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∂u

∂t
=

1

2
∆u + ẆH , t ∈ [0, T ], x ∈ R

d,

u0,x = 0, x ∈ R
d,

(1.1)\w ẆH �}D)q^���# (WH(t, x)t∈[0,T ],x∈Rd) :;|p:4��D)q^���#:8Q"�
E(WH(t, x)WH(s, y)) = RH(s, t)(x ∧ y), (1.2)i9: RH(s, t) = 1

2 (t2H + s2H − |t − s|2H) �V��5^E:8Q"�b[!w�#L��s Hurst r� H ∈ (1
2 , 1). dt (ẆH(t, x)t∈[0,T ],x∈Rd) �$�%�V�
dt�i�T�bxÆp�:�+�V��5^E�b0Æp�:�+�
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2 x�dt (ẆH(t, x)t∈[0,T ],x∈Rd) ��A:x0
dt�z�{o�(N:��iQ' 




∂u

∂t
=

1

2
∆u + Ẇ , t ∈ [0, T ], x ∈ R

d,

u0,x = 0, x ∈ R
d

(1.3)[�N�3_�3 d = 1 ( �!, [3]). \�H��BS�
u(t, x) =

∫ t

0

∫

Rd

G(t − s, x − y)W (ds, dy), t ∈ [0, T ], x ∈ R
d,\w G(t, x) �it

G(t, x) =





(2πt)−d/2 exp(−|x|2
2t

), if t > 0, x ∈ R
d,

0, if t ≤ 0, x ∈ R
d.

(1.4)*g�p' {u(t, x), t ∈ [0, T ], x ∈ R
d} �Nw:~:^�p'�3 d = 1 _iB0Æ��

x x�!, [4] nOA {u(t, x), t ∈ [0, T ]} �N	V��5^E��:8Q"�
E(u(t, x)u(s, x)) =

1√
2π

(
√

t + s −
√
|t − s|),\w s, t ∈ [0, T ]. j\	V��5^E�- �!, [5–8].ENQN�^�p':#�xU℄AzJAg:~R�b!, [9–10]w�	gD A?G;:V��5^E:/�#�x�!, [11] D AZNp:V��5^E:��#�x�KbN���`;(� �!, [12–14]. Kj\-V��5^Eu	V��5^E::X�#�x�- �!, [15–16] u [17–18]. I\D I4�fN�:^���#�- �!, [19].Q' (1.1) :�:V�:�h��x0
dt`;(:�hZ`8J:�~zp�3iB0Æ��x�Q' (1.1) :��a�	V��5^E�j\�:�h� �!, [20]. !,

[21] nOAQ' (1.1) :�	�^�p':#�SeB<�!, [22] D AV��dtE:��iQ':�:J�m7<v�!, [23] D A'[-�V��dt:��iQ':�:#�x:mf<��i7�o:^N�[!D Q' (1.1) :�:N7/j:#�x�z	p�Q' (1.1) :�H��
UH(t, x) =

∫ t

0

∫

Rd

G(t − s, x − y)WH(ds, dy), (1.5)\w G b (1.4) |wd*�Zi�1|�#Lo7�3iB0Æ�� x x�p' UH(t, x)�N α �/:^�p' ( �!, [21]), \w α = H − 1
4d. \8Q"�

E
[
UH(s, x)UH(t, x)

]
= αH(4π)−

d
2

∫ t

0

∫ s

0

|u − v|2H−2((t + s) − (u + v))−
d
2 dvdu,\w s, t ∈ [0, T ] u d < 4H . *g�8Q"r��NyZ`8r�� UH(t, x) �N��_Z`:^�p'�#Lo7�I\?=�G;:��p' X u Y , �L:X�#�x;|p�BS�

∫ t

0

δ(Xs − Ys)ds,



584 � A % 8 A Æ Vol.39A\w t ∈ [0, T ], δ(·) �>2/r����H�i?p':m7bxÆbÆ [0, t] wX�5N℄:xÆ�� FH
t := UH(t, x), \w d < 4H , 0Æ�� x ∈ R

d �iB:�F^���#
(WH1(t, x)t∈[0,T ],x∈Rd) ℄ (W̃H2(t, x)t∈[0,T ],x∈Rd) �G;:�\w H1, H2 ∈ (1

2 , 1). s UH1u UH2 V��Q' (1.1) b^�# WH1 u W̃H2 (IV:��fp' FH1
t ℄ FH2

t �/{G;:�[!:N|KD I4"�(N:X�#�x
ℓt =

∫ t

0

δ(FH1
s − FH2

s )ds,\w t ∈ [0, T ].[!:�h	Vn(��M�d*V���iQ':N7�ou^�p':��V���o�nOX�#�x ℓt b L2 RS(�/b<:����d*X�#�x ℓt :k|<��$�D X�#�x:mf<�~zp�3 n ≥ 1 x�[
E(|ℓt − ℓs|n) ≤ k(t − s)n(1−(H− d

4 )),\w d < 4H , s ≤ t, s, t ∈ [0, T ], H = H1 ∧ H2. i�OX�#�xi��p'� β �
Hölder =�:�\w 0 < β < 1 − (H1 ∧ H2 − d

4 ). �G�D A?G;:p' FH u F̃H:/�#�x�\w Hurst r��NJ:�i?p':/�#�x;|p�BS�
It(F

H , F̃H) =

∫ t

0

∫ t

0

δ(FH
s − F̃H

r )drds,\w t ∈ [0, T ], F̃H � FH :G;Zu�
2 N�OBSb℄I0Æ (Ω,F , P ) p:w:~^�p' WH = {WH

t (A), t ∈ [0, T ], A ∈ Bb(R
d)},\8Q"�

E(WH
t (A)WH

s (B)) = RH(t, s)λ(A ∩ B) := 〈1[0,t]×A, 1[0,s]×B〉H,\w λ �6�b!H�� WH(t, x) := WH
t ([0, x]), x ∈ R

d. #L85^�# {WH(t, x), t ∈
[0, T ], x ∈ R

d}, \8Q"� (1.2) |�F H �Z}<r�v&:.<0ÆbT� 〈·, ·〉H (:��~0Æ�Wr ϕ ∈ E → WH(ϕ) � E 5Z WH v&:^�0Æp:N<(Wr��-P�G�5 H p��
ϕ 7→ WH(ϕ) =

∫ ∞

0

∫

Rd

ϕ(t, x)WH (dt, dx),\w�V�j\^�p' WH :�S�V��PV���iQ' (1.1) :�H�-P�9&
(1.5) |�(N:�o3�\!, [1].�* 2.1 p' {UH(t, x), t ∈ [0, T ], x ∈ R

d} /b_K� sup
t∈[0,T ],x∈Rd

E(UH(t, x)2) < ∞3_�3 d < 4H .iR ��3 H ∈ (1
2 , 3

4 ] x�#L-P*H0Æ��:��� 1� 2; 3 H ∈ (3
4 , 1)x�/V:0Æ��:��� 1, 2 � 3. B s ≤ t, � RH(t, s) = E(FH

t FH
s ), f

RH(t, s) = αH(4π)−
d
2

∫ t

0

∫ s

0

|u − v|2H−2((t + s) − (u + v))−
d
2 dvdu,



No.3 �t<�V�dtE:��iQ'�:#�x 585\w αH = H(2H − 1). ~R�[!w#L�s d < 4H u 1
2 < H < 1.(N#L�2?�q��V���� L2 (Ω, P )p:NpuV��FX := {Xt, t ∈ [0, T ]}�BSb℄I0Æ (Ω,F , P ) p:N^�p'� pn(x) � n �J1|�#L% pn(Xt) �j\ X :J1|r��\w t ∈ [0, T ]. Pn � {pm(Xt) : 0 ≤ m ≤ n, t ∈ [0, T ]}b L2(Ω, P ) P�(:��~0Æ�*g�Pn � L2(Ω, P ) :�0Æ�� Cn � Pn :�0Æ_℄ Pn−1 m��f L2(Ω, P ) �j\ Cn :pu

L2(Ω, P ) =

∞⊕

n=0

Cn.L"�
�I\kR: F ∈ L2(Ω, P ), /b Fn ∈ Cn, n = 0, 1, 2, · · · , {8
F =

∞∑

n=0

Fn (2.1)&;�V� (2.1) %� F :��V�� Fn %� F : n ����\�
E(|F |2) =

∞∑

n=0

E(|F 2
n |). (2.2)*H Meyer-Watanabe �Hr�0Æ U

U :=

{
F =

∞∑

n=0

Fn ∈ L2(Ω, P )|
∞∑

n=0

nE(|Fn|2) < ∞
}

,

F ∈ L2(Ω, P ) �k|:�no F ∈ U .3 F ∈ L2(Ω, P ) x�BSÆ� Γu

ΓuF :=

∞∑

n=0

unFn,\w u ∈ [0, 1]. F Θ(u) := Γ√
uF , f Θ(1) = F . BS ΦΘ(u) := d

du (‖Θ(u)‖2). \�
ΦΘ(u) =

∞∑

n=0

nun−1E(|Fn|2).~R5 ‖Θ(u)‖2 = E(|Θ(u)|2) =
∞∑

n=0
E(un|Fn|2).A* 2.1[24] s F ∈ L2(Ω, P ). f F ∈ U 3_�3 ΦΘ(1) < ∞.

3 -M'�2��C>b��w�#LD FH1 u FH2 :X�#�x:/b<���BS�
ℓt =

∫ t

0

δ(FH1
s − FH2

s )ds, (3.1)\w t ∈ [0, T ]. ~R5 d < 4H u 1
2 < H < 1. #L�nO ℓt b L2 RS(�/b:�:Xit3��>2/r�

pε(x) =
1√
2πε

e−
x2

2ε ≡ 1

2π

∫

R

eixξe−
1
2 εξ2

dξ, (3.2)



586 � A % 8 A Æ Vol.39A\w ε > 0. BS
ℓε,t =

∫ t

0

pε(F
H1
s − FH2

s )ds =
1

2π

∫ t

0

∫

R

eiξ(F H1
s −F H2

s )e−
1
2 εξ2

dξds. (3.3)�* 3.1 s Hi ∈ (1
2 , 1), d < 4Hi, i = 1, 2. f3 ε a3\ 0 x� ℓε,t b L2 RS(��>:��_��-�� ℓt, � ℓt ∈ L2(Ω,F , P ).�AnOiB8�#L?KN7�s�� a ∧ b := min{a, b}, �s F ≍ G :qS�

c1F (x) ≤ G(x) ≤ c2F (x),\w c1 u c2 �?m$��I �)�nOIkR: ε > 0, [ ℓε,t ∈ L2(Ω,F , P ). e& (3.3) |�[
E(ℓ2

ε,t) =
1

4π2

∫ t

0

∫ t

0

∫

R2

Eeiξ(F H1
s −F H2

s )+iη(F H1
r −F H2

r )e−
ε(ξ2+η2)

2 dξdηdrds

=
1

4π2

∫ t

0

∫ t

0

∫

R2

e−
σ2

2 e−
ε(ξ2+η2)

2 dξdηdrds, (3.4)\w σ2 = V ar(ξ(FH1
s − FH2

s ) + η(FH1
r − FH2

r )).^X#�SeB< ( �!, [21]), [
σ2 = V ar(ξ(FH1

s − FH2
s ) + η(FH1

r − FH2
r ))

= V ar(ξ(FH1
s − FH1

r ) − ξ(FH2
s − FH2

r ) + (ξ + η)(FH1
r − FH2

r ))

≥ k[ξ2(|s − r|2H1− d
2 + |s − r|2H2− d

2 ) + (ξ + η)2(r2H1− d
2 + r2H2− d

2 )], (3.5)\w k > 0 �$��~R� k �Nm:$����:?Q�:q-U�NJ�bpN:�<|w�#LX5A(N:~z ( �!, [25])

E|FH
t − FH

s |2 ≍ |t − s|2H− d
2 . (3.6)\�

1

4π2

∫ t

0

∫ t

0

∫

R2

e−
σ2

2 e−
ε(ξ2+η2)

2 dξdηdrds

≤
∫ t

0

∫ s

0

∫

R2

e−
k
2 [ξ2((s−r)2H1− d

2 +(s−r)2H2− d
2 )+(ξ+η)2(r2H1− d

2 +r2H2− d
2 )]dξdηdrds

= k

∫ t

0

∫ s

0

[((s − r)2H1−d
2 + (s − r)2H2− d

2 )(r2H1− d
2 + r2H2− d

2 )]−
1
2 drds

≤ k

∫ t

0

∫ s

0

[(s − r)2(H1∧H2)− d
2 r2(H1∧H2)−d

2 ]−
1
2 drds < ∞.�P�I\kR: ε > 0, [ E(ℓ2

ε,t) < ∞.gz�#LnO {ℓε,t, ε > 0} b L2(Ω,F , P ) w�+'C�IkR: ε, ζ > 0, [
E(|ℓε,t − ℓζ,t|2) =

1

4π2

∫ t

0

∫ t

0

∫

R2

Eeiξ(F H1
s −F H2

s )+iη(F H1
r −F H2

r )

·(e− ε
2 ξ2 − e−

ζ
2 ξ2

)(e−
ε
2η2 − e−

ζ
2 η2

)dξdηdrds

=
1

4π2

∫ t

0

∫ t

0

∫

R2

e−
σ2

2 e−
ε∧ζ
2 (ξ2+η2)

·
(
1 − e

|ε−ζ|
2 ξ2

)(
1 − e

|ε−ζ|
2 η2

)
dξdηdrds.



No.3 �t<�V�dtE:��iQ'�:#�x 587e&1u�>B8�3 ε → 0 u ζ → 0 x�[ E(|ℓε,t − ℓζ,t|2) → 0. iR � {ℓε,t, ε > 0} b
L2(Ω,F , P ) w�+'C��P� lim

ε→0
ℓε,t b L2(Ω,F , P ) w�/b:�n��

4 -M'�2��!>b��w�#LD X�#�x:k|<��
λs := V ar(FH1

s − FH2
s ) ≍ s2H1− d

2 + s2H2− d
2 ,

λr := V ar(FH1
r − FH2

r ) ≍ r2H1− d
2 + r2H2− d

2u
ρr,s := E((FH1

s − FH2
s )(FH1

r − FH2
r )) = RH1(s, r) + RH2(s, r).F Hn(x), x ∈ R � n � Hermite J1|��

Hn(x) = (−1)n 1

n!
e

x2

2
∂n

∂xn
e−

x2

2 . (4.1)\�
etx− t2

2 =
∞∑

n=0

tnHn(x), (4.2)\w t > 0 u x ∈ R. iR �
exp(iuξ(FH1

s −FH2
s )+

1

2
u2ξ2V ar(FH1

s −FH2
s )) =

∞∑

n=0

(iu)nσn(s, ξ)Hn

(
ξ(FH1

s − FH2
s )

σ(s, ξ)

)
, (4.3)\w i =

√
−1 u

σ(s, ξ) =

√
V ar(FH1

s − FH2
s )ξ2 ≍

√
s2H1−d

2 + s2H2−d
2 |ξ|,\w ξ ∈ R. Z\ {Hn(x), x ∈ R}n∈Z+ :m�<�e& (2.1) |�mQHn

(iu)nσn(s, ξ)Hn

(
ξ(FH1

s − FH2
s )

σ(s, ξ)

)� exp(iuξ(FH1
s − FH2

s ) + 1
2u2ξ2V ar(FH1

s − FH2
s )) : n ����\w s ∈ [0, T ]. (N#Ld*P� 4.1, iP���A}nOB8 4.1 :�,6 4.1 s 1

2 < Hi < 1 u d < 4Hi, \w i = 1, 2, λs, λr u ρr,s :BSnp�f
ℓt ∈ U 3_�3 ∫ t

0

∫ t

0

ρ2
r,s

(λsλr − ρ2
r,s)

3
2

drds < ∞, (4.4)\w t ∈ [0, T ].I IkR: ε > 0 u t ∈ [0, T ], [
Θε(u, t, ℓε,t) := E(|Γ√

uℓε,t|2) u Θ(u, t, ℓt) := E(|Γ√
uℓt|2).



588 � A % 8 A Æ Vol.39Ae&U8 2.1, (4.4) |&;3_�3 ΦΘ(1) < ∞. Z\ (4.3) |��P
ℓε,t =

∫ t

0

pε(F
H1
s − FH2

s )ds

=
1

2π

∫ t

0

∫

R

eiξ(F H1
s −F H2

s )e−
1
2 εξ2

dξds

=
1

2π

∫ t

0

∫

R

e−
1
2 (λs+ε)ξ2

∞∑

n=0

inσn(s, ξ)Hn

(
ξ(FH1

s − FH2
s )

σ(s, ξ)

)
dξds

≡
∞∑

n=0

Fn.~R5
ΦΘε

(1) =

∞∑

n=0

nE(|Fn|2)

=

∞∑

n=0

n

4π2
E

[∫ t

0

∫ t

0

∫

R2

e−
1
2 ε(ξ2+η2)σn(s, ξ)σn(r, η)

·e− 1
2 (λsξ2+λrη2)Hn

(
ξ(FH1

s − FH2
s )

σ(s, ξ)

)
Hn

(
η(FH1

r − FH2
r )

σ(r, η)

)
dξdηdrds

]

=

∞∑

n=0

1

4π2(n − 1)!

∫ t

0

∫ t

0

∫

R2

ρn
r,s(ξη)ne−

1
2 (λs+ε)ξ2

e−
1
2 (λr+ε)η2

dξdηdrds

=

∞∑

n=0

1

4π2(2n − 1)!

∫ t

0

∫ t

0

∫

R2

ρ2n
r,s(ξη)2ne−

1
2 (λs+ε)ξ2

e−
1
2 (λr+ε)η2

dξdηdrds.i9#LX5A(N:~z ( �!, [24])

E[Hn(X)Hm(Y )] =





0, m 6= n,

1

n!
[E(XY )]n, m = n,\w���� X, Y Y.<x^�V�_K� E(X) = E(Y ) = 0 u E(X2) = E(Y 2) = 1. �x

∫

R

ξ2ne−
1
2 ξ2(λs+ε)dξ = 2

∫ ∞

0

ξ2ne−
1
2 ξ2(λs+ε)dξ

= 2n+ 1
2 Γ

(
n +

1

2

)
(λs + ε)−(n+ 1

2 ),\w ε > 0 u n ≥ 1, [
ΦΘε

(1) =

∞∑

n=1

(Γ(n + 1
2 ))222n+1

4π2(2n − 2)!

∫ t

0

∫ t

0

ρ2n
r,s

((λs + ε)(λr + ε))n+ 1
2

drds

=

∞∑

n=1

1

2π

(2n − 1)!!

(2n − 2)!!

∫ t

0

∫ t

0

ρ2n
r,s

((λs + ε)(λr + ε))n+ 1
2

drds.e&M1|B8
∞∑

n=1

(2n − 1)!!

(2n − 2)!!
xn =

x

(1 − x)
3
2

x ∈ (−1, 1),
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ΦΘε

(1) =

∫ t

0

∫ t

0

ρ2
r,s

((λs + ε)(λr + ε) − ρ2
r,s)

3
2

drds.iR ��IkR: t ∈ [0, T ], [
lim
ε→0

ΦΘε
(1) =

∫ t

0

∫ t

0

ρ2
r,s

(λsλr − ρ2
r,s)

3
2

drds.n���* 4.1 ℓt �?G;p' FH1 u FH2 :X�#�x�\w Hi ∈ (1
2 , 1), i = 1, 2. 3

1

4
d < min{H1, H2} <

4 + 3d

12
=

1

3
+

1

4
d,fIkR: t ∈ [0, T ], [ ℓt ∈ U .I e&P� 4.1, s?nO3 min{H1, H2} < 4+3d

12 x� (4.4) |�&;:�*g�[
V ar(ξ(FH1

s − FH2
s ) + η(FH1

r − FH2
r )) = V ar((ξFH1

s + ηFH1
r ) − (ξFH2

s + ηFH2
r ))

≥ V ar(ξFH
s + ηFH

r ), (4.5)\w ξ, η ∈ R u H = H1 ∧ H2. f 4H > d. 7\ (3.5) |�[
V ar(ξFH

s + ηFH
r ) = V ar(ξ(FH

s − FH
r ) + (ξ + η)FH

r )

≥ k(ξ2(s − r)2H− d
2 + (ξ + η)2r2H− d

2 ), (4.6)\w r < s. IkR: ξ, η ∈ R, (4.5) u (4.6) |R �
λsξ

2 + 2ρr,sξη + λrη
2 ≥ k(ξ2(s − r)2H− d

2 + (ξ + η)2r2H− d
2 ).~�8

(λs − k(s − r)2H− d
2 − kr2H− d

2 )ξ2 + 2(ρr,s − kr2H− d
2 )ξη + (λr − kr2H− d

2 )η2 ≥ 0. (4.7)

(4.7) |:W�|K�
∆ = 4(ρr,s − kr2H− d

2 )2 − 4(λs − k(s − r)2H− d
2 − kr2H− d

2 )(λr − kr2H− d
2 ) ≤ 0,iR �

λsλr − ρ2
r,s ≥ kλr((s − r)2H− d

2 + r2H− d
2 ) + kλsr

2H− d
2 − 2kρr,sr

2H− d
2

−k2(s − r)2H− d
2 r2H− d

2 .�x
|ρr,s| ≤

√
λsλr ≤ 1

2
(λs + λr) u λr ≍ r2H1− d

2 + r2H2− d
2 ≥ r2H− d

2 ,[
λsλr − ρ2

r,s ≥ kλr((s − r)2H− d
2 + r2H− d

2 ) + kλsr
2H− d

2 − k(λs + λr)r
2H− d

2

−k2(s − r)2H− d
2 r2H− d

2

≥ k(s − r)2H− d
2 r2H− d

2 ,
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12 x�[

∫ t

0

∫ t

0

ρ2
r,s

(λsλr − ρ2
r,s)

3
2

drds

≤
∫ t

0

∫ t

0

λsλr

(λsλr − ρ2
r,s)

3
2

drds

≤ k

∫ t

0

∫ t

0

(s2H1− d
2 + s2H2− d

2 )(r2H1− d
2 + r2H2−d

2 )

((s − r)2H− d
2 r2H− d

2 )
3
2

drds

≤ k(t2H1− d
2 + t2H2− d

2 )2
∫ t

0

∫ t

0

(s − r)−3(H− d
4 )r−3(H− d

4 )drds < ∞,\w t ∈ [0, T ]. n��
5 -M'�2�HE>��#L*H?G;:p' FH1 u FH2 :X�#�x:mf<��on(��* 5.1 ℓt �?G;p' FH1 u FH2 :X�#�x�\w Hi ∈ (1

2 , 1), d < 4Hi,

i = 1, 2. I\kR:ml� n ≥ 1, /bNO4\ H1, H2 u n :m$��{8
E(|ℓt − ℓs|n) ≤ k(t − s)n(1−(H− d

4 ))&;�\w s ≤ t, s, t ∈ [0, T ], H = H1 ∧ H2.I I\ 0 ≤ s ≤ t ≤ T , e& (3.1) u (3.3) |�[
E(|ℓε,t − ℓε,s|n) = E

(∫ t

s

pε(F
H1
u − FH2

u )du

)n

= E

(
1

2π

∫ t

s

∫

R

eiξ(F H1
u −F H2

u )e−
1
2 εξ2

dξdu

)n

=

(
1

2π

)n ∫

[s,t]n

∫

Rn

E

(
e
i

n∑
j=1

ξj(F
H1
uj

−F H2
uj

)
)

e
−ε

n∑
j=1

ξ2
j

1 · · · dξndu1 · · · dun

≤
(

1

2π

)n ∫

[s,t]n

∫

Rn

E

(
e
i

n∑
j=1

ξj(F
H1
uj

−F H2
uj

)
)

dξ1 · · · dξndu1 · · · dun

=

(
1

2π

)n ∫

[s,t]n

∫

Rn

e−
1
2 〈ξ,Aξ〉dξdu1 · · ·dun

=

(
1

2π

)n
2
∫

[s,t]n
(detA)−

1
2 du1 · · ·dun,\w ξ = (ξ1, ξ2, · · · , ξn), A �^�3� (FH1

u1
− FH2

u1
, FH1

u2
− FH2

u2
, · · · , FH1

un
− FH2

un
) :8Q"%k�pN�zN<|�T�(Ni~z

∫

Rn

e−
1
2 〈ξ,Aξ〉dξ =

(2π)
n
2

(det A)1/2
,
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detA ≥ k

n∏

j=1

(
(uj − uj−1)

2H1− d
2 + (uj − uj−1)

2H2− d
2

)
,\w 0 = u0 < u1 < u2 < · · · < un ≤ t. T,

(
1

2π

)n
2
∫

[s,t]n
(detA)−

1
2 du1 · · ·dun

=
n!

(2π)n/2

∫

T
(detA)−

1
2 du1 · · · dun

≤ k

∫

T
((uj − uj−1)

2H1−d
2 + (uj − uj−1)

2H2−d
2 )−

1
2 du1 · · ·dun

≤ k

∫

T

n∏

j=1

((uj − uj−1)
2H− d

2 )−
1
2 du1 · · · dun

≤ k(t − s)n(1−(H− d
4 )),\w T := {s ≤ u1 ≤ · · · ≤ un ≤ t}, H = H1 ∧ H2 > 1

4d. m$� k O4\ H1, H2 u n. Z
Fatou U8-8

E(|ℓt − ℓs|n) ≤ lim inf
ε→0

E(|ℓε,t − ℓε,s|n) ≤ k(t − s)n(1−(H− d
4 )).n��L 5.1 ZpN:B8u+LQaJX=�<�f�#Lo7p' {ℓt, t ∈ [0, T ]} '[=�����:m7� β � Hölder =�:�\w 0 < β < 1 − (H1 ∧ H2 − d

4 ).

6 =$'�2��!>b��w�#L*H? Hurst r�/�:G;p' FH ℄ F̃H :/�#�x�|KD �:k|<�i? FH u F̃H p':/�#�x�BS�
It(F

H , F̃H) =

∫ t

0

∫ t

0

δ(FH
s − F̃H

r )drds, t ∈ [0, T ], (6.1)\w δ(·) �>2/r��BS
Iε,t(F

H , F̃H) =

∫ t

0

∫ t

0

pε(F
H
s − F̃H

r )drds

=
1

2π

∫ t

0

∫ t

0

∫

R

eiξ(F H
s −F̃ H

r )e−
1
2 εξ2

dξdrds, (6.2)\w ε > 0. 7\B8 :nO�#LymQ85 It(F
H , F̃H) b L2 RS(�/b:�(N#LD \k|<��

λr,s := V ar(FH
s − F̃H

r ) ≍ s2H− d
2 + r2H− d

2 ,

λr′,s′ := V ar(FH
s′ − F̃H

r′ ) ≍ s′2H− d
2 + r′2H− d

2
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µ = µ(r, s, r′, s′) =: E((FH

s − F̃H
r )(FH

s′ − F̃H
r′ )).(N#Ld* It(F

H , F̃H) ∈ U :)K���iI\B8 6.1 :nO�yyK:�,6 6.1 λr,s, λr′,s′ u µ :BSnp�f It(F
H , F̃H) ∈ U 3_�3

∫ t

0

∫ t

0

∫ t

0

∫ t

0

µ2

(λr,sλr′,s′ − µ2)
3
2

drdsdr′ds′ < ∞, (6.3)\w t ∈ [0, T ].I P�:nO7\P� 4.1 :nO�I\ ε > 0 u t ∈ [0, T ], �
Θε(u, t, Iε,t(F

H , F̃H)) := E(|Γ√
uIε,t(F

H , F̃H)|2)u
Θ(u, t, It(F

H , F̃H)) := E(|Γ√
uIt(F

H , F̃H)|2).e&U8 2.1, (6.3) |&;3_�3 ΦΘ(1) < ∞. *g�[
Iε,t(F

H , F̃H) =

∫ t

0

∫ t

0

pε(F
H
s − F̃H

r )drds

=
1

2π

∫ t

0

∫ t

0

∫

R

eiξ(F H
s −F̃ H

r )e−
1
2 εξ2

dξdrds

=
1

2π

∫ t

0

∫ t

0

∫

R

e−
1
2 (V ar(F H

s −F̃ H
r )+ε)ξ2

∞∑

n=0

inσn(r, s, ξ)Hn

(
ξ(FH

s − F̃H
r )

σ(r, s, ξ)

)
dξdrds

≡
∞∑

n=0

Fn,\w √
−1 = i u σ(r, s, ξ) =

√
V ar(FH

s − F̃H
r )ξ2. \�

ΦΘε
(1) =

∞∑

n=0

nE(|Fn|2)

=
∞∑

n=0

n

4π2
E

[∫

[0,t]4

∫

R2

e−
1
2 (V ar(F H

s −F̃ H
r )ξ2+(V ar(F H

s′
−F̃ H

r′
)η2)σn(r, s, ξ)σn(r′, s′, η)

·e− 1
2 ε(ξ2+η2)Hn

(
ξ(V ar(FH

s − F̃H
r ))

σ(r, s, ξ)

)
Hn

(
η(V ar(FH

s′ − F̃H
r′ ))

σ(r′, s′, η)

)
dξdηdrdsdr′ds′

]

=

∞∑

n=0

1

4π2(n − 1)!

∫

[0,t]4

∫

R2

µn(ξη)ne−
1
2 (λr,s+ε)ξ2

e−
1
2 (λr′,s′+ε)η2

dξdηdrdsdr′ds′

=

∞∑

n=0

1

4π2(2n − 1)!

∫

[0,t]4

∫

R2

µ2n(ξη)2ne−
1
2 (λr,s+ε)ξ2

e−
1
2 (λr′,s′+ε)η2

dξdηdrdsdr′ds′,\w t ∈ [0, T ]. �x
∫

R

ξ2ne−
1
2 ξ2(λr,s+ε)dξ = 2

∫ ∞

0

ξ2ne−
1
2 ξ2(λr,s+ε)dξ

= 2n+ 1
2 Γ

(
n +

1

2

)
(λr,s + ε)−(n+ 1

2 ),
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ΦΘε

(1) =

∞∑

n=1

(Γ(n + 1
2 ))222n+1

4π2(2n − 2)!

∫

[0,t]4

µ2n

((λr,s + ε)(λr′,s′ + ε))n+ 1
2

drdsdr′ds′

=

∞∑

n=1

((2n − 1)!!)222n+1

4π(2n − 1)!22n

∫

[0,t]4

µ2n

((λr,s + ε)(λr′,s′ + ε))n+ 1
2

drdsdr′ds′

=
∞∑

n=1

1

2π

(2n − 1)!!

(2n − 2)!!

∫

[0,t]4

µ2n

((λr,s + ε)(λr′,s′ + ε))n+ 1
2

drdsdr′ds′

=
1

2π

∫

[0,t]4

µ2

((λr,s + ε)(λr′,s′ + ε) − µ2)3/2
drdsdr′ds′.T,

lim
ε→0

ΦΘε
(1) =

∫ t

0

∫ t

0

∫ t

0

∫ t

0

µ2

(λr,sλr′,s′ − µ2)
3
2

drdsdr′ds′,\w t ∈ [0, T ]. n���* 6.1 It(F
H , F̃H) �?G;p' FH u F̃H :/�#�x�\w H ∈ (1

2 , 1). 3
1

4
d < H <

8 + 3d

12
=

2

3
+

1

4
d,fIkR: t ∈ [0, T ], [ It(F

H , F̃H) ∈ U .I e&P� 6.1, s?nO3 H < 8+3d
12 x� (6.3) |�&;:�T,�sKnOIkR: t ∈ [0, T ] u j = 1, 2, 3 x�(|&;

∫

Tj

µ2

(λr,sλr′,s′ − µ2)
3
2

drdsdr′ds′ < ∞, (6.4)\w
T1 = {0 < r′ < r < s′ < s < t},

T2 = {0 < r′ < s′ < r < s < t},

T3 = {0 < r < r′ < s′ < s < t}.3 (r, s, r′, s′) ∈ T1 � T2 x�^X#�SeB<-8
V ar(ξ(FH

s − F̃H
r ) + η(FH

s′ − F̃H
r′ ))

= V ar(ξ(FH
s − FH

s′ ) − ξ(F̃H
r − F̃H

r′ ) + (ξ + η)(FH
s′ − F̃H

r′ ))

≥ k[ξ2((s − s′)2H− d
2 + (r − r′)2H− d

2 ) + (ξ + η)2(s′2H− d
2 + r′2H− d

2 )], (6.5)\w ξ, η ∈ R. ENQN
V ar(ξ(FH

s − F̃H
r ) + η(FH

s′ − F̃H
r′ )) = λr,sξ

2 + 2µξη + λr′,s′η2. (6.6)Z (6.5) u (6.6) |-8
(λr,s − k(s − s′)2H− d

2 − k(r − r′)2H− d
2 − ks′2H− d

2 − kr′2H− d
2 )ξ2

+2(µ − ks′2H− d
2 − kr′2H− d

2 )ξη + (λr′,s′ − ks′2H− d
2 − kr′2H− d

2 )η2 ≥ 0.
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∆ = 4(µ − ks′2H− d

2 − kr′2H− d
2 )2

−4(λr,s − k(s − s′)2H− d
2 − k(r − r′)2H− d

2 − ks′2H− d
2 − kr′2H− d

2 )

(λr′,s′ − ks′2H− d
2 − kr′2H− d

2 ) ≤ 0,iR �
λr,sλr′,s′ − µ2 ≥ k(λr,s + λr′,s′ − 2µ)s′2H− d

2 + k(λr,s + λr′,s′ − 2µ)r′2H− d
2

+kλr′,s′(s − s′)2H− d
2 + kλr′,s′(r − r′)2H− d

2

−k2(s′2H− d
2 + r′2H− d

2 )(s − s′)2H− d
2 − k2(s′2H− d

2 + r′2H− d
2 )(r − r′)2H− d

2 .�x
|µ| ≤

√
λr,sλr′,s′ ≤ 1

2
(λr,s + λr′,s′),[

λr,sλr′,s′ − µ2 ≥ kλr′,s′((s − s′)2H− d
2 + (r − r′)2H− d

2 ),\wi9: k )V5��P3 H < 8+3d
12 x�[

∫

Tj

µ2

(λr,sλr′,s′ − µ2)
3
2

drdsdr′ds′

≤ k

∫

Tj

λr,sλr′,s′

[λr′,s′((s − s′)2H− d
2 + (r − r′)2H− d

2 )]
3
2

drdsdr′ds′

≤ kt2H− d
2

∫

Tj

1

(s′2H− d
2 + r′2H− d

2 )
1
2 (((s − s′)2H− d

2 + (r − r′)2H− d
2 ))

3
2

drdsdr′ds′

≤ kt2H− d
2

∫

Tj

1

s′
1
2 (H− d

4 )r′
1
2 (H− d

4 )(s − s′)
3
2 (H− d

4 )(r − r′)
3
2 (H− d

4 )
drdsdr′ds′ < ∞,\w j = 1 � 2.7?�#L-P+8 j = 3 :`;�n��� ( 9 ;
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Abstract: In this paper, we study the collision and intersection local times of the solution

to stochastic heat equation with additive fractional noise. We mainly prove its existence and

smoothness properties through local nondeterminism and chaos expansion.
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