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rt − αrxxt − 4αrrt − 2αrx

∫ ∞

x

rtdx+ αrx + βrxxx + 6βrrx = 0, (1.1)^{ α b β �lUB\C&��Y) (1.1) �oP<�	B*8Y)�
(i) < α=0, β=1 z

rt + rxxx + 6rrx = 0, (1.2)�! KdV Y) [1−3];

(ii) < α=1, β=0 z
rt − rxxt − 4rrt − 2rx

∫ ∞

x

rtdx+ rx = 0, (1.3)�an℄
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452 � H * 8 H � Vol.39A�!a��Y) [1,4]. Ablowitz E\XtvUK"A04Y) [13]. Gilson, Nimmo s Willox,I^ Wronskian �~Bg�� [18]. Shang s Hong �m^2\vUb2mÆgp�U�>7�B!i�b Bäcklund ���~ [19], Wazwaz lZ\�~�~B Hirota Æ2BUf�, N - g�� [4].�%|IK"Y) (1.1) B.�B��!Æ2B�5~� Bäcklund ��� Lax Nb(d�wJ��%�ep-�GS#℄
,�O Bell P5~BJVbBz�Gs#℄Z\ BellP5~UK"^.�B��{#℄
,�Lb$,%0�
2 �>9 Bell �E6�.'P.
, Bell P5~BJVS
Bz��M 2.1 w f = f(x1, x2, · · · , xn) �(_ n b��B C∞ p��l'

Yn1x1,···,nlxl
(f) ≡ Yn1,···,nl

(fr1x1,···,rlxl
) = e−f∂n1

x1
· · · ∂n

l

xl
ef (2.1)! Bell P5~ [9,14]. ^{ fr1x1,···,rlxl

= ∂n1
x1

· · · ∂n
l

xl
f(r1 = 0, · · · , n1; · · · ; rl = 0, · · · , nl.). <

f = f(x, t) z�NZB 2- " Bell P5~�&:!
Yx(f) = fx, Y2x(f) = f2x + f2

x , Yx,t(f) = fx,t + fxft,

Y2x,t(f) = f2x,t + f2xft + 2fx,tfx + f2
xft, (2.2)

Y3x(f) = f3x + 3f2xfx + f3
x , · · · .�M 2.2 �au
 Bell P5~JV�P"BÆ Bell P5~JV!

Yn1x1,···,nlxl
(v, w) = Yn1,···,nl

(f)|fr1x1,···,rlxl

=







vr1x1,···,rlxl
, r1 + r2 + · · · + rl !_��

wr1x1,···,rlxl
, n1 + n2 + · · · + nl !Z�� (2.3)lÆ Bell P5~.S��!p�(_ v s w B�~�&:!

Yx(v) = vx, Y2x(v, w) = w2x + v2
x, Yx,t(v, w) = wxt + vxvt,

Y2x,t(v, w) = v2x,t + w2xvt + 2wxtvx + v2
xvt, (2.4)

Y3x(v, w) = v3x + 3vxw2x + v3
x, · · · .�M 2.3 Y P5~s Hirota Æ2B D ��t�Bi+.^p-E~�,

Yn1x1,···,nlxl
(v = lnF/G,w = lnFG) = (FG)−1Dn1

x1
· · ·Dnl

xl
F ·G, (2.5)^{ n1 + n2 + · · · + nl ≥ 1. �� Dx1 , · · · , Dxl

! Hirota Æ2B��JV!
Dn1
x1

· · ·Dnl
xl
F ·G = (∂x1 − ∂x′

1
)n1 · · · (∂xl

− ∂x′

l
)nlF (x1, · · · , xl) ×G(x′1, · · · , x

′
l) |x′

1=x1,···,x′

l
=xl

.��B�< F = G z� (2.5) ~l~!
(F )−2Dn1

x1
· · ·Dnl

xl
F · F = Yn1x1,···,nlxl

(0, q = 2 lnF )

=







0, n1 + n2 + · · · + nl !_��
Pn1x1,···,nlxl

(q), n1 + n2 + · · · + nl !Z�� (2.6)
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P2x(q) = q2x, Px,t(q) = qxt,

P4x(q) = q4x + 3q22x, P6x(q) = q6x + 15q2xq4x + 15q32x · · · . (2.7)�M 2.4 Æ Bell P5~ Yn1x1,···,nlxl
(v, w) .℄7( P P5~s Y P5~B�t�~

(FG)−1Dn1
x1

· · ·Dnl
xl
F ·G

= Yn1x1,···,nlxl
(v, w)|v=lnF/G,w=lnFG = Yn1x1,···,nlxl

(v, v + q)|v=lnF/G,q=2 lnG

=
∑

n1+···+nl=even

n1
∑

r1=0

· · ·

nl
∑

rl=0

l
∏

i=1

(ni, ri)
′Pr1x1,···,rlxl

(q)Y(n1−r1)x1,···,(nl−rl)xl
(v), (2.8)~U

Yn1x1,···,nlxl
(v)|v=lnψ =

ψn1x1,···,nlxl

ψ
, (2.9)qU$�Pb Bell P5~ Yn1x1,···,nlxl

(v, w) .S�m Hopf-Cole�� v = lnψ (� ψ = F/G)�A2B~�Bz (2.8) � (2.9) i�=g�Y)B Lax Nz`>|O
\���Z\ Bell P5~f�(d�wJz�vF
Pb>B����
η =

(q′xk
− qxk

)

2
, (2.10)q9 q s q′ M� q = w − v, q′ = w + v, xk � x1, · · · , xl {lU�����l^��

C(q′, q) = E(q′) − E(q) = 0 (2.11),T.S�>P�e����vOÆqP�e���~! Bell P5~S
iaUb��B ℄B�~��Pb Riccati Y)
ηxk

+ f(η) = 0 (2.12)sPb7t?BY)
∂x1F1(η) + · · · + ∂xl

Fl(η) = 0. (2.13)j{��m���m*~9q��%.S3{=,\2BY)B�wJ�
3 L-!O2;� KdV ��E r(x, t) = ux(x, t), Y) (1.1) ~(

uxt − αuxxxt − 4αuxuxt − 2αuxxut + αuxx + βuxxxx + 6βuxuxx = 0, (3.1)i�#℄��m Bell P5~BZ\�
,Y) (3.1) Æ2B�5~� Bäklund ��� Lax Ns(d�wJ�
3.1 8DF��5�. 3.1 
 u = qx, ���Y) (3.1) 2B~!

(D4
x +DxDz)G ·G = 0,

[DxDt + α(−
2

3
DtD

3
x +

1

3
DtDz +D2

x) + βD4
x]G ·G = 0, (3.2)



454 � H * 8 H � Vol.39A^{ z !^}���T !A�>Y) (3.1) BÆ2B~�5~��.YqPb^}�� q, 
E
u = cqx, (3.3)^{ c �Pb;GkB.SbY) (3.1) P - P5~4i=B&���Y) (3.3) 9qY)

(3.1), �>
q2x,t + α(−

2

3
q4x,t − 2cq3xqxt − 4cq2xq2x,t −

1

3
q4x,t + q3x) + β(q5x + 6cq2xq3x) = 0, (3.4)��^N x �℄P2.�

E(q) ≡ qxt +α
(

−
2

3
(q3x,t + 3cq2xqxt)−

1

3
∂−1
x ∂t(q4x + 3cq22x)+ q2x

)

+ β(q4x + 3cq22x) = 0, (3.5)Z\Bz (2.7), � c = 1, lY) (3.5) .~!
E(q) ≡ qxt + α

(

−
2

3
(q3x,t + 3q2xqxt) −

1

3
∂−1
x ∂t(q4x + 3q22x) + q2x

)

+ β(q4x + 3q22x) = 0. (3.6)!A�Y) (3.6)=(Æ2B�~�FO8. ∂−1
x �℄5�!0YqPb^}�� z, �_�Pbe���

q4x + 3q22x = −qxz, (3.7)WO�Y) (3.6) .~!
E(q) ≡ qxt + α

(

−
2

3
(q3x,t + 3q2xqxt) +

1

3
qtz + q2x

)

+ β(q4x + 3q22x) = 0. (3.8)R'Bz (2.5), Y) (3.7) bY) (3.8) .��~(p- P - P5~�t�~
P4x(q) + Pxz(q) = 0,

Pxt(q) + α(−
2

3
P3x,t(q) +

1

3
Ptz(q) + P2x(q)) + βP4x(q) = 0. (3.9)�{�^Bz (2.6), iX����

q = 2 lnG⇐⇒ u = cqx = 2(lnG)x (3.10)
\-� (3.9) ~.�Y) (3.1) BÆ2B�~�
(D4

x +DxDz)G ·G = 0,

[DxDt + α(−
2

3
DtD

3
x +

1

3
DtDz +D2

x) + βD4
x]G ·G = 0. (3.11)r��

3.2 Bäcklund 
$��W'Q Lax ��. 3.2 �w F !Æ2BY) (3.11) BPb��pl G M�
(D2

x − λ)F ·G = 0,

[(1 − 3αλ)Dt + (α+ 3βλ)Dx − αD2
xDt + βD3

x]F ·G = 0, (3.12)



No.3 q9yE�P4jVa�� KdV Y)B.�BK" 455l G �!Y) (3.11) BD��^{ λ !lU$��T E q s q′ !Y) (3.6) B?b!�B�
q = 2 lnF, q′ = 2 lnG, (3.13)4ZF�Yq?b>B��

w =
q′ + q

2
= ln(FG), v =

q′ − q

2
= ln(

F

G
), (3.14)lS%��!

E(q′) − E(q) = E(w + v) − E(w − v)

= 2vxt + α[−2v3x,t − 4w2xvx,t − 4wx,tv2x

−4∂−1
x (w2xv2x,t + w2x,tv2x) + 2vxx] + β(2v4x + 12wxxvxx)

= 2∂x[Yt(v) − αY2x,t(v, w) + βY3x(v, w)] +R(v, w) = 0, (3.15)^{
R(v, w) = α

(

2∂x[(w2x + v2
x)vt] − 4w2xvxt + 4w2x,tvx − 4∂−1

x (w2xv2x,t + w2x,tv2x) + 2vxx
)

+6β(w2xvxx − vxw3x − v2
xv2x).qbS%��.Sm!�i�<1w��-�af� Bäcklund ���!A�S%�� (3.15) =(PN1w���.�qPb1w���l R(v, w) .S��( Y- P5~B x- =��t�~�.G

Y2x(v, w) = w2x + v2
x = λ, (3.16)^{ λ !lU$��^ (3.16) ~� R(v, w) .~!

R(v, w) = α[2λvxt − 4w2xvxt + 4w2x,tvx − 4∂−1
x (w2xv2x,t + w2x,tv2x) + 2vxx]

+6β(w2xvxx − vxw3x − v2
xv2x)

= −6αλvxt + 2αv2x + 6βλv2x, (3.17)0/Z\ w2x,t = −2vxvxt b w2x = λ− v2
x.�t (3.15)–(3.17) ~�.�> Y - P5~+�

Y2x(v, w) − λ = 0,

∂x[(1 − 3αλ)Yt(v) + (α + 3βλ)Yx(v) − αY2x,t(v, w) + βY3x(v, w)] = 0, (3.18)^{GSbY)�F=��~�qit{Bf�Y)B�wJz�\&|O�Z\Bz (2.5),3Y) (3.15) .;��>Æ2B Bäcklund ��
(D2

x − λ)F ·G = 0,

[(1 − 3αλ)Dt + (α+ 3βλ)Dx − αD2
xDt + βD3

x]F ·G = 0, (3.19)^{'PN+� (3.18) {GSbY) x �A�℄�



456 � H * 8 H � Vol.39A�m0 Bäcklund ���'P.SuoTBf,^g����-3'PSPg��bSg��!:�3\W� u(x, t) = 0 ,T�Gk F = 1, 9qY) (3.19), .�Y) (3.19) BD��E
λ =

k2
1

4 , ��
G1 = e

ξ1
2 + e−

ξ1
2 , ξ1 = k1x−

αk1 + βk3
1

1 − αk2
1

t+ ξ
(0)
1 , (3.20)^{ k1, ξ

(0)
1 !lU{��Y) (3.20) ~!

G1 = e−
ξ1
2 (1 + eξ1), (3.21)R' (3.13) ~_ q′ = 2 lnG, (3.3) ~_ u = qx, (3.1) ~_ r = ux �Pg��!

r = 2 ln[1 + e
k1x−

αk1+βk3
1

1−αk2
1

t+ξ
(0)
1

]xx, (3.22)gE F = e
ξ1
2 + e−

ξ1
2 , .��

G2 = (k1 − k2)(e
ξ1+ξ2

2 + e−
ξ1+ξ2

2 ) − (k1 + k2)(e
ξ1−ξ2

2 + e−
ξ1−ξ2

2 ), λ =
k2
2

4
, (3.23)^{ ξj = kjx−

αkj+βk
3
j

1−αk2
j

t+ ξ
(0)
j , j = 1, 2.
�� ξj = ηj + 1

2A12 ^{ eA12 = (k1−k2)2

(k1+k2)2 , j = 1, 2, l (3.23) ~.~!
G2 = 1 + eη1 + eη2 + eη1+η2+A12 , (3.24)^NZY)BSg��

r = 2 ln[1 + eη1 + eη2 + eη1+η2+A12 ]xx. (3.25)�-3f�sg���� F = (k1 − k2)(e
ξ1+ξ2

2 + e−
ξ1+ξ2

2 ) − (k1 + k2)(e
ξ1−ξ2

2 + e−
ξ1−ξ2

2 )9qY)� (3.19), .�
G3 = a(e

ξ1+ξ2+ξ3
2 + e−(

ξ1+ξ2+ξ3
2 ) + b(e

−ξ1+ξ2+ξ3
2 + e−

−ξ1+ξ2+ξ3
2 )

+c(e
ξ1−ξ2+ξ3

2 + e−
ξ1−ξ2+ξ3

2 ) + d(e
ξ1+ξ2−ξ3

2 + e−
ξ1+ξ2−ξ3

2 ), (3.26)^{
a = (k1 − k2)(k1 − k3)(k2 − k3), b = (k1 + k2)(k1 + k3)(k2 − k3),

c = (k1 + k2)(k1 − k3)(k2 + k3), d = (k1 − k2)(k1 + k3)(k2 + k3)s ξj = kjx−
αkj+βk

3
j

1−αk2
j

t+ ξ
(0)
j (j = 1, 2, 3).S04���, N - g��!

Gn =
∑

ǫ=±1

n
∏

1≤j<l

ǫl(ǫjkj − ǫlkl)e
1
2

n
∑

j=1

ǫjξj

,

ξj = kjx−
αkj + βk3

j

1 − αk2
j

t+ ξ
(0)
j (j = 1, 2, · · · , n), λ =

k2
n

4
, (3.27)
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ǫ=±1
��B� ǫj = 1,−1 (j = 1, 2, · · · , n) B�_.X�~��-3�'Pf�Y) (3.1) B Lax N��. 3.3 Y) (3.1) Lax N!

Lψ = ψxx + (ux − λ)ψ = 0,

Mψ = (1 − 3αλ− ux)ψt + (α+ 3βλ+ 3βux − 2αut)ψx − αψxxt + βψxxx = 0, (3.28)^{ λ lU$��T ^ Hopf-Cole �� v = lnψ, ^d~ (2.8) s (2.9) .�
Yx(v) =

ψx
ψ
, Yt =

ψt
ψ
, Y2x(v, w) = q2x +

ψ2x

ψ
,

Y3x(v, w) = 3q2x
ψx
ψ

+
ψ3x

ψ
, Y2x,t(v, w) = 2qxt

ψx
ψ

+ q2x
ψt
ψ

+
ψ2x,t

ψ
. (3.29)�t (3.29) ~� (3.19) ~.�2B~!8_$� λ B+�

Lψ = 0, Mψ = 0, (3.30)^{
L = ∂2

x + q2x − λ,

M = (1 − 3αλ− q2x)∂t + (α+ 3βλ+ 3βq2x − 2αqxt)∂x − α∂t∂
2
x + β∂3

x, (3.31)\ qx 9� u

Lψ = ψxx + (ux − λ)ψ = 0,

Mψ = (1 − 3αλ− ux)ψt + (α+ 3βλ+ 3βux − 2αut)ψx − αψxxt + βψxxx = 0. (3.32)�, Lax N�
oTNr4oB��
[L,M ] = q2x,t + α(−q4x,t − 4q2xq2x,t − 2q3xqxt + q3x) + β(q5x + 6q2xq3x) = 0. (3.33)r��

3.3 A37#/�. 3.4 Y) (3.1) (_p-(d�wJ
In,t + Fn,x = 0, n = 1, 2, 3, · · · , (3.34)^{�wQM In H�d~!

I1 = −
1

2
ux, I2 = −

1

2
I1,x =

1

4
u2x,

· · · · · · (3.35)

In = −
1

2

[

In−1,x +

n
∑

k=1

IkIn−1−k

]

, n = 2, 3, 4, · · · .



458 � H * 8 H � Vol.39A>8G Fn H�i+!
F1 = −

1

2
[α(ux − uxxt − 2∂−1

x (uxuxt) − 2utux) + β(u3x + 3u2
x)],

· · · · · ·

Fn = α

[

In − In,xt + 4∂−1
x

( n
∑

k=1

IkIn+1−k,t

)

+ 4∂−1
x

( n
∑

k=1

Ik,t

)

In+1−k

+4∂−1
x

(

∑

i+j+k=n

IiIj,tIk

)]

+β

(

In,2x − 2
∑

i+j+k=n

IiIjIk − 6
n

∑

k=1

IkIn+1−k

)

, n = 2, 3, 4, · · · . (3.36)T �.3d~ (3.19) ,T�^i+ ∂xYt(v) = ∂tYx(v) = vxt, l (3.19) ~.~!
Y2x(v, w) − λ = 0,

∂t(1 − 3αλ)Yx + ∂x[(α + 3βλ)Yx(v) − αY2x,t(v, w) + βY3x(v, w)] = 0. (3.37)YqPb�p�
η =

q′x − qx
2

, (3.38)WO3i+~ (3.15) .�>
vx = η, wx = qx + η, (3.39)� (3.39) ~9q (3.37) ~�.�>Pb Riccati - 4?BY)
ηx + η2 + q2x = λ (3.40)sPb7t?Y)

(1 − 4αλ)ηt + ∂x{(α+ 6βλ)η − αηxt + 4α[∂−1
x (ηηt)]η + βη2x − 2βη3} = 0, (3.41)^{'Ph λ = ε2.�P"�i η = ε+ η̃ ��-� (3.40) ~s (3.41) ~.~!

η̃x + η̃2 + 2εη̃ + qxx = 0 (3.42)s
η̃t + ∂x{αη̃ − αη̃xt + 4α∂−1

x (η̃η̃t)ε+ 4α∂−1
x (εη̃t + η̃η̃t)η̃ + βη̃2x − 2βη̃3 − 6βεη̃2} = 0. (3.43)���m*~

η̃ =

∞
∑

n=1

In(q, qx, · · ·)ε
−n (3.44)9q (3.42) ~
Eu~{ ε BR2+�4E�%.S�>�wQM In BH�i+~

I1 = −
1

2
ux, I2 = −

1

2
I1,x =

1

4
u2x,

I3 = −
1

2
(I2,x + I2

1 ) = −
1

8
(uxxx + u2

x),
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I4 = −
1

2
(I3,x + 2I1I2) =

1

16
(u4x + 4uxu2x), (3.45)

· · · · · ·

In = −
1

2
[In−1,x +

n
∑

k=1

IkIn−1−k], n = 2, 3, 4, · · · .g�m*~ (3.44) 9q (3.43) ~�l_
∞
∑

n=1

In,tε
−n + ∂x

[

α

∞
∑

n=1

Inε
−n − α

∞
∑

n=1

In,xtε
−n + 4α∂−1

x

( ∞
∑

n=1

Inε
−n

∞
∑

n=1

In,tε
−n

)

· ε

+4α∂−1
x

(

ε ·
∞
∑

n=1

In,tε
−n +

∞
∑

n=1

Inε
−n

∞
∑

n=1

In,tε
−n
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The Integrability of the KdV-Shallow Water Waves Equation
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2School of Mathematics and Physics, Suzhou University of Sience and Technology, Jiangsu Suzhou 215009)

Abstract: In this paper, the binary Bell polynomials to construct bilinear forma, bilinear

Bäcklund transformation, Lax pair of the KdV-shallow water waves equation. Through bi-

linear Bäcklund transformation, some soliton solutions are presented. Moreover, the infinite

conservation laws are also derived by Bell polynomials, all conserved densities and fluxes are

given with explicit recursion formulas.

Key words: Bäcklund transformation; Lax pair; Infinite conservation laws.

MR(2010) Subject Classification: 35C15


