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2 �&�((CF0�A&q7.�VR$
y′(t) = a(t)y(t) + b(t)y(θ(t)) + c(t)y′(φ(t)), t ≥ t0, (2.1)Qq a(t), b(t), c(t) s[
 [t0,∞) i;T�Yi9:qz� θ(t), φ(t) s;_+�qzU>^5BA^��F�� θ(t0) = t0, φ(t0) = t0, IbL; t > t0 F� θ(t) < t, φ(t) < t. �

ψ(t) = θ−1(t), ξ(t) = φ−1(t). IR$ (2.1) ;��n}V9
y(tn+1) − y(tn) =

∫ tn+1

tn

a(s)y(s)ds+

∫ tn+1

tn

b(s)y(θ(s))ds+

∫ tn+1

tn

c(s)y′(φ(s))ds, (2.2)Qq tn = t0 + nh � h > 0 �aD�!�� un := u(tn) (u = y, a, b, c, θ, φ), vn := (vn − t0)/h

(v = θ, φ), w(x) = c′(ξ(x))(ξ′(x))2 + c(ξ(x))ξ′′(x), J� wφn
:= w(φn). Q�0RNI (2.2) qTH}V�22h9

∫ tn+1

tn

a(s)y(s)ds ≈
1

2
h(anyn + an+1yn+1),

∫ tn+1

tn

b(s)y(θ(s))ds =

∫ θn+1

θn

b(ψ(x))y(x)ψ′(x)dx

=
1

2
(θn+1 − θn)(bny

h(θn)ψ′(θn) + bn+1y
h(θn+1)ψ

′(θn+1))

≈ hbn(βny[θn] + αny[θn]+1),
∫ tn+1

tn

c(s)y′(φ(s))ds = c(ξ(x))y(x)ξ′(x)|
φn+1

φn
−

∫ φn+1

φn

w(x)y(x)dx

= cn+1y
h(φn+1)ξ

′(φn+1) − cny
h(φn)ξ′(φn)

−
1

2
(φn+1 − φn)(wφn+1

yh(φn+1) + wφn
yh(φn))

≈ cn(α̂ny[φ
n
]+1 + β̂ny[φ

n
]), (2.3)Qq� [·] �\dqz� yh(vn+1), y

h(vn) s y[vn] s y[vn]+1 (v = θ, φ) ;&3�u��
yh(vn) ≈ (vn − [vn])y[vn]+1 + ([vn] + 1 − vn)y[vn],

yh(vn+1) ≈ (vn+1 − [vn])y[vn]+1 + ([vn] + 1 − vn+1)y[vn],U
αn =

1

2h
(θn+1 − θn)

(

ψ′(θn)(θn − [θn]) +
bn+1

bn
ψ′(θn+1)(θn+1 − [θn])

)

,

βn =
1

2h
(θn+1 − θn)

(

ψ′(θn) +
bn+1

bn
ψ′(θn+1)

)

− αn,

α̂n =
1

cn

(

cn+1ξ
′(φn+1) −

1

2
(φn+1 − φn)wφn+1

)

(φn+1 − [φn])

−
1

cn

(

cnξ
′(φn) +

1

2
(φn+1 − φn)wφn

)

(φn − [φn]),

β̂n =
1

cn

(

cn+1ξ
′(φn+1) −

1

2
(φn+1 − φn)wφn+1

)

([φn] + 1 − φn+1)

−
1

cn

(

cnξ
′(φn) +

1

2
(φn+1 − φn)wφn

)

([φn] + 1 − φn).
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yn+1 = Rnyn + hSn(βny[θn] + αny[θn]+1) + Tn(β̂ny[φ

n
] + α̂ny[φ

n
]+1), (2.4)Qq

Rn =
2 + han

2 − han+1
, Sn =

2bn
2 − han+1

, Tn =
2cn

2 − han+1
. (2.5)

3 ����
��g\R$ (2.4) ;� yn ;��i��(C�=q
|Sn|h(|βn|̺[θn] + |αn|̺[θn]+1) + |Tn|(|β̂n|̺[φ

n
] + |α̂n|̺[φ

n
]+1) ≤ (1 − |Rn|)̺n, (3.1)�	l

S̃ := sup
n∈Z+

(|Sn|) <∞, R̃ := sup
n∈Z+

|Rn| < 1, T̃ := sup
n∈Z+

(|Tn|) <∞,

η := sup
n∈Z+

(|αn| + |βn|) <∞, η̃ := sup
n∈Z+

(|α̂n| + |β̂n|) <∞,
(3.2)�

γ̃ :=
hS̃η + T̃ η̃

1 − R̃
. (3.3)�=q (3.1) [
�qRz~QtE;�Q�k8`7 (3.1) q;F_#q���+g\*R$ (2.4) � yn ;��i���.(CXvR$ (�
�% [2, 4])

ϕ(τ(t)) = νϕ(t), ν = τ ′(t0), t ≥ t0. (3.4)[[
 [t0,∞) i�6 τ(t) ∈ C2([t0,∞)), τ(t0) = t0, τ(t) < t n� τ ′(t) > 0 U τ ′(t0) < 1, ℄R$ (3.4) ;� ϕ 1[�F�9:+��>^A^�F� ϕ′(t0) = 1, U
ϕ(t) = lim

n→∞
ν−n(τn(t) − t0), ν = τ ′(t0), t ≥ t0, (3.5)Qq τn(t) s τ(t) ;� n �C4�5Qb,3o+J97!xO3�: 3.1[2] l τ(t) ∈ C2([t0,∞)), IbL t > t0, τ(t0) = t0, τ(t) < t, τ ′(t) > 0J� τ ′(t)[ [t0,∞) iA�U τ ′(t0) < 1, ℄R (3.5) qDM;qz ϕ(t) sR$ (3.4) ;�� ϕ′(t) TZ9:U[[
 [t0,∞) i5BA���F� ϕ′(t)

ϕ(t) ≤ 1
t−t0

.DM
τ(t) =







max(θ(t), φ(t)), 6 γ̃ ≥ 1,

min(θ(t), φ(t)), 6 0 < γ̃ < 1,
(3.6)#`� τ(t) F�O3 3.1 q;~S	l�Æ�� 3.1 	l (3.2) q"7� γ̃ s ϕ(t) V�R (3.3) X (3.5) qaD� t⋆ ≥ t0 sR$

t− τ(t) = h ;�Fo
U k⋆ = [(t⋆ − t0)/h] + 1, ℄9?
̺n =







(ϕ(t0 + (n− k⋆)h))− log
ν

γ̃ , 6 γ̃ ≥ 1,

(ϕ(t0 + (n+ k⋆)h))− log
ν

γ̃ , 6 0 < γ̃ < 1,
(3.7)
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|Sn|h(|βn|̺[θn] + |αn|̺[θn]+1) + |Tn|

(

|β̂n|̺[φ
n
] + |α̂n|̺[φ

n
]+1

)

≤ (|Sn|h(|βn| + |αn|) + |Tn|(|β̂n| + |α̂n|))̺[τn]+1

≤ (hS̃η + T̃ η̃) (ϕ(t0 + τnh+ h− k⋆h))− log
ν

γ̃

≤ (hS̃η + T̃ η̃)
(

ϕ(τ(n−k⋆)h)
)− log

ν
γ̃

= (1 − R̃)̺n,�I~S; n ≥ k⋆, 6 γ̃ ≥ 1 n��=q (3.1) "7�0|+f96 0 < γ̃ < 1 n�I~S;
n ∈ N+, �=q (3.1) "7�l.��G#qa*=�=q (3.1) ;F_�9?��KN97R$ (2.4) � yn ;��i��� 3.2 l yn sR$ (2.4) ;F_��eo (3.2) q"7� γ̃ s ϕ(t) V�R (3.3) X
(3.5) qaDU ν = τ ′(t0), ℄

yn = O
(

(ϕ(n))− log
ν

γ̃
)

, 6 n→ ∞. (3.8)��?�6 0 < γ̃ < 1 n�Q����D�> w"�IR$ (2.4) ��y zn = yn/̺n, ̺n R (3.7) qaD�℄
zn+1̺n+1 = Rnzn̺n + hSn(βnz[θn]̺[θn] + αnz[θn]+1̺[θn]+1)

+Tn(β̂nz[φ
n
]̺[φ

n
] + α̂nz[φ

n
]+1̺[φ

n
]+1). (3.9)6 n → ∞n��G7EfJR$ (3.9);bL� zn 'S��\ σ0 > max

{

1+ν
1−ν

, τ−1(t0+k⋆h)−t0
h

}

,

σ0 ∈ Z+ UDM[
 I0 := [[τσ0
],σ0]∩Z

+, � σm+1 := [ τ−1(t0+(σm−1)h)−t0
h

], b4 m = 0, 1, · · ·,

Im+1 := [σm, σm+1] ∩ Z
+, �
Bm := sup

(

|zk|, k ∈

m
⋃

j=0

Ij

)

, m = 0, 1, 2, · · · .(CbL; n⋆ ∈ Im+1, n
⋆ > σm, �G��	p zk .i� zn⋆ , Qq k ∈

m
⋃

j=0

Ij , VgsW-�2�E�
(i) 	l Rn⋆−1 = 0, ℄

zn⋆ =
1

̺n⋆

(

Sn⋆−1h(βn⋆−1z[θn⋆
−1]̺[θn⋆

−1]
+ αn⋆−1z[θn⋆

−1]+1̺[θn⋆
−1]+1)

+Tn⋆−1(β̂n⋆−1z[φ
n⋆

−1]
̺[φ

n⋆
−1]

+ α̂n⋆−1z[φ
n⋆

−1]+1̺[φ
n⋆

−1]+1)
)

.Iiq;�\&IiUR�=q (3.1) i� |zn⋆ | 9
|zn⋆ | ≤ Bm

1

̺n⋆

|Sn⋆−1h(βn⋆−1̺[θn⋆
−1]

+ αn⋆−1̺[θn⋆
−1]+1)

+Tn⋆−1(β̂n⋆−1̺[φ
n⋆

−1]
+ α̂n⋆−1̺[φ

n⋆
−1]+1)|

≤ Bm

1

̺n⋆

(1 −Rn⋆−1)̺n⋆−1 ≤ Bm

̺n⋆−1

̺n⋆

.
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̺n⋆

−1

̺n⋆
≤ Bm. 6 0 < γ̃ < 1 n� ̺n sF_A�9?�5QqiD3�M(qD3�D3 3.2, 9

|zn⋆ | ≤ Bm

̺n⋆−1

̺n⋆

= Bm

( ϕ(t0 + (n⋆ + k⋆)h)

ϕ(t0 + (n⋆ − 1 + k⋆)h)

)log
ν

γ̃

≤ Bm

(

1 + h
ϕ′(t0 + (n⋆ − 1 + k⋆)h)

ϕ(t0 + (n⋆ − 1 + k⋆)h)

)log
ν

γ̃

≤ Bm

(

1 + h
1

(n⋆ − 1 + k⋆)h

)log
ν

γ̃

≤ Bm

(

1 +
K1

σm

)

,Qq K1 > 0 �e z�
(ii) 	lIbL; n ∈ [σm, n

⋆ − 1] ∩ Z+ F� Rn 6= 0, ℄ (3.9) q;��# n
∏

l=σm

1
Rl

9
△(zn̺n

n−1
∏

l=σm

1

Rl

) =
(

hSn(βnz[θn]̺[θn] + αnz[θn]+1̺[θn]+1)

+Tn(β̂nz[φ
n
]̺[φ

n
] + α̂nz[φ

n
]+1̺[φ

n
]+1)

)

n
∏

l=σm

1

Rl

,Qq △ s*S�V�;�0 σm 7 n⋆ − 1 Zs9
zn⋆ = zσm

̺σm

̺n⋆

n⋆−1
∏

l=σm

Rl +
1

̺n⋆

n⋆−1
∑

i=σm

(

hSi(βiz[θi]
̺[θi]

+ αiz[θi]+1̺[θi]+1)

+Ti(β̂iz[φ
i
]̺[φ

i
] + α̂iz[φ

i
]+1̺[φ

i
]+1)

)

n⋆−1
∏

l=i+1

Rl.Iiq;�\&Ii9
|zn⋆ | ≤ Bm

(

̺σm

̺n⋆

n⋆−1
∏

l=σm

|Rl| +
1

̺n⋆

n⋆−1
∑

i=σm

(1 − |Ri|)̺i

n⋆−1
∏

l=i+1

|Rl|

)

. (3.10)UN�
(1 − |Ri|)

n⋆−1
∏

l=i+1

|Rl| =

n⋆−1
∏

l=i+1

|Rl| −

n⋆−1
∏

l=i

|Rl| = △

n⋆−1
∏

l=i

|Rl|,~J	iq4f (3.10) qU�VZs9
|zn⋆ | ≤ Bm

(

̺σm

̺n⋆

n⋆−1
∏

l=σm

|Rl| +
1

̺n⋆

n⋆−1
∑

i=σm

̺i△
n⋆−1
∏

l=i

|Rl|

)

= Bm

(

̺σm

̺n⋆

n⋆−1
∏

l=σm

|Rl| + 1 −
n⋆−1
∏

l=σm

|Rl|
̺σm

̺n⋆

−
n⋆−1
∑

i=σm

n⋆−1
∏

l=i+1

|Rl|
△̺i

̺n⋆

)

= Bm

(

1 −
1

̺n⋆

n⋆−1
∑

i=σm

△̺i

n⋆−1
∏

l=i+1

|Rl|

)

= Bm

(

1 −
1

̺n⋆

n⋆−1
∑

i=σm

△̺i

1 − |Ri|
△

n⋆−1
∏

l=i

|Rl|

)

.
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−△̺σm

= (ϕ(t0 + (σm + k⋆)h))− log
ν

γ̃ − (ϕ(t0 + (σm + 1 + k⋆)h))− log
ν

γ̃

≤ h logν γ̃(ϕ(t0 + (σm + k⋆)h))− log
ν

γ̃−1ϕ′(t0 + (σm + k⋆)h),

̺σm+1
= (ϕ(t0 + (σm+1 + k⋆)h))− log

ν
γ̃

≥ (
K2

ν
)− log

ν
γ̃(ϕ(t0 + (σm + k⋆)))− log

ν
γ̃ ,Qq K2 sF_t6;eoz (R (3.4) q+g), Z5Q�=q −△̺i

1−|Ri|
≤

−△̺σm

1−R̃
9

|zn⋆ | ≤ Bm

(

1 −
△̺σm

̺n⋆(1 − R̃)

n⋆−1
∑

i=σm

△

n⋆−1
∏

l=i

|Rl|

)

= Bm

(

1 −
△̺σm

̺n⋆(1 − R̃)
(1 −

n⋆−1
∏

i=σm

|Rl|)

)

≤ Bm

(

1 −
△̺σm

̺σm+1
(1 − R̃)

)

≤ Bm

(

1 +
h logν γ̃ϕ

′(t0 + (σm + k⋆)h)

(1 − R̃)(ϕ(t0 + (σm + k⋆)h))
(
K2

ν
)− log

ν
γ̃

)

≤ Bm

(

1 +
K2

σm

)

,Qq K2 ;F_e z�
(iii) 	l Rn⋆−1 6= 0 U1[ k ∈ [σm, n

⋆ − 2] ∩ Z+ p9 Rk = 0. DM σ⋆ := sup(k, k ∈

[σm, n
⋆ − 2] ∩ Z+ � Rn = 0), ℄

Rσ⋆ = 0, Rσ⋆+1 6= 0, Rn⋆ 6= 0.IR$ (3.9) ;��# n
∏

l=σ⋆+1

1
Rl

, U0 σ⋆ + 1 7 n⋆ − 1 Zs9
zn⋆ = zσ⋆+1

̺σ⋆+1

̺n⋆

n⋆−1
∏

l=σ⋆+1

Rl + h
1

̺n⋆

n⋆−1
∑

i=σ⋆+1

(

hSi(βiz[θi]
̺[θi]

+ αiz[θi]+1̺[θi]+1)

+Ti(β̂iz[φ
i
]̺[φ

i
] + α̂iz[φ

i
]+1̺[φ

i
]+1)

)

n⋆−1
∏

l=i+1

Rl.R σ⋆ ;DMg Rσ⋆ = 0, ℄RW- (i) �E97i�q
|zσ⋆+1| ≤ Bm

(

1 +
K1

σm

)

, K1 > 0.UR (3.1) q9
|zn⋆ | ≤ Bm

(

1 +
K1

σm

)

(

̺σ⋆+1

̺n⋆

n⋆−1
∏

l=σ⋆+1

|Rl| +
1

̺n⋆

n⋆−1
∑

i=σ⋆+1

(1 − |Ri|)̺i

n⋆−1
∏

l=i+1

|Rl|

)

,
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|zn⋆ | ≤ Bm

(

1 +
K1

σm

)(

1 +
K2

σm

)

≤ Bm

(

1 +
K3

σm

)

,Qq K3 sF_e z�~igsW- (i), (ii), (iii), IbL; n⋆ ∈ Im+1, n
⋆ > σm S

|zn⋆ | ≤ Bm

(

1 +O(
1

σm

)

)

, m→ ∞.N. Bm+1 ≤ Bm(1 + O(1/σm)). 6 m → ∞ n���f= m
∏

j=1

(1 + 1/σj) su:;�ZRO3 3.1 +9
σm+1 ≥

1

h
(θ−1((σm − 1)h+ t0) − t0 − h)

≥
1

h
(ϕ−1(ϕ(

1

ν
(σm − 1)h+ t0)) − t0 − h)

=
1

ν
σm −

1

ν
− 1,k σm ≥ ν−m(σ0 −

1+ν
1−ν

) �'P;�Y}u:�~J6 m → ∞ n�9? Bm FmS���
(3.8) q"7�C 3.1 6 θ(t) = φ(t) n� (2.4) q+J\-�

yn+1 = Rnyn + (hSnβn + Tnβ̂n)y⌊θn⌋ + (hSnαn + Tnα̂n)y⌊θn⌋+1), (3.11)(C�=q
|hSnβn + Tnβ̂n|̺[θn] + |hSnαn + Tnα̂n|̺[θn]+1 ≤ (1 − |Rn|)̺n,�	l
R̃ := sup

n∈Z+

|Rn| < 1, Sα := sup
n∈Z+

(|hSnβn + Tnβ̂n|) <∞,

Sβ := sup
n∈Z+

(|hSnαn + Tnα̂n|) <∞,
(3.12)�

γ :=
Sα + Sβ

1 − R̃
, (3.13)℄+J97R$ (3.11) �;��i�

yn = O
(

(ϕ(n))− log
ν

γ
)

, 6 n→ ∞. (3.14)��?�6 0 < γ < 1 n�Q����D�C 3.2 6 θ(t) = pt, φ(t) = λt '\Æ6A&n�XvR$ (3.4) ��
ϕ(qt) = qϕ(t), q =







max(p, λ), 6 γ̃ ≥ 1,

min(p, λ), 6 0 < γ̃ < 1,
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3�! 3.1 (Cq7.A&�VR$
y′(t) = a(t)y(t) + b(t)y(tε) + c(t)y′(tε), t ≥ 1,Qq 0 < ε < 1, a(t), b(t), c(t) 's[
 [1,∞) i;T�Yi9:qz�B tn = 1 + nh,

εn =
tε

n
−1
h

, wεn
= c′n(t1−ε

n )2 + cn(1 − ε)t1−2ε
n , ℄ (2.4) q+J\-�

yn+1 = Rnyn + (hSnβn + Tnβ̂n)y[εn] + (hSnαn + Tnα̂n)y[εn]+1, (3.15)Qq Rn, Sn, Tn R (2.5) qaD�U
αn =

1

2hε
(tεn+1 − tεn)

(

t1−ε
n (εn − [εn]) +

bn+1

bn
t1−ε
n+1(εn+1 − [εn])

)

,

βn =
1

2hε
(tεn+1 − tεn)

(

t1−ε
n +

bn+1

bn
t1−ε
n+1

)

− αn,

α̂n =
1

cnε

(

cn+1t
1−ε
n+1 −

1

2ε
(tεn+1 − tεn)wεn+1

)

(εn+1 − [εn])

−
1

cnε

(

cnt
1−ε
n +

1

2ε
(tεn+1 − tεn)wεn

)

(εn − [εn]),

β̂n =
1

cnε

(

cn+1t
1−ε
n+1 −

1

2ε
(tεn+1 − tεn)wεn+1

)

(1 − εn+1 + [εn])

−
1

cnε

(

cnt
1−ε
n +

1

2ε
(tεn+1 − tεn)wεn

)

(1 − εn + [εn]).�MCf�6 θ(t) = φ(t) = tε n�O3 3.1 XD3 3.2 ;~S	l�Æ'"7�QXvPqR$ (3.4) �
ϕ(tε) = εϕ(t), t ≥ 1,U� ϕ(t) = log t. �vVixPqR$�℄+90|V (3.8) X (3.14) q;��i��.$ 3.1 l yn sR$ (3.15) ;F_��eo (3.2) q"7U γ̃ sR (3.3) qaD�℄

yn = O
(

(logn)− log
ε

γ̃
)

, 6 n→ ∞..$ 3.2 l yn sR$ (3.15) ;F_��eo (3.12) q"7U γ sR (3.13) qaD�℄
yn = O

(

(logn)− log
ε

γ
)

, 6 n→ ∞.

4 )?*"
��QF_zi6{.CfIz3E�o;e^3�RN;S+3�! 4.1 (C)i��
y′(t) = −10y(t)− 15y(

t

2
) + 0.6y′(

t

2
), y(0) = 1, t ≥ 0. (3.16)\�! h = 0.05, dK�}9 |R| = 0.6, |S| = 12, |T | = 0.48, η = 1, η̃ = 2, U γ̃ = 3.9 s

γ = 3.15. ~J
�~9��i� (3.8) s (3.14) V��
yn = O(n1.96347412397489), 6n→ ∞, (3.17)
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yn = O(n1.65535182861255), 6n→ ∞, (3.18)�V�1[t6;o z L1 > 0, L2 > 0 p9
|yn| ≤ L1n

1.96347412397489, n �h3,
|yn| ≤ L2n

1.65535182861255, n �h3.N� γ > 1, ~J
̺n = (n− 2)1.65535182861255, |zn| = |

yn

̺n

| = |yn(n− 2)−1.65535182861255|.RD3 3.2 ;fJ+g�\ L2 = B0, U
B0 = sup(|yn(n− 2)−1.65535182861255|, n ∈ [[

σ0

2
], σ0] ∩ Z

+).B σ0 = 20, ℄ L2 = B0 = 0.10490479511068,Q�D;RN�}97 L1 = 0.05527556369595,��i�V��
|yn| ≤ 0.05527556369595 · n1.96347412397489, n ≥ 20,

|yn| ≤ 0.10490479511068 · n1.65535182861255, n ≥ 20.l.��Ga*=R$ (3.16) ;zi� yn ;i�i�q
f1(t) = 0.05527556369595

(

t

h

)1.96347412397489

,

f2(t) = 0.10490479511068

(

t

h

)1.65535182861255

.
 1V�a*= (t, log10 f1(t)), (t, log10 f2(t))s (t, log10 y
h(t));
0�Qq t ∈ [1, 500], yh(t)s yn s yn+1 ;&3�u�

Æ 1 yh(t) �{j�� f1(t), f2(t) W��� j� (3.8) t (3.14)
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Asymptotic Estimation of the Trapezoidal Method for a Class of

Neutral Differential Equation with Variable Delay

1Zhang Gengen 3Wang Wansheng 2Xiao Aiguo
(1School of Mathematics and Statistics, Guangxi Normal University, Guangxi Guilin 541004;

2School of Mathematics and Computational Science, Xiangtan University, Hunan Xiangtan 411105;
3Department of Mathematics, Shanghai Normal University, Shanghai 200234)

Abstract: In this paper, we investigate the stability of the trapezoidal method for a class

of neutral differential equation with variable delay and obtain the asymptotic estimation of

numerical solution with the aid of a functional inequality. The asymptotic estimation is more

accurate than asymptotic stability in describing the behaviours of the numerical solution, and

gives the upper bound estimates of the numerical solution for the nonstable case.

Key words: Neutral delay differential equation; Trapezoidal method; Asymptotic estimation;

Asymptotic stability.
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