�" Ŷn(s). SG
Ŷn(s) = ρ(s)

n−1∏

j=0

σ(s − j)

∫ s

N

1

ρ(t)
n∏

j=0

σ(t − j)
d∇x−n(t). (6.12)-d�KU) (6.7), j Y

(n)
n (s) = ∆

(n)
−nYn(s). SG Y

(n)
n (s) F�

σ̂(s)∆−1∇0Y
(n)
n (s) + τ̂n(s)∆0Y

(n)
n (s) + µ̂nY (n)

n (s) = 0. (6.13)YD�l)} (3.6) u (3.7), KlwW^k� k, %I[
τ̂k(s) =

σ̂(s + k) − σ̂(s) + τ̂(s + k)∆x−n(s + k − 1
2 )

∆x−n(s + k−1
2 )

=
σ(s − n + k + 1) − σ(s − 1) − τ(s − 1)∇x−1(s)

∆x−n(s + k−1
2 )

= −τ−(n−k+2)(s + 1), (6.14)
µ̂n = λ̂ +

n−1∑

k=0

∆k−nτ̂k(s). (6.15)



888 � E ' 3 E � Vol.39A6 k �Me^k��%IL� (6.14) }>\��" τ̂k(s). 6 k = n, %I<8
τ̂n(s) =

σ(s + 1) − σ(s − 1)

∆x(s − 1
2 )

− τ(s − 1)
∇x−1(s)

∆x−1(s)
= −τ−2(s + 1) = τ∗(s).Y^B 5 �1�>US�U) (6.13) ,�`8"

σ(s + 1)∆−1∇0Yn(s) − τ−2(s + 1)∇0Yn(s) + µ̂nYn(s) = 0. (6.16)">� µ̂n, %IAKMeV3��>nL1�℄N� 4.1.R6 6.1 fGMek� k, oo x(s) = c1q
s + c2q

−s + c3, SG
τ̂k(s) =

[
qk−n+2 − qn−k−2

q
1
2 − q−

1
2

σ̃′′

2
−

(
qk−n+2 + qn−k−2

) τ̃ ′

2

]
xk−n(s) + ĉ1(k)

= {ν[−2(n− k − 2)]
σ̃′′

2
− α[−2(n − k − 2)]τ ′}xn−k(s) + ĉ1(k)

= −κ2(n−k−2)+1xk−n + ĉ1(k);oo x(s) = c̃1s
2 + c̃2s + c̃3, SG

τ̂k(s) = [(k − n + 2)σ̃′′ − τ̃ ′] xk−n(s) + ĉ2(k) = −κ2(n−k−2)+1xk−n + ĉ2(k);j4 ĉ1(k), ĉ2(k) �l℄ k >r�
ĉ1(k) =

q
k−n+2

2 − q
n−k−2

2

q
1
2 − q−

1
2

[σ̃′(0) + c3(2 − q
k−n+2

2 − q
n−k−2

2 )]

+τ̃ (0)(q
k−n+2

2 + q
n−k−2

2 ) + c3τ̃
′

k−n+2

2 )(q
k−n+2

2 − qn−k−2),

ĉ2(k) = σ̃′(0)(k − n + 2) +
σ̃′′

4
c̃1(k − n + 2)3 +

3τ̃ ′

4
c̃1(k − n + 2)2 + 2τ̃(0).E7 6.1 oo x(s) = c1q

s + c2q
−s + c3 ~ x(s) = c̃1s

2 + c̃2s + c̃3, SG
µ̂n = −κ−1 − κnν(n) = −κn−1ν(n + 1).V Y (6.10)}�%I)8 λ̂ =∆−(n+1)τ−(n+1)(s) = ∆−(n+1)τ̂−1(s). SG�%I� (6.15)}8'

µ̂n = λ̂ +
n−1∑

k=0

∆k−nτ̂k(s) =
n−1∑

k=−1

∆k−nτ̂k(s). (6.17)SGYV3 6.1, oo x(s) = c1q
s + c2q

−s + c3, f
µ̂n =

n−1∑

k=−1

[
qk−n+2 − qn−k−2

q
1
2 − q

1
2

σ′′

2
−

(
qk−n+2 + qn−k−2

) τ ′

2

]

=

n−1∑

k=−1

[
q−k − qk

q
1
2 − q

1
2

σ′′

2
−

(
q−k + qk

) τ ′

2

]

= −κ−1 +

n−1∑

k=0

[
q−k − qk

q
1
2 − q

1
2

σ′′

2
−

(
q−k + qk

) τ ′

2

]

= −κ−1 − κnν(n) = −κn−1ν(n + 1).
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2 + c̃2s + c̃3, f
µ̂n =

n−1∑

k=−1

[(k − n + 2)σ′′ − τ ′] =

n−1∑

k=−1

[−kσ′′ − τ ′]

= −κ−1 +

n−1∑

k=0

[−kσ′′ − τ ′] = −κ−1 − nκn = −(n + 1)κn−1.n���6 6.1 oo λ = λn = −κnν(n), SGU) (6.13) �
L∗[Y (n)

n (s)] = 0.V %I�nL6 λ = λn >d=�[ µ̂n = λ∗. Y (5.10) }uN� 4.1, [
λ∗ = λn − ∆−1

(
τ(s − 1)

∇x−1(s)

∇x(s)
−

∇σ(s)

∇x(s)

)

= λn − ∆−1τ−1(s) = −κnν(n) − κ−1 = −κn−1ν(n + 1). (6.18)U-�Y�C 6.1, %I<8 µ̂n = λ∗.Y�} (5.11), %I[ L[ 1
ρ
Y

(n)
n ] = L∗[Y

(n)
n ] = 0. SG%I<8 Rodrigues ;h}>Me�m��6 6.2 oo

λ = λn  λm 6= λn K m = 0, 1, · · · , n − 1,SGU) (3.1) >���
yn(s) =

C1

ρ(x)
∆

(n)
−n[ρ(s)

n−1∏

j=0

σ(s − j)]

+
C2

ρ(x)
∆

(n)
−n


ρ(s)

n−1∏

j=0

σ(s − j)

∫ s

N

1

ρ(t)
n∏

j=0

σ(t − j)
d∇x−n(t)


 .

7 %P�� Rodrigues '>9B 7.1[10,p62] u}r� x(s) '[=}
x(s) = c1q

s + c2q
−s + c3 ~ x(s) = c1s

2 + c2s + c3,j4 q, c1, c2, c3 ""��oo Pn[xk(s)] �l℄ xk(s) (k �MlRk�)> n �L2}�SG
∆kPn[xk(s)] �Mel℄ xk+1(s) > n − 1 �L2}�%I� (5.7) }^�1;> YU);)`0

σ∗(s)∆−(n+1)∇−nv(s) + γ(s, n)∆−nv(s) + η(n)v(s) = Pn−1[x−n(s)], (7.1)j4 γ(s, n) u η(n) 4G� Pn−1[x−n(s)] �Mel℄ x−n(s) > n− 1 �lRL2}�-�G
∆

(n)
−n

[
σ∗(s)∆−(n+1)∇−nv(s) + γ(s, n)∆−nv(s) + η(n)v(s)

]

= σ∗(s)∆−1∇0w(s) + τ∗(s)∆0w(s) + λ∗w(s) = 0
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w(s) = ∆

(n)
−nv(s). M��%I�u

σ∗(s)∆−n−1∇−nv(s) + γ(s, n)∆−nv(s) + η(n)v(s)

= ∆−(n+1) [σ∗(s)∇−nv(s) + ℓ(s, n)v(s)] , (7.2)j4 ℓ(s, n) 4G�-d�YD�l)} (3.6) u (3.7), KlwW^k� k, %I[
γk(s, n) =

σ∗(s + k) − σ∗(s) + γ(s + k, n)∆x−n(s + k − 1
2 )

∆x−n+k−1(s)
, γ0(s, n) = γ(s, n),

ηk(n) = η(n) +
k−1∑

j=0

∆j−nγj(s, n), η0(n) = η(n).6 k = n, f[
τ∗(s) = γn(s, n) =

σ∗(s + n) − σ∗(s) + γ(s + n, n)∆x−n(s + n − 1
2 )

∆x−n(s + n−1
2 )

=
σ(s + 1) − σ(s − 1)

∆x−1(s)
− τ(s − 1)

∇x−1(s)

∆x−1(s)
, (7.3)

λ∗ = η(n) +

n−1∑

j=0

∆j−nγj(s, n) = λ −∇−1

(
τ(s − 1)

∇x−1(s)

∇x(s)
−

∇σ(s)

∇x(s)

)
. (7.4)Y (7.3) }�%I<

γ(s, n) =
σ(s − n + 1) − σ(s − 1) − τ(s − 1)∇x−1(s)

∆x−n(s − 1
2 )

. (7.5) M��0 (7.2) }uN� 2.1, %I<
ℓ(s + 1, n)

∆x−n(s)

∆x−(n+1)(s)
+ ∆−(n+1)σ

∗(s) = γ(s, n), (7.6)

∆−(n+1)ℓ(s, n) = η(n). (7.7)0 (7.5) u (7.6) }�%I<
ℓ(s, n) =

σ(s − n) − σ(s − 1) − τ(s − 1)∇x−1(s)

∇x−n(s)
. (7.8)SG� η(n) = λ̂. -d�%I� λ. |R8�KlwW^k� k, [

γk(s, n) =
σ(s + k − n + 1) − σ(s − 1) − τ(s − 1)∇x−1(s)

∆xk−n−1(s)
= τ̂k(s).Y (6.17) u (6.18) }�,<

λn = ∇−1τ−1(s) + λ̂ +
n−1∑

j=0

∆j−nτ̂k(s).



No.4)�R��WMs}r>$�w; YU)�BP1�> Rodrigues;��h} 891SGY (7.4), %I< λ = λn.YN� 7.1, ,<
σ∗(s)∇−nv(s) + ℓ(s, n)v(s) = Pn[x−(n+1)(s)]. (7.9)-d�%I�U) (7.9). �+�%I*B*KU)>�

σ∗(s)∇−nv(s) + ℓ(s)v(s) = 0. (7.10)U) (7.10) ,�`8"
σ(s − n)v(s) = (σ(s − 1) + τ(s − 1)∇x−1(s)) v(s − 1). (7.11) M��Y Pearson U) (5.3), ,<

ρ(s)σ(s) = [σ(s − 1) + τ(s − 1)∇x−1(s)] ρ(s − 1).SGU) (7.11) �'
v(s)

v(s − 1)
=

ρ(s)σ(s)

ρ(s − 1)σ(s − n)
.nQnLPrU)>��

v(s) = Cρ(s)

n−1∏

i=0

σ(s − i),j4 C �Me"��-d�j
v(s) = C(s)ρ(s)

n−1∏

i=0

σ(s − i). (7.12)SG�� (7.12) }3p (7.9) }�f[
∇−nC(s) =

Pn[x−(n+1)(s)]

ρ(s)
n∏

i=0

σ(s − i)
.hz�WXN� 2.2, ,<

C(s) =

∫ s

N

Pn[x−(n+1)(t)]

ρ(t)
n∏

i=0

σ(t − i)
d∇x−n(t) + C̃,j4 C̃ �Me"��Y℄

ρ(s)y(s) = w(s) = ∆
(n)
−nv(s),%I<o*G3��6 7.1 oo

λ = λn u λm 6= λn K m = 0, 1, · · · , n − 1,
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yn(s) =

C

ρ(x)
∆

(n)
−n[ρ(s)

n−1∏

j=0

σ(s − j)]

+
1

ρ(x)
∆

(n)
−n


ρ(s)

n−1∏

j=0

σ(s − j)

∫ s

N

Pn[x−(n+1)(t)]

ρ(s)
n∏

j=0

σ(t − j)

d∇x−n(t)
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Hypergeometric Type Difference Equations on Nonuniform Lattices:

Rodrigues Type Representation for the Second Kind Solution

Cheng Jinfa Jia Lukun
(School of Mathematical Science, Xiamen University, Fujian Xiamen 361005)

Abstract: By building a second order adjoint equation, the Rodrigues type representation

for the second kind solution of a second order difference equation of hypergeometric type on

nonuniform lattices is given. The general solution of the equation in the form of a combination

of a standard Rodrigues formula and a “generalized” Rodrigues formula is also established.

Key words: Special function; Orthogonal polynomial; Adjoint difference equation; Hypergeo-

metric difference equations; Nonuniform lattice.

MR(2010) Subject Classification: 33D45; 33C45


