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1 uq��YXGu��",�
TDG Euler-Bernoulli}��T�m�5h��'�5T�"��I/�




wj,tt(x, t) + a2
jwj,xxxx(x, t) = dj(x, t), x ∈ (0, 1), t > 0,

w1(0, t) = w2(0, t) = w3(0, t),

a2
1w1,xxx(0, t) + a2

2w2,xxx(0, t) + a2
3w3,xxx(0, t) = 0,

wj,xx(0, t) = 0,

wj,xx(1, t) = 0,

wj,xxx(1, t) = 0,

wj(x, 0) = w0
j (x), wj,t(x, 0) = w1

j (x), j = 1, 2, 3,

(1.1)
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TDG Euler-Bernoulli }��T�m�5h� 597/# dj(x, t) $Z��T",�
�{�8J" Mj := sup
t≥0

‖dj(t)‖L2[0,1] < ∞, j = 1, 2, 3.S(n�txoqr�H� (I5x-4k�-1D�T'U�̀ [W), �5h�YXhP)kU	T&a��4��\)�TW9�W�YXN8��"��t4�zu7 (ODE)*+�zu7 (PDE) �l�i ODE 7G��5h�YXeu k�T6��/B�3 [1–3].lSn�kU	0eYX PDE 7G�ICu7�(u7�Euler-Bernoulli u7��℄m�
PDE i,�T�l�;V=�wI��3 [4–6]z&|q4J[�)WYy#�h�uoYX�Cu7��T�+#���3 [7] R5�"+-|�01�qx�5~�Cu7��T
|I���3 [8–9] YX�+x PDE uoTk!%�,��5h���3 [10] ~�o�i:��C/�i Euler-Bernoulli }R5�%�fDSvgRI�5Th�u��tx~W9#�,�&o��)hPn3�,*",T���
��ue%X,�I�hPp9�mA�i�5h�TYX�OE�

	~"�li PDE�5h��I�
	P�
�h�R5�O:P�[�b℄=��5,�f8�jTv
�5�",��m℄_><�
n0T)=^J�b�nr�><)=^Ju�%u�uo�#�h� (SMC) y3b�h� (ADRC), �u�eu)Q�TL�� SMC uo (B/
�3 [11]) �℄>p ODETuy�℄5℄u ks\�zf kU	3bE�%uod�Pi PDE Th�R5#�wI��3 [12] E SMC qxGu��",�
T(u7Th���3 [13] ÆiGu NjJ�
TbJ4Jq9,��;�/�m�^TbJ#�h�1��3 [14] YX�Gu N)=^JTq9F+�zu7T�� N�^��3 [15] 
	�GujJ�
TmMF
PDE ��T�+h���3 [16] oq SMC YX�Gu",�
T Timoshenko }T�m ^J��3 [17–18] |q SMC h�s7~
�Gu N�
T ODE- (u7�z,��C
PDE-ODE �z,�T�^�

ADRC uo9�t�U6~�3 [19]#�;�qxM^Gu)=^JT ODETh��A"u'kU	3bEAuoqxi PDETYX�wI��3 [20]|q ADRC uoYX�Gu NjJ�
TCu7 -ODE >�T,�T�^��3 [21–23] iGu NjJ�
T(u7� Euler-Bernoulli}u7�T^=u7�z&|q SMC � ADRC �;�)�Th�u��T�L�e6iHk�>lZ;	z��ix)I�� (1.1) TGu��z*�
T
Euler-Bernoulli }���P�W2/jv�5h����Ei�� (1.1) R5b%w4JT#�h�u��fX/%�fEiv
W2�mvgT�5�℄�TR5s7I/��\�"�� (1.1) TL	�[�f0R5�5���






w̃j,tt(x, t) + a2
j w̃j,xxxx(x, t) = 0, x ∈ (0, 1), t > 0,

w̃1(0, t) = w̃2(0, t) = w̃3(0, t),

a2
1w̃1,xxx(0, t) + a2

2w̃2,xxx(0, t) + a2
3w̃3,xxx(0, t) = 0,

w̃j,xx(0, t) = 0,

w̃j(1, t) = 0,

w̃j,x(1, t) = 0,

w̃j(x, 0) = w̃0
j (x), w̃j,t(x, 0) = w̃1

j (x), j = 1, 2, 3.

(1.2)

��T�"℄R5b%h�u��XR�5��%�
Eiv
f�mvg�5�"���*iP|#�y*1��%�
Eiv
�m�^W=�/#*1℄�
ej(x, t) := wj(x, t) − w̃j(x, t).
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�2 dj(x, t) = 0, j = 1, 2, 3, �e~�� (1.1) #:h�u��




a2
jwj,xx(1, t) = −αjwj,xt(1, t) + a2

j w̃j,xx(1, t),

a2
jwj,xxx(1, t) = −βjwj,t(1, t) + a2

j w̃j,xxx(1, t), j = 1, 2, 3,
(1.3)/# αj , βj > 0, j = 1, 2, 3 �pk�l4m�x℄t (1.1)–(1.3) YeRI/*1��






ej,tt(x, t) + a2
jej,xxxx(x, t) = 0, x ∈ (0, 1), t > 0,

e1(0, t) = e2(0, t) = e3(0, t),

a2
1e1,xxx(0, t) + a2

2e2,xxx(0, t) + a2
3e3,xxx(0, t) = 0,

ej,xx(0, t) = 0, j = 1, 2, 3,

a2
jej,xx(1, t) = −αjej,xt(1, t),

a2
jej,xxx(1, t) = −βjej,t(1, t),

ej(x, 0) = w0
j (x) − w̃0

j (x) := e0
j(x),

ej,t(x, 0) = w1
j (x) − w̃1

j (x) := e1
j(x), j = 1, 2, 3.

(1.4)

Hh���� (1.4) �m ^ (/B�3 [24]). �$�~h�u� (1.3) /��� (1.2)%�f�mvg�5�� (1.1).>l�I�
	P,�#D~0�
 dj(x, t), Z�O&CR5h�u����|q SMCTh�R5s7�=^",h��
uj(x, t) = −2ρjej,t(x, t) − (ρ2

j + ρj)ej(x, t) − Mj

ej,t(x, t) + ρjej(x, t)

‖ej,t(t) + ρjej(t)‖L2

, (1.5)/# ρj > 0, 0 < Mj = sup
t≥0

‖dj(t)‖L2 < ∞.<R-| w̃j,xx(1, t), w̃j,xxx(1, t), j = 1, 2, 3 e��=^ Nh��




wj,xx(1, t) = w̃j,xx(1, t),

wj,xxx(1, t) = w̃j,xxx(1, t), j = 1, 2, 3.
(1.6)x℄*1,��






ej,tt(x, t) + a2
jej,xxxx(x, t) = −2ρjej,t(x, t) − (ρ2

j + ρj)ej(x, t) − Mj
ej,t(x,t)+ρjej(x,t)
‖ej,t(t)+ρjej(t)‖

L2

+dj(x, t), x ∈ (0, 1), t > 0,

e1(0, t) = e2(0, t) = e3(0, t),

a2
1e1,xxx(0, t) + a2

2e2,xxx(0, t) + a2
3e3,xxx(0, t) = 0,

ej,xx(0, t) = 0,

ej,xx(1, t) = ej,xxx(1, t) = 0,

ej(x, 0) = e0
j(x), ej,t(x, 0) = e1

j(x), j = 1, 2, 3.

(1.7)

��E��,� (1.7)eM5
Eiv
�m�^�[WO�ix,� (1.7)T%�t�
E(t) =

1

2

3∑

j=1

∫ 1

0

[a2
j |ej,xx(x, t)|2 + |ej,t(x, t)|2]dx, (1.8)
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%�"�E��
E(t) ≤ Ce−2ρtE(0),/# ρ = min{ρ1, ρ2, ρ3}, l C ℄�y,�/m ρj , aj , j = 1, 2, 3 uÆT�4m�tAe��iEi η > 0, �N~h�u� (1.5) #:h�4m ρj > η, j = 1, 2, 3, Z%����5,� (1.2) 
v
 η > 0 f�mvg�5�",� (1.1).��"H�*I/�Z 2 K�;-|f?T�^rm'��bAuqTnp�Z 3 KuqK\x1p
��,� (1.7) TeMJ�Z 4 K��	�^MT Lyapunov �m��,� (1.7) T�m ^J�Z 5 Ki��;;7L�

2 NJPyxvFuY����,� (1.7) TeMJ��m ^J�NE,� (1.7) �r&P�^T Hilbert -|f?�'if?	�^MTW=rm���q L2[0, 1] $Z 1- �-ue.�mf?�".�
〈f, g〉L2 =

∫ 1

0

f(x)g(x)dx, ∀ f, g ∈ L2[0, 1].{℄ Hilbert f?��Vq Hk[0, 1] $Z 1 - �T k JOm-ue.T_i{P�m	6T
Sobolev f?�/".�

〈f, g〉H2 = a〈f ′′, g′′〉L2 + ρ〈f, g〉L2 , ∀ f, g ∈ H2[0, 1],/# c � ρ ��4m��
H2

e [0, 1] =




Y = {yj}
3
j=1

∣∣∣
yj ∈ H2[0, 1], j = 1, 2, 3

y1(0) = y2(0) = y3(0)




 ,/# Y = {yj}
3
j=1 $Z�m<��/z�� y1, y2 � y3.^k,� (1.7) T-|f?�

H = H2
e [0, 1] ×

3∏

j=1

L2[0, 1],/".�
〈(Y, Z), (F, G)〉H =

3∑

j=1

∫ 1

0

[a2
jy

′′
j (x)f ′′

j (x) + zj(x)gj(x) + ρjyj(x)fj(x)]dx,/# (Y, Z) = ({yj}
3
j=1, {zj}

3
j=1), (F, G) = ({fj}

3
j=1, {gj}

3
j=1) ∈ H.Hh��Ol".O;Trmyf?�4^kTrmW=�� 2.1 tf? H T".^k�eR H2

e [0, 1]TW=rm�2i Y = {yj}
3
j=1 ∈ H2

e [0, 1],u
‖Y ‖2

H2
e [0,1] =

3∑

j=1

[a2
j‖y

′′
j ‖

2
L2 + ρj‖yj‖

2
L2 ]

=
3∑

j=1

∫ 1

0

[a2
jy

′′
j (x)y′′

j (x) + ρjyj(x)yj(x)]dx.
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D(A) =





(Y, Z) ∈ H

∣∣∣∣∣∣∣∣∣∣∣

Y ∈
3∏

j=1

H4[0, 1], Z ∈ H2
e [0, 1]

a2
1y

′′′
1 (0) + a2

2y
′′′
2 (0) + a2

3y
′′′
3 (0) = 0

y′′
j (0) = y′′

j (1) = y′′′
j (1) = 0, j = 1, 2, 3





, (2.1)iEb (Y, Z) ∈ D(A),

A(Y, Z) =

(
{zj − ρjyj}

3
j=1, {−a2

jy
(4)
j − ρjyj − ρjzj − Mj

zj

‖zj‖L2

}3
j=1

)
. (2.2)8 Y(t) = ({ej(x, t)}3

j=1, {ej,t(x, t) + ρjej(x, t)}3
j=1) ∈ H, �,� (1.7) eB6I/W=T9=n�u7 




d

dt
Y(t) = AY(t) + D(t), t > 0,

Y(0) = Y0,

(2.3)/# D(t) = (0, {dj(t)}
3
j=1), Y0 = ({e0

j(x)}3
j=1, {e

1
j(x) + ρje

0
j(x)}3

j=1) ∈ H./�uÆ (/F) K\x1T^kyJ"i"�T��uq�Gs 2.1[25] R X �W Banach f?� X
∗ �/i)�50� A ⊂ X × X

∗(`2x1
A : X → 2X

∗

) K\�I�
〈x1 − x2, y1 − y2〉X,X∗ ≥ 0, ∀[xi, yi] ∈ A, i = 1, 2.Rb+Y�5K\x1 A ⊂ X × X

∗ �/FK\�I�{)
��x X × X
∗ TE�b�K\10�/�Tnp�;�K\x16�/FK\x1T8z�C�tX 2.1[25] R X�W Hilbert f?�A � X×XTK\10�I ℄ X OT!Wx1�Kx1 I + A T�{ R(I + A) �8 R(I + A) = X, � A ℄/FK\x1�/b�np$��K,�x1�/FK\x1��,�eM�tX 2.2[25] R X �W Hilbert f?� A ⊂ X × X ℄/FK\x1�
	 Cauchy #�





d

dt
y(t) + Ay(t) ∋ f(t), t ∈ (0, T ),

y(0) = y0,

(2.4)/# y0 ∈ X, f ∈ L1(0, T ; X). �iEb y0 ∈ D(A), f ∈ L1(0, T ; X), ,� (2.4) fD~�bT��M y.Gs 2.2[26−27] 5b�t� ϕ : X → R ~rm ‖ · ‖ Tik/ β - 3Æ�I�i ϕ T^k{T6i",Tb4 x, y, f1b4 s ∈ [0, 1], fu
ϕ(sx + (1 − s)y) ≤ sϕ(x) + (1 − s)ϕ(y) − βs(1 − s)‖x − y‖2.tX 2.3[26] K ϕ : X → R ℄ β - 3ÆTt���s&#� min

x∈D(ϕ)
ϕ(x) D~�bM�Gs 2.3[28] R H � Hilbert f?� ϕ : H → (−∞, +∞] ℄
�m�^k ϕ ~[ x TB�z�I/<��x1

∂ϕ : H → 2H : x 7→ {u ∈ H | 〈y − x, u〉H + ϕ(x) ≤ ϕ(y), ∀x ∈ H}.
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TDG Euler-Bernoulli }��T�m�5h� 6015 ϕ ~ x [ Gâteaux e��I�D~�bT<� ∇ϕ(x) ∈ H , XR
〈y,∇ϕ(x)〉H = lim

s→0

ϕ(x + sy) − ϕ(x)

s
, ∀y ∈ H,'5 ∇ϕ(x) � ϕ ~[ x T Gâteaux �g�tX 2.4[28] R H � Hilbert f?� ϕ : H → (−∞, +∞] �
�m��

ϕ(x∗) = minϕ(x) ⇔ 0 ∈ ∂ϕ(x∗).Rb+Y�K ϕ ℄Æ�m5~ x∗ [ Gâteaux e���
ϕ(x∗) = minϕ(x) ⇔ ∇ϕ(x∗) = 0.���eMJ�%�N_:I//��;�E:^ F = {fj}

3
j=1, G = {gj}

3
j=1 ∈

3∏
j=1

L2[0, 1]. iEiT Y = {yj}
3
j=1 ∈ H2

e [0, 1], ^kt� Φ I/
Φ(Y ) =

1

2

3∑

j=1

a2
j‖y

′′
j ‖

2
L2 +

3∑

j=1

ρ2
j + 3ρj + 1

2
‖yj‖

2
L2 +

3∑

j=1

Mj

1 + ρj

‖(1 + ρj)yj − fj‖L2

−
3∑

j=1

〈(1 + ρj)fj + gj , yj〉L2 . (2.5)ef��uI/L
�℄
 2.1 R Φ(Y )t (2.5) Y^k�� Φ(Y )~f? H2
e [0, 1]Trmik/℄3Æ�m�| E� Y = {yj}

3
j=1, Z = {zj}

3
j=1 ∈ H2

e [0, 1] f1 s ∈ [0, 1], u
sΦ(Y ) + (1 − s)Φ(Z) − Φ(sY + (1 − s)Z)

= s


1

2

3∑

j=1

a2
j‖y

′′
j ‖

2
L2 +

3∑

j=1

ρ2
j + 3ρj + 1

2
‖yj‖

2
L2 +

3∑

j=1

Mj

1 + ρj

‖(1 + ρj)yj − fj‖L2

−

3∑

j=1

〈(1 + ρj)fj + gj, yj〉L2


 + (1 − s)


1

2

3∑

j=1

aj‖z
′′
j ‖

2
L2 +

3∑

j=1

ρ2
j + 3ρj + 1

2
‖zj‖

2
L2

+

3∑

j=1

Mj

1 + ρj

‖(1 + ρj)zj − fj‖L2 −

3∑

j=1

〈(1 + ρj)fj + gj , zj〉L2





−
1

2

3∑

j=1

a2
j‖sy

′′
j + (1 − s)z′′j ‖

2
L2 −

3∑

j=1

ρ2
j + 3ρj + 1

2
‖syj + (1 − s)zj‖

2
L2

−

3∑

j=1

Mj

1 + ρj

‖(1 + ρj)(syj + (1 − s)zj) − fj‖L2

+

3∑

j=1

〈(1 + ρj)fj + gj, syj + (1 − s)zj〉L2

=
1

2

3∑

j=1

a2
j

[
s‖y′′

j ‖
2
L2 + (1 − s)‖z′′j ‖

2
L2 − ‖sy′′

j + (1 − s)z′′j ‖
2
L2

]
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+

3∑

j=1

ρ2
j + 3ρj + 1

2

[
s‖yj‖

2
L2 + (1 − s)‖zj‖

2
L2 − ‖syj + (1 − s)zj‖

2
L2

]

+

3∑

j=1

Mj

1 + ρj

[s‖(1 + ρj)yj − fj‖L2 + (1 − s)‖(1 + ρj)zj − fj‖L2

−‖(1 + ρj)(syj + (1 − s)zj) − fj‖L2]

=
s(1 − s)

2

3∑

j=1

[a2
j‖y

′′
j ‖

2
L2 + ‖z′′j ‖

2
L2 − 2〈y′′

j , z′′j 〉L2 ]

+
s(1 − s)

2

3∑

j=1

(ρ2
j + 3ρj + 1)[‖yj‖

2
L2 + ‖zj‖

2
L2 − 2〈yj , zj〉L2 ]

+

3∑

j=1

Mj

1 + ρj

[s‖(1 + ρj)yj − fj‖L2 + (1 − s)‖(1 + ρj)zj − fj‖L2

−‖s((1 + ρj)yj − fj) + (1 − s)((1 + ρj)zj − fj)‖L2 ].*iP L2 - rm℄Æt��2 s‖y‖L2 + (1 − s)‖z‖L2 ≥ ‖sy + (1 − s)z‖L2. � y �
(1 + ρj)yj − fj, z � (1 + ρj)zj − fj , �tOl�OeR

sΦ(Y ) + (1 − s)Φ(Z) − Φ(sY + (1 − s)Z)

≥
s(1 − s)

2

3∑

j=1

a2
j‖y

′′
j − z′′j ‖

2
L2 +

s(1 − s)

2

3∑

j=1

(ρ2
j + 3ρj + 1)

3∑

j=1

‖yj − zj‖
2
L2.uqf? H2

e [0, 1] #rmT^k (B* 2.1), tOYeR
sΦ(Y ) + (1 − s)Φ(Z) − Φ(sY + (1 − s)Z) ≥

Ms(1 − s)

2
‖Y − Z‖2

H2
e [0,1],/# M ��4m��$� Φ(Y ) �3Æt��℄
 2.2 R Φ(Y )t (2.5)Y^k��iE:^T F = {fj}

3
j=1, G = {gj}

3
j=1 ∈

3∏
j=1

L2[0, 1],!zu7
−a2

jy
(4)
j − (ρ2

j + 3ρj + 1)yj − Mj

(1 + ρj)yj − fj

‖(1 + ρj)yj − fj‖L2

+ (1 + ρj)fj + gj = 0, j = 1, 2, 3D~�bM Y = {yj}
3
j=1 ∈ H2

e [0, 1].| R Φ(Y ) t (2.5) Y^k��� 2.1 �np 2.3 $��D~�bT Y ∗ = {y∗
j }

3
j=1 ∈

H2
e [0, 1] XR

Φ(Y ∗) = min
Y ∈H2

e [0,1]
Φ(Y ),Clu ∇Φ(Y ∗) = 0. /��O ∇Φ T$EY�iEiT Z = {zj}

3
j=1 ∈ H2

e [0, 1] f1 s ∈ R, u
Φ(Y ∗ + sZ) − Φ(Y ∗)

=
3∑

j=1

a2
j

2
[‖(y∗

j + szj)
′′‖2

L2 − ‖(y∗
j )′′‖2

L2 ] +
3∑

j=1

ρ2
j + 3ρj + 1

2
[‖y∗

j + szj‖
2
L2 − ‖y∗

j ‖
2
L2]
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+

3∑

j=1

Mj

1 + ρj

[‖(1 + ρj)(y
∗
j + szj) − fj‖L2 − ‖(1 + ρj)y

∗
j − fj‖L2]

−

3∑

j=1

[〈(1 + ρj)fj + gj, y
∗
j + szj〉L2 − 〈(1 + ρj)fj + gj, y

∗
j 〉L2 ]

= s

3∑

j=1

[
a2

j〈(y
∗
j )′′, z′′j 〉L2 + (ρ2

j + 3ρj + 1)〈y∗
j , zj〉L2 − 〈(1 + ρj)fj + gj , zj〉L2

]

+s2
3∑

j=1

[
a2

j

2
‖z′′j ‖

2
L2 +

ρ2
j + 3ρj + 1

2
‖zj‖

2
L2

]

+

3∑

j=1

Mj

1 + ρj

‖(1 + ρj)y
∗
j − fj + (1 + ρj)szj‖

2
L2 − ‖(1 + ρj)y

∗
j − fj‖

2
L2

‖(1 + ρj)(y∗
j + szj) − fj‖L2 + ‖(1 + ρj)y∗

j − fj‖L2

= s

3∑

j=1

[
a2

j〈(y
∗
j )(4), zj〉L2 + (ρ2

j + 3ρj + 1)〈y∗
j , zj〉L2

+
2Mj〈(1 + ρj)y

∗
j − fj , zj〉L2

‖(1 + ρj)(y∗
j + szj) − fj‖L2 + ‖(1 + ρj)y∗

j − fj‖L2

− 〈(1 + ρj)fj + gj , zj〉L2

]

+s2
3∑

j=1

[
a2

j

2
‖z′′j ‖

2
L2 +

ρ2
j + 3ρj + 1

2
‖zj‖

2
L2

+
Mj(1 + ρj)‖zj‖

2
L2

‖(1 + ρj)(y∗
j + szj) − fj‖L2 + ‖(1 + ρj)y∗

j − fj‖L2

]
,�s%�qP

3∑

j=1

〈(y∗
j )′′, z′′j 〉L2 =

3∑

j=1

∫ 1

0

(y∗
j )′′(x)z′′j (x)dx

=

3∑

j=1

(y∗
j )′′(x)z′j(x)

∣∣∣
1

0
−

3∑

j=1

∫ 1

0

(y∗
j )′′′(x)z′j(x)dx

= −

3∑

j=1

(y∗
j )′′′(x)zj(x)

∣∣∣
1

0
+

3∑

j=1

∫ 1

0

(y∗
j )(4)(x)zj(x)dx

=

3∑

j=1

〈(y∗
j )(4), zj〉L2 .mA�K (1 + ρj)y

∗
j − fj 6= 0, j = 1, 2, 3, �

lim
s→0

Φ(Y ∗ + sZ) − Φ(Y ∗)

s
=

3∑

j=1

[
a2

j〈(y
∗
j )(4), zj〉L2 + (ρ2

j + 3ρj + 1)〈y∗
j , zj〉L2

+Mj

〈(1 + ρj)y
∗
j − fj, zj〉L2

‖(1 + ρj)y∗
j − fj‖L2

− 〈(1 + ρj)fj + gj , zj〉L2

]
.�$�

∇Φ(Y ∗) =

{
a2

j (y
∗
j )(4) + (ρ2

j + 3ρj + 1)y∗
j + Mj

(1 + ρj)y
∗
j − fj

‖(1 + ρj)y∗
j − fj‖L2

− (1 + ρj)fj − gj

}3

j=1

.
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∗
j − fj = 0, � ∇Φ(Y ∗) ot Φ(Y ∗) TB�z�J�I/

{
a2

j(y
∗
j )(4) + (ρ2

j + 3ρj + 1)y∗
j − (1 + ρj)fj − gj

}3

j=1
+ B(0, M),/# B(0, M) = {Y = {yj}

3
j=1 ∈ H2

e [0, 1] | ‖yj‖L2 ≤ Mj , j = 1, 2, 3}.

3 USp�KoqK\x1p
��*1�� (1.7), `2u7 (2.3) TeMJ��A��N℄�,�x1 A �8/�3���zZTJ"�℄
 3.1 R A t (2.1)–(2.2) Y^k�� −A ℄K\x1�| iEiT (Y, Z) = ({yj}
3
j=1, {zj}

3
j=1), (F, G) = ({fj}

3
j=1, {gj}

3
j=1) ∈ D(A), 6x

〈A(Y, Z) −A(F, G), (Y, Z) − (F, G)〉H

=

3∑

j=1

∫ 1

0

a2
j (z

′′
j (x) − g′′j (x) − ρj(y

′′
j (x) − f ′′

j (x)))(y′′
j (x) − f ′′

j (x))dx

+
3∑

j=1

∫ 1

0

(−a2
j(y

(4)
j (x)−f

(4)
j (x))−ρj(yj(x)−fj(x))−ρj(zj(x)−gj(x)))(zj(x)−gj(x))dx

−

3∑

j=1

∫ 1

0

(
Mj

(
zj(x)

‖zj‖L2

−
gj(x)

‖gj‖L2

))
(zj(x) − gj(x))dx

+

3∑

j=1

ρj

∫ 1

0

(zj(x) − gj(x) − ρj(yj(x) − fj(x)))(yj(x) − fj(x))dx

=
3∑

j=1

∫ 1

0

a2
j (z

′′
j (x) − g′′j (x))(y′′

j (x) − f ′′
j (x))dx

−

3∑

j=1

∫ 1

0

a2
j(y

(4)
j (x) − f

(4)
j (x))(zj(x) − gj(x))dx −

3∑

j=1

∫ 1

0

a2
jρj(y

′′
j (x) − f ′′

j (x))2dx

−

3∑

j=1

∫ 1

0

ρj(zj(x) − gj(x))2dx −

3∑

j=1

∫ 1

0

ρ2
j(yj(x) − fj(x))2dx

−
3∑

j=1

∫ 1

0

Mj

(
zj(x)

‖zj‖L2

−
gj(x)

‖gj‖L2

)
(zj(x) − gj(x))dx

= −

3∑

j=1

a2
jρj‖y

′′
j − f ′′

j ‖
2
L2 −

3∑

j=1

ρj‖zj − gj‖
2
L2 − ρ2

j‖yj − fj‖
2
L2

−

3∑

j=1

Mj

[
‖zj‖L2 + ‖gj‖L2 −

1

‖zj‖L2

∫ 1

0

zj(x)gj(x)dx −
1

‖gj‖L2

∫ 1

0

zj(x)gj(x)dx

]

≤ −

3∑

j=1

[a2
jρj‖y

′′
j − f ′′

j ‖
2
L2 + ρj‖zj − gj‖

2
L2 + ρ2

j‖yj − fj‖
2
L2]

≤ 0.�$� −A ℄K\x1�
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 3.2 R A t (2.1)–(2.2) Y^k���{ R(I −A) = H.| iEiT (F, G) ∈ H, 
	I/u7
(I −A)(Y, Z) = (F, G), (3.1)`2 




yj − zj + ρjyj = fj,

zj + a2
jy

(4)
j + ρjzj + ρjyj + Mj

zj

‖zj‖L2

= gj ,

(Y, Z) ∈ D(A).eR zj = (1 + ρj)yj − fj , f1
−a2

jy
(4)
j − (ρ2

j + 3ρj + 1)yj − Mj

(1 + ρj)yj − fj

‖(1 + ρj)yj − fj‖L2

+ (1 + ρj)fj + gj = 0, j = 1, 2, 3.�\�� 2.2,D~�bT Y ∗ = {y∗
j }

3
j=1 ∈ H2

e [0, 1]�8Olu7�mA (Y ∗, {(1+ρj)y
∗
j −

fj}
3
j=1) ℄u7 (3.1) TM��$� R(I −A) = H.~�� 3.1, 3.2, f1np 2.3, 2.4 T+=O�eR*1�� (2.3) TeMJ�GX 3.1 <R Mj = sup

t≥0
‖dj(t)‖L2[0,1] < ∞, j = 1, 2, 3. !�iEiT Y0 ∈ D(A), 2K:� Y0 y,� (1.7) T N�C6H��*1�� (2.3), 2,� (1.7) D~�bM�

4 �bjHp�K���5�� (1.2) %�
Eiv
f�mvgW2i�",� (1.1) T�5��A���	�^MT Lyapunov �m���*1�� (1.7) %�
Eiv
�mpA�~-|f? H #�
	t� V (t) I/
V (t) =

1

2

3∑

j=1

∫ 1

0

[a2
j |ej,xx(x, t)|2 + |ej,t(x, t) + ρjej(x, t)|2 + ρj |ej(x, t)|2]dx

=
1

2

3∑

j=1

[
a2

j‖ej,xx(t)‖2
L2 + ‖ej,t(t) + ρjej(t)‖

2
L2 + ρj‖ej(t)‖

2
L2

]
. (4.1)�I5xeR

dV (t)

dt
=

3∑

j=1

∫ 1

0

[a2
jej,xx(x, t)ej,xxt(x, t) + (ej,t(x, t) + ρjej(x, t))

·(ej,tt(x, t) + ρjej,t(x, t)) + ρjej(x, t)ej,t(x, t)]dx

=

3∑

j=1

∫ 1

0

(ρjej(x, t) + a2
jej,xxxx(x, t))ej,t(x, t)dx

+

3∑

j=1

∫ 1

0

(ej,t(x, t) + ρjej(x, t))(ej,tt(x, t) + ρjej,t(x, t))dx

=
3∑

j=1

∫ 1

0

[(ρjej(x, t) + a2
jej,xxxx(x, t)) + (ej,tt(x, t) + ρjej,t(x, t))]
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·(ej,t(x, t) + ρjej(x, t))dx −

3∑

j=1

ρj

∫ 1

0

(ρjej(x, t) + a2
jej,xxxx(x, t))ej(x, t)dx

= −

3∑

j=1

∫ 1

0

(ej,t(x, t) + ρjej(x, t))(ρjej,t(x, t) + ρ2
jej(x, t)

+Mj

ej,t(x, t) + ρjej(x, t)

‖ej,t(t) + ρjej(t)‖L2

)dx +

3∑

j=1

∫ 1

0

(ej,t(x, t) + ρjej(x, t))dj(x, t)dx

−

3∑

j=1

ρ2
j‖ej(t)‖

2
L2 −

3∑

j=1

a2
jρj

∫ 1

0

ej(x, t)ej,xxxx(x, t)dx

≤ −

3∑

j=1

ρj‖ej,t(t) + ρjej(t)‖
2
L2 −

3∑

j=1

Mj‖ej,t(t) + ρjej(t)‖L2

+

3∑

j=1

‖dj(t)‖L2‖ej,t(t) + ρjej(t)‖L2 −

3∑

j=1

ρ2
j‖ej(t)‖

2
L2

−
3∑

j=1

a2
jρj

∫ 1

0

e2
j,xx(x, t)dx

≤ −

3∑

j=1

ρj‖ej,t(t) + ρjej(t)‖
2
L2 −

3∑

j=1

ρ2
j‖ej(t)‖

2
L2 −

3∑

j=1

a2
jρj‖ej,xx(t)‖2

L2

≤ −2ρV (t),/# ρ = min{ρ1, ρ2, ρ3}.mA�%�u
V (t) ≤ e−2ρtV (0).��H%�t� E(t)(B^k 1.8) y V (t), RII/
5

V (t) =
1

2

3∑

j=1

∫ 1

0

[a2
j |ej,xx(x, t)|2 + |ej,t(x, t) + ρjej(x, t)|2 + ρj |ej(x, t)|2]dx

≤
1

2

3∑

j=1

∫ 1

0

[a2
j |ej,xx(x, t)|2 + 2(|ej,t(x, t)|2 + |ρjej(x, t)|2) + ρj |ej(x, t)|2]dx

≤
1

2

3∑

j=1

∫ 1

0

[
a2

j |ej,xx(x, t)|2 + 2|ej,t(x, t)|2 +
(2ρ2

j + ρj)a
2
j

2a2
j

|ej,xx(x, t)|2
]
dx

≤ max

{
1 + max

j=1,2,3

{
2ρ2

j + ρj

2a2
j

}
, 2

}
E(t),f1

V (t) =
1

2

3∑

j=1

∫ 1

0

[a2
j |ej,xx(x, t)|2 + |ej,t(x, t) + ρjej(x, t)|2 + ρj |ej(x, t)|2]dx

≥
1

2

3∑

j=1

∫ 1

0

[a2
j |ej,xx(x, t)|2 + |ej,t(x, t)|2 + (ρ2

j + ρj)|ej(x, t)|2 − 2ρj |ej(x, t)‖ej,t(x, t)|]dx
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=
1

2

3∑

j=1

∫ 1

0

[a2
j |ej,xx(x, t)|2 + |ej,t(x, t)|2]dx −

ρj

2(ρj + 1)

∫ 1

0

|ej,t(x, t)|2dx

+

3∑

j=1

(ρ2
j + ρj)

2

∫ 1

0

[
ej(x, t) −

ej,t(x, t)

ρj + 1

]2

dx

=
1

2

3∑

j=1

∫ 1

0

[
a2

j |ej,xx(x, t)|2 +
1

ρj + 1
|ej,t(x, t)|2

]
dx +

3∑

j=1

ρ2
j + ρj

2

∥∥∥∥ej(x, t) −
ej,t(x, t)

ρj + 1

∥∥∥∥
2

L2

≥
E(t)

max
j=1,2,3

{ρj} + 1
.mA

E(t)

max
j=1,2,3

{ρj} + 1
≤ V (t) ≤ max

{
1 + max

j=1,2,3

{
2ρ2

j + ρj

2a2
j

}
, 2

}
E(t).x℄

E(t) ≤ ( max
j=1,2,3

{ρj} + 1)max

{
1 + max

j=1,2,3

{
(2ρ2

j + ρj)

2a2
j

}
, 2

}
e−2ρtE(0)

:= Ce−2ρtE(0),/# ρ = min
j=1,2,3

{ρj}, 5 C ℄�y,�/m ρj , aj , j = 1, 2, 3 uÆT4m��$���I��Z 1 Kzl�*1�� (1.7) %�
Eiv
 ρ > 0 �mpA�GX 4.1 <R Mj = sup
t≥0

‖dj(t)‖L2 < ∞, j = 1, 2, 3. �iEi:� Y0 ∈ D(A), *1�� (2.3), 2,� (1.7) %�
Eiv
 η > 0 �mpA�(\���5�� (1.2) %�
Eiv
f�mvg�5�"�� (1.1).

5 mR��YX�Gu��",�
TDG Euler-Bernoulli}��T�m�5h��E/W=+&�*1��T�m�^�+x SMC h�s7R5�h�u�����*1,�TeMJy�m ^J����;Th�u�
uj(x, t) = −2ρjej,t(x, t) − (ρ2

j + ρj)ej(x, t) − Mj

ej,t(x, t) + ρjej(x, t)

‖ej,t(t) + ρjej(t)‖L2����,z�2�:℄b�,z�y?�T",pkou�qxi)��
: dj(x, t) T��RI�m�^�ZL:℄�b,z�℄t SMC uoR5Tw4Jh�:�qx><�
n0T)=^J�9"�;�[�
1) 'z(�� Nh�Q%�i)��
T��:P�m�^�tx Nh��",

(z*) h��4�W9�zf%{ (I�) E��h�u�#T2�:�(6 Nh���V���m�5T���℄uikTYX��℄;	/b+�;T"H�b�
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2) C℄���efa;���T SMC h�R5u���m�5L
it n �u7	6Tb�DG��`6x�2iI/�"��




wj,tt(x, t) + a2
jwj,xxxx(x, t) = dj(x, t), x ∈ (0, 1), t > 0,

w1(0, t) = w2(0, t) = · · · = wn(0, t),

n∑

j=1

a2
jwj,xxx(0, t) = 0,

wj,xx(0, t) = 0,

wj,xx(1, t) = 0,

wj,xxx(1, t) = 0,

wj(x, 0) = w0
j (x), wj,t(x, 0) = w1

j (x), j = 1, 2, · · · , n,

(5.1)

/# dj(x, t), j = 1, 2, · · · , n $ZuN�
�eR�I/�5,�





w̃j,tt(x, t) + a2
j w̃j,xxxx(x, t) = 0, x ∈ (0, 1), t > 0,

w̃1(0, t) = w̃2(0, t) = · · · = w̃n(0, t),

n∑

j=1

a2
j w̃j,xxx(0, t) = 0,

w̃j,xx(0, t) = 0,

w̃j(1, t) = 0,

w̃j,x(1, t) = 0,

w̃j(x, 0) = w̃0
j (x), w̃j,t(x, 0) = w̃1

j (x), j = 1, 2, · · · , n.

(5.2)

� ej(x, t) = wj(x, t) − w̃j(x, t), j = 1, 2, · · · , n $Z*1�:",h��
uj(x, t) = −2ρjej,t(x, t) − (ρ2

j + ρj)ej(x, t) − Mj

ej,t(x, t) + ρjej(x, t)

‖ej,t(t) + ρjej(t)‖L2

, j = 1, 2, · · · , n, (5.3)/#h�4m ρj > 0, 5 Mj = sup
t≥0

‖dj(t)‖L2 < ∞. �iEiT η > 0, �_h�4m�8
ρj > η, j = 1, 2, · · · , n, �*1��
v
 η > 0 �mpA��bL
T��y n = 3 T7G�<ou���U���.K� B T h k
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Exponential Tracking Control for a Star-Shaped Network of

Euler-Bernoulli Beams with Unknown Internal Disturbance

1Zhang Yaxuan 2Xu Genqi 1Guo Yanni
(1Department of Mathematics, College of Science, Civil Aviation University of China, Tianjin 300300;

2College of Mathematics, Tianjin University, Tianjin 300350)

Abstract: In this paper, the exponential tracking control for a star-shaped network of Euler-

bernoulli beams with unknown internal disturbance is studied. The problem is transformed into

the stabilization of the error system between the objective network and the active network. The

idea of sliding-mode control is used to design a nonlinear feedback control law. The solvability of

the error system is obtained via monotone operator theory under an appropriately chosen space

norm. The error system is proved to be exponentially stabilized at any decay rate by a suitable

Lyapunov functional. So the objective network can track the active network exponentially at

any designated rate.

Key words: Tracking control; Unknown internal disturbance; Star-shaped network of Euler-

bernoulli beams; Sliding-mode control; Exponential stabilization.
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