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No.3 ?ZZf� EM 5}d;*�(A 639fe	�(Ad�`BS,�=K���f�(A!�:<
J�d�~ZK�p0�5E#�Kd�~�ff��min � s �ms f�-n2�f	�f�(A!K|z\&(.9|Æ#d�~Yr�m � um � nm f�-n2�f	QO��(AQ#�-[ CT P%f�Mb`.�;=	;*�(Ad9	�TC45}�~t=!6��&v	?D3G;*T℄G(;*j�(A�\3G�7Q�$��	8�(A=d��(A	
EM(Expectation-maximization) 5}CChR�VK5}� 1977 _? Dempster f [4]=K=Dtz7�:&4*�T	d;*YV1�'`�jU�/x��n3P{*�J�nr�k�'`KT	;*n��EP��;*n'`K|�*�dn���'`Kd|�*�dnPw;*n�������mYmt$1	� Dempster f�=K EM 5}-!�1[Oxb6By��D3�� Wu = Xu[13,15] �xK EM 5}d(�$1Æy	 Wei =

Liu[7,14] =K6�� E 7�M 7	E!�y�℄9	
45} [1,5−6,16−17] ���V EM 5}dmYÆ\	f:�57
�;S���^�d<j�By7Xo}Q
&V!�kr�-=Q�5!!� [10]. EM 5}/(J�n<z�3\�h[`{	�>�QQ�/q		8�>�7Q,DJ�n�v=K6�y�}� Zhai[18] �x�MjTJ�n�/�%|j$1�3(`<z� Li = Chen[9] �= k- ��:}
N5An��E= k-means !J�K�Q'`�3n�>DL��3	�^_��℄:=UDKtd�}�VJ�n�_!�-$LT�jw;*'`d<z�Sz=�mYx3d℄mÆ	S EM 5}du,}�j�j��ZzD=�$14t=℄mÆ�,D;*�(A^?�WnH�u,[p�[	�[-2�4Q�T	;*'`d EM 5}T+��K EM 5}d;*�(Adn2 (wj 2.3 w). _J|o�2��? σ = 0.1 df:�5d�nÆ#VD 0.206 �� EM 5}Q 90% dv�tk�-�_2��5v����?Guw
?F
sÆ,i�^�j�AT 2.018;	8�(A=d��(A�G(u	QO��(AdT^`5G%DM^(u	
2 o�1p
2.1 EM L+%Z3g:= Y ,���->d7X&4� N ≥ 2, w; Y d N RhZ7XI!->nbT
y = (y1, y2, · · · , yN ), = Z ,�:77X&4T�+>->d7X&4	DAr�k� Z :7T+>Q->*�z� y CT3P{*��
w Z 2Æxn z = (z1, z2, · · · , zN), W (y, z)TP{*�	�n->*� Y = y, j�A8*bT P (y|θ), jz θ ∈ Θ, Θ !�$'`d;*�f	 Y = Z d.��5bT P (y, z|θ). EM 5}!tV(w*1�8*dYV1�'`�IRmY? E 7 (hR7) = M 7 (YVK) ÆD���mY E 7= M 7mt$1 [8].

EM 5}
�T�h i RmYx3b θ(i), h i + 1 RmY��d;*�vT θ(i), Wh
i + 1 RmY E 7= M 7�.T�

E 7�t,D�A8* P (z|y, θ(i)) dBlhR Eθ(i) [log P (y, Z|θ)|θ(i)], 0b
Q(θ|θ(i)) = Eθ(i) [log P (y, Z|θ)|θ(i)],�37X&4 Z !0�	�W

Q(θ|θ(i)) =

∫

z∈Z

log P (y, z|θ)P (z|y, θ(i))dz,
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Q(θ|θ(i)) =

∑

Z

log P (y, z|θ)P (z|y, θ(i)),_) {P (z|y, θ(i)) : z ∈ R
d} ,�Q�n;* θ = θ(i) =->*� Y = y k:&4 Z dBlKt	

M 7�YVK Q(θ|θ(i)), D5YV1�'`[` θ(i+1) ℄
θ(i+1) = argmax

θ∈Θ
Q(θ|θ(i)),_!��o6(R θ(i) −→ θ(i+1) dmY���~� E 7= M 7�m`w�ndf* ε1 =

ε2 k8BlD-�
‖θ(i+1) − θ(i)‖ < ε1T

‖Q(θ(i+1)|θ(i)) − Q(θ(i)|θ(i))‖ < ε2,WmYCr	
2.2 ;-<C℄ EM L+%($2HwD{�4T	 Y = ∆X1 + (1 − ∆)X2, jz ∆ ∼ B(1, π), X1 ∼ F1(x; θ1), X2 ∼

F1(x; θ2)(θ1, θ2 ∈ Θ), Q X1, X2, ∆ uHs-dn=k��-M^K EM 5}z π [ F1, F2z;*dmY#��w{�4�.Q�T	 [4], j;*mY#��k�

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2.3 EM L+%�I-�=�[-2�4Q�T	;*'`d EM 5}T+��K;*�(Adn2�w2f:Q�T	� Y = ∆X1 + (1 − ∆)X2, jz ∆ ∼ B(1, p), X1 ∼ N(µ, σ2), X2 ∼ N(ν, σ2), µ 6= ν-[ σ2 T,j;*	 EM 5}w;* (µ, ν) d�(An2���k�
(1) wQ�T	�� n CI!�wICI!x3�O= EM 5}w;* (µ, ν) ~���'`�K'`n� k R'`nbT (µ(k), ν(k)), k = 1, 2, · · · , n;

(2) :=
.�W�
.IC'`!
p;* µ G ν v����\v���WQC EM5}!D d�
(3) = dn , n C'`zD R* /n.jzD ��d*�? Fisher 
.�W=�n (v�t) α �n� Fisher 
.�W [3]







|µ∗
i − µ| ≤ |ν∗

i − µ|,

|ν∗
i − ν| ≤ |µ∗

i − ν|,
(2.1)



No.3 ?ZZf� EM 5}d;*�(A 641jz µ∗
i ,� EM 5} µi '`n�j9;*"1�
�(AU`8��nW|r`5	)a 2.1 �v�n α(0 < α < 1), \ dn ≥ α ��C EM 5}\pQw;* (µ, ν) !�-���0Cuw
? (RE) |µ−ν|

µ
T℄�w
? (AE)|µ− ν| T�nfD α �� EM 5}wT	 (2f:Q�) d;*�(A	

3 F_f0V
EM 5}Q;*'`zTQ7XÆ�ICmYx3�\3G�T6$L_}7XÆ�'m�QIÆT	k�M 100 C�b` 100 Æ EM 5}'`n	jR��(A`5���O�

50 Rx3����b8�*RyNn��=E��*nExe�n	_!3��
6(nda�Æ�zp%=�6 EM 5}d?�Æ	NQ���` EM 5}/(J�n<z�J�n�Qa�nd 10% �B��tT 10−6, p = 0.5, �w
?mx 0.01 ~nKVuvf��Ex 0.001 ����vf�bw�n�uw
?�&5i*���M��u;dx3�e	
3.1 Z*T"e�bWI%d[-U*n σ = 0.1, �V3GT	����\*n µ kd ν =*n ν kd µ _2}������n�v 85%�90% �95%��̀ 5w;duw
?=&5i*�&5i*!C4�->n#�Etd(�I`4�!�?G�nd"n�hbT CV, `5#�� CV = σ

µ
. �,

1 \T	T µ = 1, ν = 1.189, Q� dn T 84.6818% YU`�n 85%, W�$*n µ = 1 !Y
 ν dn��'`�mt dn VDfD�n	�,z RE1 = RE2 ,�*n µ kd ν =*n
ν kd µ 8w;duw
?� δ ,�e�uw
?��, 1 z δ = RE1+RE2

2 = 0.1900+0.1860
2 ;

CV1 = CV2 ,�*n µ kd ν =*n ν kd µ 8w;d&5i*	� 1 qkQ 85% E& J.�>+o µ le ν RE1 AE1 +o ν le µ RE2 δ CV1 CV2

µ = 1.0, ν = 1.190 0.1900 0.190 µ = 0.814, ν = 1.0 0.1860 0.1880 0.1840 0.2229

µ = 1.2, ν = 1.391 0.1592 0.191 µ = 1.010, ν = 1.2 0.1583 0.1588 0.1552 0.1823

µ = 1.6, ν = 1.792 0.1200 0.192 µ = 1.407, ν = 1.6 0.1206 0.1203 0.1183 0.1336

µ = 1.8, ν = 1.991 0.1061 0.191 µ = 1.606, ν = 1.8 0.1078 0.1070 0.1058 0.1178

µ = 2.0, ν = 2.192 0.0960 0.192 µ = 1.806, ν = 2.0 0.0970 0.0965 0.0956 0.1054

µ = 3.0, ν = 3.192 0.0640 0.192 µ = 2.809, ν = 3.0 0.0637 0.0639 0.0647 0.0689� 2 qkQ 90% E& J.�>+o µ le ν RE1 AE1 +o ν le µ RE2 δ CV1 CV2

µ = 1.0, ν = 1.200 0.2000 0.200 µ = 0.798, ν = 1.0 0.2020 0.2010 0.1833 0.2253

µ = 1.2, ν = 1.400 0.1667 0.200 µ = 1.000, ν = 1.2 0.1667 0.1667 0.1548 0.1833

µ = 1.6, ν = 1.804 0.1275 0.204 µ = 1.395, ν = 1.6 0.1281 0.1278 0.1179 0.1342

µ = 1.8, ν = 2.005 0.1139 0.205 µ = 1.597, ν = 1.8 0.1128 0.1134 0.1054 0.1182

µ = 2.0, ν = 2.204 0.1020 0.204 µ = 1.795, ν = 2.0 0.1025 0.1023 0.0954 0.1057

µ = 3.0, ν = 3.206 0.0687 0.206 µ = 2.796, ν = 3.0 0.0680 0.0684 0.0645 0.0691



642 * � a % � � Vol.39A� 3 qkQ 95% E& J.�>+o µ le ν RE1 AE1 +o ν le µ RE2 δ CV1 CV2

µ = 1.0, ν = 1.220 0.2200 0.220 µ = 0.780, ν = 1.0 0.2200 0.2200 0.1820 0.2282

µ = 1.2, ν = 1.420 0.1833 0.220 µ = 0.980, ν = 1.2 0.1833 0.1833 0.1538 0.1854

µ = 1.6, ν = 1.827 0.1419 0.227 µ = 1.376, ν = 1.6 0.1400 0.1410 0.1172 0.1352

µ = 1.8, ν = 2.025 0.1250 0.225 µ = 1.576, ν = 1.8 0.1244 0.1247 0.1049 0.1190

µ = 2.0, ν = 2.226 0.1130 0.226 µ = 1.778, ν = 2.0 0.1110 0.1120 0.0949 0.1062

µ = 3.0, ν = 3.224 0.0747 0.224 µ = 2.775, ν = 3.0 0.0750 0.0749 0.0644 0.0694?, 1 �, 2 �, 3 �j��n�vT 85%���w
? 0.186 ≤ AE ≤ 0.194;�n�vT 90% ���w
? 0.20 ≤ AE ≤ 0.206;�n�vT 95% ���w
? 0.22 ≤ AE ≤ 0.227;?DmYx3d7XÆ=Ix!�d*4�r�^u�w
?b`d!�Sn	
�n�vT 90%, �j�w
?VD 0.206 ��2�u�d�;(n�-��	�n�v 85% � 90% � 95% ��*n µ kd ν =*n ν kd µ _2}���D5`5w;duw
?=&5i*dn�kM�Km-Ædx3�e	?K 1(a)∼(c) �j��? σ = 0.1 *n��G(T	�Y
Ti�(n�w
?�U`uG�n��8w;duw
?u?B�TU`uGn�WkMs���w
?Y
�dr��VDÆrn,�2�u�;*�-���~Dkrn,�2�u�;*�3�	

(a) �o 85% (b) �o 90%

(c) �o 95%L 1
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?ZkÆG&5i*dZkÆ�G(u��!iidu 	NQ�&5i*d℄*,��;dot�SKz�j��;No�uw
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3.2 Z*T"e-�=%d[-UUD&5i*<z;*�(Ad`5x3��~wp��2�Md���(�Mp�?*R�vT 0.1 � 0.2 � 0.3 � 0.4 � 0.5, �e�?&Kwuw
?d<z�<(�M? EM5}'`K 100 Æ;*�*=
.�W (2.1) O� 50 RE�x3����bR���V*nbTYV�(A��~*nbTY~�(A�0*RyNn��=E��*nExe�nb`e��(A℄d��(A�L�T	T 0.5N(1, 0.1) + 0.5N(1.1, 0.1),*n σ = 0.1, 7�uw
?YV�wYn�(AGd��(Ad&Ku ���e	?K 3(a) �j��n�v 90% � 95% �uw
?G�?F
sÆ,i�D5^�b�A�.T 2.018 � 2.172. K 3(b)∼3(d) :=��=/(KE�2sv~��h6U`3G�n��uw
?d&Kn3V	jzK 3(c) !z~/(K�K 3(d) ! 0 − 1 /(K	?K 4 �j�\uw
?YV�Yn�(AGd��(A�-3idu &K�-P	8�(AGd��(A�G(u�%���;No�uw
?N~d<j	
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9	)B
3.3 Fisher \D-�%Z3:�UD Fisher d
.�W�Q��.�5du,L%-[f:�5Kt8*dÆy�M^K\ σ *n��2�u�;*��d���5n	'm�9	���5d�`	
!� (�4! 1), θ TYj;*	W X − θ ∼ N(0, 1), ℄w�1�* t, �

P (X − θ < t) = Φ(t), (3.1)



No.3 ?ZZf� EM 5}d;*�(A 645jz� Φ(t) = 1√
2π

∫ t

−∞ e−
y2

2 dy. Q����T
P (θ > X − t) = Φ(t), P (θ < X − t) = 1 − Φ(t). (3.2)S�Adstj (3.1) = (3.2) �H��yÆd&K	[ Fisher ÆF (3.2) ���12�~n!� X E�p θ �D7X&4�z (3.2) ��K6 θ d�5�_��5C θ d���5	): 3.1 �7X&4 ξ1 ∼ N(µ, σ2), ξ2 ∼ N(ν, σ2), 
v�vfT (µ − 2σ, ν + 2σ), W

EM 5};*'`w;d��vId�AT
P =

[Φ(ν−µ
2σ

) − (1 − Φ(2))] − [Φ(ν−µ
σ

+ 2) − Φ(ν−µ
2σ

)]

Φ(ν−µ
2σ

) − (1 − Φ(2))
+ λ

Φ(ν−µ
σ

+ 2) − Φ(ν−µ
2σ

)

Φ(ν−µ
2σ

) − (1 − Φ(2))
, (3.3)jz� λ TmaTTW8Zd�A�7�nd3Gz3G	j = S ,�d�vI� S1 ,��\
�dvI� S2 ,�3�\
�dvI�pF
 S = S1 + S2. S3 ,� EM 5};*'`w;d��vI	7X&4 ξ1 = ξ2 dKt8*�.bT f1 = f2. SK 5(a) /tbf:�5 f1 =

1√
2πσ

e−
(ξ1−µ)2

2σ2 G f2 = 1√
2πσ

e−
(ξ2−ν)2

2σ2 drj�*T µ+ν
2 , ? (3.2) �/j P (ξ1 < µ + 2σ) =

Φ(2) = 0.9772, P (ξ1 < µ − 2σ) = P (ξ1 > µ + 2σ) = 1 − P (ξ1 < µ + 2σ) = 1 − Φ(2) = 0.0228,-[ P (ξ1 < µ+ν
2 ) = Φ(ν−µ

2σ
).YGd�vI S dV~ (A(S)):

A(S) = 2 × P (µ − 2σ < ξ1 <
µ + ν

2
) = 2 × [Φ(

ν − µ

2σ
) − 0.0228],�\
�vI S1 dV~ (A(S1)):

A(S1) = 2 × P (
µ + ν

2
< ξ1 < ν + 2σ) = 2 × [Φ(

ν − µ

σ
+ 2) − Φ(

ν − µ

2σ
)],3�\
�vI S2 dV~ (A(S2)):

A(S2) = A(S) − A(S1) = 2 × [Φ(
ν − µ

2σ
) − 0.0228]− 2 × [Φ(

ν − µ

σ
+ 2) − Φ(

ν − µ

2σ
)],

A(S2) w;d�AV~ (P (S2))

P (S2) =
A(S) − A(S1)

A(S)

=
2 × [Φ(ν−µ

2σ
) − 0.0228]− 2 × [Φ(ν−µ

σ
+ 2) − Φ(ν−µ

2σ
)]

2 × [Φ(ν−µ
2σ

) − 0.0228]

=
[Φ(ν−µ

2σ
) − 0.0228]− [Φ(ν−µ

σ
+ 2) − Φ(ν−µ

2σ
)]

[Φ(ν−µ
2σ

) − 0.0228]
.b EM5};*'`w;d��vI S3 dV~ A(S3), W A(S3) = A(S2)+λ(A(S)−A(S2)),

λ T"+7	�73Gd�nz3G	)w;d��vId�AV~ (P (S3))

P (S3) = P (S2) + λ(1 − P (S2))

=
[Φ(ν−µ

2σ
) − 0.0228]− [Φ(ν−µ

σ
+ 2) − Φ(ν−µ

2σ
)]

Φ(ν−µ
2σ

) − 0.0228
+ λ

Φ(ν−µ
σ

+ 2) − Φ(ν−µ
2σ

)

Φ(ν−µ
2σ

) − 0.0228
.
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≥ 1.09 ��maTTW8Zd�A λ 7!� n dYVzYV	j ����x3�j�7�!��4 n YV� EM 5}w;d�(A ν − µ dnPi~�?n% 3.1 j�\ ν−µ
σ

≥ 1.09 ���
(1 − λ)

Φ(ν−µ
σ

+ 2) − Φ(ν−µ
2σ

)

Φ(ν−µ
2σ

) − 0.0228
= 1 − P,_) P w;D;*�(An2z�vd�n α. P?

Φ(ν−µ
σ

+ 2) − Φ(ν−µ
2σ

)

Φ(ν−µ
2σ

) − 0.0228
=

[Φ(ν−µ
σ

+ 2) − 0.0228]− [Φ(ν−µ
2σ

) − 0.0228]

Φ(ν−µ
2σ

) − 0.0228

=
1 − 0.0228

Φ(ν−µ
2σ

) − 0.0228
− 1 =

0.9772

Φ(ν−µ
2σ

) − 0.0228
− 1�j Φ( ν−µ

σ
+2)−Φ( ν−µ

2σ
)

Φ( ν−µ
2σ

)−0.0228
dnYV�Sz�7�!��4 n YV λ dnYV	
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Research on Resolution Based on EM Algorithm

Lu Nana Yu Jinghu
(Department of Mathematics, School of Science, Wuhan University of Technology, Wuhan 430070)

Abstract: Parameter resolution is a criterion for measuring whether two adjacent signals can

be distinguished under the given noise conditions, it provides an evaluation of the “ruler” for

the measurement of sensitive parameters, effective precision and accuracy. This paper proposes

a definition of the parameter resolution of EM algorithm, which is based on the EM algorithm,

and the idea of Fisher linear discriminant criterion, two-component Gaussian mixed model

is taken as an example to verify it. Experiments show that when two normal distributions

with a variance of 0.1 have a mean distance greater than 0.206, the EM algorithm can tell

the differences between the two distributions under a confidence of 90%, by constructing the

connection between experimental results and theoretical derivation, the scale factor graphs with

different confidence levels are obtained. The proposed resolution of the parameters provides a

quantitative indicator for the accuracy measurement and also provides a new solution for the

differentiation of similar signals.

Key words: EM algorithm; Resolution; Criterion; Coefficient of variation.
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