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−△u + V (x)u − (K(x) + α)φu = β|u|4u + b(x)|u|p−1u, (x, u) ∈ (R3, R),
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−△u+ V (x)u − (K(x) + α)φu = β|u|4u+ b(x)|u|p−1u, (x, u) ∈ (R3,R),

△φ = (K(x) + α)u2, (x, u) ∈ (R3,R),
(1.1)15 β Q+�W� α < 0 6 p ∈ (3, 4). 3� V,K(x) V b(x), l$�?pjH�

(V1) V ∈ C(R3,R), 6 inf
x∈R3

V (x) > 0, 3=Æ M > 0,meas{x ∈ R
3|V (x) ≤M} <∞.

(V2) V (∞) = lim
|x|→∞

inf V (x) ≥ V (x), 6 V (x) 6≡ V (∞).

(K) K(x) ∈ L∞(R3,R), 6 K(x) ≤ 0, x ∈ R
3.

(B) b(x) : R
3 → R

+, 6 b(x) ∈ Lp+2(R3).UH>0�2017-04-28; �1>0�2018-06-20
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−△u+ V (x)u + µφu = f(u), (x, u) ∈ (R3,R),

−△φ = µu2, (x, u) ∈ (R3,R),
(1.2)15 V, µ > 0, f(u) �w'�6i3TW�!�A�OB�0��('�oe (1.2) )+}zuV_\u) $��6 Liu V Guo $jt [2] 5!�A7�~p��w.7�)

Schrödinger-Maxwell oe






−△u+ V (x)u + λφu = µ|u|q−1u+ |u|4u, (x, u) ∈ (R3,R),

−△φ = u2, (x, u) ∈ (R3,R),
(1.3)15 µQÆI+�W�$ V )S$jHp�!�A�O)B�0��$ q ∈ (3, 5)^ q ∈ (2, 3],6 µ =N")LZ�3=Æ λ > 0, oe (1.3)  $_\u (u, φu) ∈ H1(R3) ×D1,2(R3).$ α = 0 L� Yang V Han $jt [3] 5�~?poe







−△u+ V (x)u +K(x)φu = f(x, u), (x, u) ∈ (R3,R),

−△φ = K(x)u2, (x, u) ∈ (R3,R),
(1.4)15 V > 0,K(x) ≥ 0.  $ a2 > 0, p ∈ (4, 2∗), N( |f(x, u)| ≤ a2(1 + |u|p−1), �d

lim
|u|→0

f(x,u)
u

= 0, lim
|u|→∞

f(x,u)
|u|4 = +∞, $ u > 0 L� f(x,u)

u3 -'� u < 0 L� f(x,u)
u3 -m�6 $ γ > 0, N( F (x, u) ≥ −γu4(F (x, u) =

∫ u

0
f(x, s)ds. !�B�0�V.:0��(oe

(1.4) $ f(x, u) Q� u i3TW)bop/9uVG-u) $�V57��;�oe (1.1)$jt [5] 5`�
�[���Y5�)�~1u) $�V57��6L5)t�QQ��u�x1�Æx�66Q��w7�)��wnjt [5–12]. 
j)8�M�Q!�B�0��~�w7�p����x�u�x)oe (1.1) _\u) $��p%Q
j)8�t��IU 1.1 A (V1), (V2), (K) �d (B) �Æ� p ∈ (3, 4), 6 β > 0, &3#I α < 0, oe
(1.1) 2E $ÆI_\u�p 1.1 0� 1.1 Q	( [1−3] )t��v3�oe (1.2), (1.3) V (1.4), oe (1.1) [ =)bosD#�*N(-'_\u) $�Ls�,�
j�~)oe�oe (1.2), (1.3)V (1.4) �s��~.QdL =�p�.�

a) Scrödinger-Maxwell >���I�� K(x) V α, 62{� 0.

b) �u�xQ�;4)�S��x�615Æx�w'��p%yG
jq�')Æ|iU�i Hilbert �l H1(R3) );W?p�
‖u‖1 :=

[
∫

R3

(|∇u|2 + u2)dx

]
1

2

,�d;W�l D1,2(R3) );W?p�
D1,2(R3) :=

{

u ∈ L2∗

(R3) : ∇u ∈ (L2(R3))3
}

.
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E :=

{

u ∈ H1(R3) :

∫

R3

(|∇u|2 + V (x)u2)dx <∞
}

.$ E CC�bd�Eb&�);Wi
(u, v) :=

∫

R3

(∇u · ∇v + V (x)uv)dx, ∀u, v ∈ E.

‖u‖ := (u, u)
1

2 , ∀u ∈ E.� (V1) /�p%)4�Q{4��
E →֒ Lp(R3), p ∈ [2, 6).�A7/�oe (1.1) 3�)=Ti I(u, φ) : E ×D1,2(R3) → R,

I(u, φ) =
1

2

∫

R3

(|∇u|2 + V (x)u2)dx −
∫

R3

1

4
|∇φ|2 +

1

2
(K(x) + α)φu2 +

β|u|6
6

+
b(x)|u|p+1

p+ 1
dx.!� Lax-Milgram 0� [13], 3=Æ u ∈ H1(R3),  $hÆ) φu ∈ D1,2(R3)[12], N(

∆φu = (K(x) + α)u2. (1.5)_�,� ∆φu ?p�P
φu = − 1

4π

∫

R3

(K(y) + α)
u2(y)

|x − y|dy.� (1.5) O��
∫

R3

|∇φu|2dx = −
∫

R3

∆φu · φudx = −
∫

R3

(K(x) + α)φuu
2dx,�6

Φ(u) = I(u, φ) =
1

2
‖u‖2 −

∫

R3

K(x) + α

4
φuu

2dx− β

6

∫

R3

|u|6dx− 1

p+ 1

∫

R3

b(x)|u|p+1dx.s;� Φ(u) Q C1 - =T�&W?p�
〈Φ′(u), v〉 =

∫

R3

[

∇u∇v + V (x)uv − (K(x) + α)φuuv − |u|4uv − b(x)|u|p−1uv
]

dx, u, v ∈ E.v�) Nehari ��?p�
N = {u ∈ E \ {0} : (Φ′(u), u) = 0}.

2 JV 1.1 HmZhU 2.1[14] 3�=Æ u ∈ H1(R3), p%))a�Æ�
(i) φu ≥ 0.

(ii) ‖φu‖D1,2 ≤ C‖u‖2
12

5

≤ C‖u‖2.



478 W � m � � 	 Vol.39A

(iii) A un ⇀ u, & φun
⇀ φu.hU 2.2[16] A Φ QÆI Banach �l5) C1 - =T� $ 0 )�� Ω ⊂ E �d�W

ρ, N(
Φ(u) ≥ ρ > Φ(0), ∀u ∈ ∂Ω.�d $ v 6∈ Ω, N(

Φ(v) < ρ.15
c = inf

γ∈Γ
max

s∈[0,1]
Φ(γ(s)) ≥ ρ,

Γ = {γ ∈ C([0, 1], E) : γ(0) = 0 , γ(1) = v}.& $�� {un} ⊂ E N(
Φ(un) → c, Φ′(un) → 0. (2.1)�

E0 =

{

u ∈ E \ {0} :

∫

R3

K(x) + α

4
φuu

2dx+
βt2

6

∫

R3

|u|6dx > 0, t > 0

}

.s;� E0 6= ∅. 3=Æ u ∈ E0, i
me :=

∫

R3

K(x) + α

4
φuu

2dx+
βt2

6

∫

R3

|u|6dx > 0.hU 2.3 jH (V1), (V2), (K) V (B) �Æ�&3 ∀u ∈ E,  $�W ρ, r > 0, 6 ‖u‖ = rL�� Φ(u) ≥ ρ > 0.l 3=Æ u ∈ E, � α < 0, (K), (B), �
Φ(u) ≥ 1

2
‖u‖2 − β

6
‖u‖6

6 −
1

p+ 1
‖b(x)‖p+2‖u‖p+1

p+2

≥ 1

2
‖u‖2 − β

6
‖u‖6 − C‖u‖p+1

= ‖u‖2

(

1

2
− β

6
‖u‖4 − C‖u‖p−1

)

.P Φ(u) > 0. 15 ‖u‖ = r, 0 < r < min

{

1,

√

−3C+3
√

C2+ β
3

β

}

, p ∈ (3, 4).hU 2.4 A (V1), (V2), (K) V (B) �Æ�&3=Æ e ∈ E0.  $ r > 0 (?�� 2.3 0�), N(
Φ(v) ≤ 0, v = te, t > 0 ∈ R, 6 ‖v‖ > r.l � (B) V Hölder �+O��

∫

R3

b(x)|u|p+1dx ≤ ‖b(x)‖p+2‖u‖p+1
p+2.&3=Æ e ∈ E0, t > 0, �

Φ(te) =
t2

2
‖e‖2 − t4

∫

R3

K(x) + α

4
φee

2dx− βt6

6

∫

R3

|e|6dx− tp+1

p+ 1

∫

R3

b(x)|e|p+1dx

≤ t2

2
‖e‖2 − t4

∫

R3

K(x) + α

4
φee

2dx− β

6
t6

∫

R3

|e|6dx+
tp+1

p+ 1
‖b(x)‖p+1‖e‖p+1

p+2.
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Φ(te) ≤ t2

2
‖e‖2 + Ct2‖e‖p+1 − t4

(
∫

R3

K(x) + α

4
φee

2 +
βt6

6
t2|e|6dx

)

= t2
(

1

2
‖e‖2 + C‖e‖p+1

)

−met
4 → −∞, t→ ∞.9 v = te. -��hU 2.5 A (V1), (V2), (K) V (B) �Æ�&�� 2.2 )t��Æ�l s; Φ(0) = 0.��� 2.3V�� 2.4, Φ =�� 2.2)bo�P $�� {un} ⊂ E,N( (2.1) O�Æ�p%Y' Φ ) (PS)c ���w�hU 2.6 A (V1), (V2), (K) V (B) �Æ�&=Æ = (2.1) O) {un} ⊂ E �w�l =9 {un}  = (2.1) O�& −〈Φ′(un), un〉 ≤ o(1)‖un‖, 6 $ M > 0, N(

|Φ(un)| ≤M . � (K) V (B), �
(p+ 1)M + o(1)‖un‖ ≥ (p+ 1)Φ(un) − 〈Φ′(un), un〉

=
(p+ 1)

2
‖un‖2 +

3 − p

4

∫

R3

(K(x) + α)φun
u2

ndx+
5 − p

6

∫

R3

|u|6dx

≥ p+ 1

2
‖un‖2,15� α < 0, β > 0, p ∈ (3, 4). P {un} �w�hU 2.7 A (V1), (V2), (K) V (B) �Æ�& {un} ):� {u∗n} 5T��f $ u∗ ∈ EN(

u∗n → u∗.L|Æ�,��
Φ(u∗) = c.l K��� 2.6 �/� = (2.1) O) {un} �w�f ‖un‖ <∞. K� E );:��H {un} ):� {u∗n}  =

u∗n ⇀ u∗, u∗ ∈ E.

u∗n → u∗, u∗ ∈ Lt(R3), t ∈ (2, 6). (2.2)

u∗n → u∗, a.e. u∗ ∈ R
3.�,�- Φ′(u∗) = 0. ��� 2.1 ) (ii) V (iii), (

(
∫

R3

|∇φu∗

n
|2dx

)
1

2

≤ C‖u∗n‖2
12

5

≤ C‖u∗n‖2.�i ‖u∗n‖ <∞, � Hölder �+O��
∫

R3

(φu∗

n
u∗n)2dx ≤

(
∫

R3

φ6
u∗

n
dx

)
1

3

(
∫

R3

|u∗n|3dx
)

2

3

≤ C

∫

R3

|∇φu∗

n
|2dx‖u∗n‖2 ≤ C‖u∗n‖6 <∞.
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φu∗

n
u∗n ⇀ φu∗u∗, u∗ ∈ L2(R3).�63=Æ w ∈ E, l$�

lim
n→∞

∫

R3

φu∗

n
u∗nwdx =

∫

R3

φu∗u∗wdx.�Æ (2.2) O�d{� � [15], �
lim

n→∞

∫

R3

φu∗

n
(u∗n)2dx =

∫

R3

φu∗(u∗)2dx.�Æ>%�
∫

R3

b(x)|u∗n|p+1dx ≤ ‖b(x)‖p+2‖u∗n‖p+1
p+2 ≤ C‖u∗n‖p+1 <∞.� (2.2) O�l$�

lim
n→∞

∫

R3

b(x)|u∗n|p+1dx =

∫

R3

b(x)|u∗|p+1dx.i v∗n = u∗n − u∗. K�C%)^�V Brezi-Lieb �� [16], �
c− Φ(u∗) = Φ(u∗n) − Φ(u∗) + o(1)

=
1

2
(‖u∗n‖2 − ‖u∗‖2) − β

6

∫

R3

(u∗n)6 − (u∗)6dx+ o(1)

=
1

2
‖v∗n‖2 − β

6

∫

R3

(v∗n)6dx+ o(1)6
o(1) = 〈Φ′(u∗n), u∗n〉 − 〈Φ′(u∗), u∗〉 = ‖v∗n‖2 − β

∫

R3

(v∗n)6dx. (2.3)��� 2.1, �
−

∫

R3

(K(x) + α)φu∗(u∗)2dx ≤ C‖u∗‖4.i S = inf
un∈D1,2\{0}

‖∇un‖2

‖un‖2

6

. �Zjt [1] )^��3=Æ ǫ, r > 0, 0�
uǫ(x) =

ψ(x)ǫ
1

4

(ǫ+ |x|2) 1

2

, ψ(x) ∈ C∞
0 (B2r(0)).15� 0 ≤ ψ(x) ≤ 1, 6$ Br(0) 5 ψ(x) = 1. � Aubin 0�/� S �� ǫ

1

4

(ǫ+|x|2)
1

2

℄(��Og�l$�
∫

R3

|∇uǫ|2dx =

∫

R3

|x|2
(1 + |x|2)3 dx+O(ǫ

1

2 ),

∫

R3

|uǫ|6dx =

∫

R3

1

(1 + |x|2)3 dx,P
S +O(ǫ

1

2 ) =

∫

R3 |∇uǫ|2dx
(
∫

R3 u6
ǫdx)

1

3

.
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y(t) =

t2

2
‖uǫ‖2 − ‖uǫ‖2, t > 0.$ t0 =

( ‖uǫ‖
2

β
∫

R3 u6
ǫdx

)
1

2 L� y(t) 9'?"0 y(t0) = 1
3

( ‖uǫ‖
2

(β
∫

R3 u6
ǫdx)

1

2

)
3

2 =
(

S3

9β

)
1

2 .

sup
t≥0

Φ(tuǫ) = sup
t≥0

(

t2

2
‖uǫ‖2 −

∫

R3

K(x) + α

4
t4φuǫ

u2
ǫdx− t6β

6

∫

R3

|uǫ|6dx

− tp+1

p+ 1

∫

R3

b(x)|uǫ|p+1dx

)

= sup
t≥0

(

y(t) −
∫

R3

K(x) + α

4
t4φuǫ

u2
ǫdx− tp+1

p+ 1

∫

R3

b(x)|uǫ|p+1dx

)

≤ sup
t≥0

(

y(t) − t4‖uǫ‖4 − tp+1

p+ 1

∫

R3

b(x)|uǫ|p+1dx

)

< sup
t≥0

y(t)

= (
S3

9β
)

1

2 .� (2.1) O�/ c < (S3

9β
)

1

2 . �i Φ′(u∗) = 0, K��� 2.6 )^���
Φ(u∗) ≥ 0,P

c− Φ(u∗) < (
S3

9β
)

1

2 .H ‖v∗n‖2 → l ≥ 0. � (2.3) O�l$�
β

∫

R3

(v∗n)6dx→ l ≥ 0.A l > 0, � Sobolev 4�0��� S ≤ ‖v∗

n‖2

(
∫

R3 |v∗

n|6dx)
1

3

. �6
l ≥ (

S3

β
)

1

2 ,P
c− Φ(u∗) =

1

3
l ≥ (

S3

9β
)

1

2 ."4��6 l = 0, f ‖v∗n‖ → 0, �f u∗n → u∗, u∗ ∈ E,Φ(u∗) = c. -'f��IU 1.1 FlY VrY' Φ  $�w.���� 2.6 /� Φ ��w) (PS)c ������ 2.7 / $ u∗ ∈ E, u∗ 6= 0. N(
Φ(u∗) = c, Φ′(u∗) = 0.f $ Φ )�w. u∗ 6= 0.p%Y'oe (1.1)  $_\u�
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mN = inf Φ(u), u ∈ N .K��� 2.7 )^��l$�
0 < mN ≤ Φ(u) <

S
3

2

3β
1

2

.i {vn} Q Φ )�/9�w.��� =
Φ(vn) → mN .�i Φ(vn) �w�P��� 2.6 )^�/� {vn} $ E C�w��� {vn} Q Φ ) (PS)c ����oe (2.1) V�� 2.7, �

Φ(vn) → Φ(v0) +

i=k
∑

i=1

Φ∞(wi) = c+ o(1), (2.4)15 v0 Q Φ )�w.� k ≥ 0, wi Q Φ∞ )�w.� Φ∞ ?p0��
Φ∞(u) =

1

2

∫

R3

|∇u|2 + V (∞)u2dx −
∫

R3

K(x) + α

4
φuu

2dx− β

6

∫

R3

|u|6dx

− 1

p+ 1

∫

R3

b(x)|u|p+1dx.�
m∞ = inf{Φ∞(u) : u 6= 0,Φ′∞(u) = 0},K�bo (V2), $ V (x) 6≡ V (∞) L���� 2.7, mN ≤ c < m∞. �i3=Æ i,Φ∞(wi) ≥

m∞ > 0. � (2.1) V (2.4) O/� k = 0, 6 Φ(v0) = mN . �6 vn → v0. P3=Æ u ∈ N , �
0 = Φ′(u)u = ‖u‖2 −

∫

R3

(K(x) + α)φuu
2dx− β

∫

R3

|u|6dx−
∫

R3

b(x)|u|p+1dx

≥ ‖u‖2 − Cβ‖u‖6 − C‖u‖p+1.P $�W c0, N(3=Æ u ∈ N , � ‖u‖ ≥ c0. ��� Φ )=Æ0.��i���6�
v0 6= 0. -'f�� C S ` 
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Ground-State Solutions for Schrödinger-Maxwell Equations in the

Critical Growth

1Fang Liwan 2Huang Wennian 2Wang Minqing
(1School of Mathematics and Computer Science, Guangxi Science and Technology Normal University;

Guangxi Laibin 546199;
2School of Mathematics and Statistics, Guangxi Normal University, Guangxi Guilin 541004)

Abstract: In this paper, we study the existence of the ground state solutions for the following

Schrödinger-Maxwell equations







−△u+ V (x)u − (K(x) + α)φu = β|u|4u+ b(x)|u|p−1u, (x, u) ∈ (R3,R),

△φ = (K(x) + α)u2, (x, u) ∈ (R3,R),

where β is a positive constant. Under some assumptions on V,K and b(x), by using the

variational method and critical point theorem, we prove that such a class of equations has at

least a ground state solution for α < 0 and p ∈ (3, 4).
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